
Math 513. Homework Set 1
Professor Karen E. Smith

Due Friday January 13, 2012

1. The Character table does not determine the group.

(1) Compute the character table for D4 (or reproduce it here from your 512 final exam).
(2) Compute the character table for the quaternion group Q. [Hint: As on the 512 final,

consider Q/Z where Z is the center.]
(3) Compare. Can non-isomorphic groups have “the same” character table?

Note: If we fix a finite group G, each character of G uniquely determines (an isomorphism
class of) a representation of G. That is, if two representations of G have the same character,
they must be isomorphic. However, this is quite different from saying “the character table
uniquely determines the group.”1

2. Subgroups of quotient groups. Let N be a normal subgroup of a group G. Show that
the quotient map G → G/N induces a bijection between the set of subgroups of G containing
N and the set of subgroups of G/N . When G is finite, compare the orders of the groups
corresponding to each other under this bijection.

3. Subgroups of prime power order. Let p be a prime number.
(1) Let G be a group of order pn. Show that G has a normal subgroup of order p. [Hint:

look in the center for an element of order p.]
(2) Let G be a group of order pn. Show that G contains a subgroup of order pm for all

m ≤ n. [Hint: Use induction on n, and Problem 2.]
(3) Let G be any finite group. Show that if pm divides |G|, then G has a subgroup of order

pm.
(4) Does a finite group G necessarily have a subgroup of every order d dividing |G|? [Hint:

Consider A4.]

4. Silly Details of Ring Axioms.
(1) Let R be a set with two binary operations, + and ×, satisfying all the axioms of the

definition of a (not necessarily commutative) ring with unit, except commutativity of
addition. Show that in fact, addition is commutative, so that R is in fact a ring. [Hint:
for any two elements a and b, compute (a+ b)(1R + 1R) in two different ways.]

(2) Show that if 1R = 0R in a (not necessarily commutative) ring R, then R is the zero ring.

5. Zero divisors and integral domains. A zero divisor is an element r of a ring R with the
property that there exists a non-zero element s ∈ R such that rs = 0. A ring in which the only
zero divisor is the element 0 is called an integral domain (or just a domain).

(1) Which of the following are domains: (a) the ring of integers; (b) the ring of polynomials
over Q; (c) the ring of continuous real-valued functions on the real line; (d) the Gaussian
integers?

1Of course, from a rigorous mathematical point of view, a character is a function G → F and as such, comes
with the data of the source (the group G) and target (the ground field F ). So even just one character obviously
determines the group to a careful mathematician. On the other hand, the way many people (including chemists)
use the character table, they just have the list of outputs of the character—it is a “vector” or list of complex
numbers—and the fact that a character is really a function whose source is some group is suppressed (or forgotten,
or misunderstood, or worse: never attempted to be understood.)



(2) Identify all zero divisors in the ring Z/nZ of integers modulo n.
(3) Use (2) to prove that if a ring of the form Z/nZ is a domain, then it is also a field.
(4) Let r be an element in a ring R. Show that r is a non-zero-divisor if and only if the map

R→ R sending each x to rx is injective.
(5) Use (4) to show that every finite integral domain is a field.

6. Quadratic Fields. Let D be a rational number which is not the square of another rational
number. Let Q[

√
D] be the subset of complex numbers of the form a+ b

√
D where a, b ∈ Q.

(1) Show that Q[
√
D] is a subring of C in general and a subring of R if D > 0.

(2) Show that Q[
√
D] is a two-dimensional vector space over Q with basis 1,

√
D. [Caution:

don’t make the same mistake many of you made in 295; you did this then in the case
D = 2.]

(3) Show that every non-zero element in Q[
√
D] is a unit. That is, Q[

√
D] is a field. Such

a field is called a quadratic field.
(4) Show that the field Q[

√
D] is the same as the field Q[

√
D
′
] for some integer D′. [Hint:

first show D can be written f 2D′ for some integer D′ and some rational number f .]
Thus there is no loss of generality in the definition of quadratic field, in assuming that
D is an integer.

(5) Define the quadratic norm as the map N : Q[
√
D]→ Q sending a+ b

√
D to a2− b2D.

Show that the norm is multiplicative (meaning N(zw) = N(z)N(w)). Interpret this
when D = −1?

7. Group rings. Fix a ring R and a finite group G, whose elements are {g1, g2, . . . , gn}. Let
R[G] be the set of all formal R-linear combinations of the elements of G, that is, symbols of
the form r1g1 + r2g2 + · · ·+ rngn where ri ∈ R.

(1) Prove that R[G] can be given a natural (not necessarily commutative) ring structure,
whose addition is given by (

∑
i rigi) + (

∑
i sigi) =

∑
i(ri + si)gi and whose multipli-

cation is given by (
∑

i rigi)(
∑

j sjgj) is the formal combination whose coefficient of gk
is
∑

gigj=gk
(risj).

(2) Prove that R[G] is commutative if and only if G is abelian.
(3) If R is a field of cardinality p and G is has order n, what is cardinality of R[G]?
(4) Let R be Z and G = D4. Consider the elements α = rπ

2
+2x and β = 7x−y. Compute

α + β and αβ in R[G]. (Here x is reflection over horizontal axis, y is reflection over
vertical axis, and rπ

2
is a quarter-turn rotation.).

(5) Let R be the field of real numbers, and G a cyclic group of order n. Show that there is
a natural surjective ring homomorphism R[x]→ R[G]. Is it an isomorphism?

(6) If g is a generator for a cyclic group G of order n, show that 1 + g + g2 + · · ·+ gn−1 is
a zero divisor in R[G].


