
Math 513. Homework Set 11
Professor Karen E. Smith
Due Friday April 6, 2012

1. Cyclotomic Extensions.1 Let Kn be the splitting field for the polynomial xn − 1 over Q.
(1) Show that the Galois group of Kn over Q is isomorphic to the group of units of the ring Z/nZ.
(2) Compute the Galois group, the lattice of all subgroups, and the corresponding lattice of all fixed fields

of subgroups for the following examples: K4/Q, K5/Q, K6/Q, and K8/Q. Which intermediate fields
are Galois extensions of Q?

(3) True or false: d|n if and only if Kd ⊂ Kn.
(4) True or false: If d properly divides n, then Kd is properly contained in Kn.

2. Euler’s ϕ-function. Define the Euler ϕ-function ϕ(n) to be the number of positive integers less than and
relatively prime to the natural number n.

(1) Compute ϕ(n) for n ≤ 8.
(2) Define the nth cyclotomic polynomial Φn to be the polynomial whose roots are the primitive n-th roots

of unity. Show

Φn(x) = Πζ primitive in µn(x− ζ) = Πa s.t. 1≤a<n; (a,n)=1(x− ζan),

where ζn is one fixed primitive n-th root of unity. Explain how this generalizes the cyclotomic polyno-
mials you have studied before (the case where n is prime).

(3) Work out Φn explicitly for n ≤ 8, showing that Φn ∈ Q[x] by explicit calculation.
(4) Show that xn − 1 = Πd|nΦd(x), where the product is taken over all positive divisors of n.
(5) Show that Φn ∈ Q[x] for all n ∈ N. [Hint: Induce.]
(6) Show that n =

∑
d|n ϕ(d), where the sum is over all positive divisors of n.

3. Show that Φn is the minimal polynomial for a primitive n-th root of unity over Q.

4. The Discriminant. Let f be a degree n polynomial in F [x] and let α1, . . . , αn be its roots (possibly
repeated) in F . Define the Discriminant of f as the polynomial

D(f) = a2(n−1)n Πi<j(αi − αj)2.
where an is the leading coefficient of f .

(1) Show that the discriminant of an irreducible polynomial is non-zero if and only if f is separable.
(2) For f separable, prove that D(f) ∈ F (Hint: Consider the extension field F ⊂ K where K is a

splitting field for f .)
(3) Compute the discriminant of the polynomial ax2 + bx+ c (in terms of a, b and c).
(4) Show that

√
D is contained in a splitting field for f .

4. Read Artin 14.2, on cubic equations, and do problems 14.2, #2 and #9.

5. Artin 14.5: # 3, 4, 5, 8, 9, 12; 14.8 #6

1If you are stuck on this problem, some of the steps are filled in on the worksheet on Cyclotomic extensions.


