
Math 513. Homework Set 2
Professor Karen E. Smith

Due Friday January 20, 2012

1. The Zariski Topology. Let {fi}i∈Λ be some collection of polynomials (over some field F)
in n variables. Their common zero set

V({fi}i∈Λ) := {p ∈ Fn | fi(p) = 0 for all i ∈ Λ}
is called an affine algebraic subset of Fn.

(1) Let I be the ideal of F[X1, . . . , Xn] generated by all the fi. Show that V({fi}i∈Λ) =
V(I).

(2) Show that V(I) ∪ V(J) = V(IJ) (Cf. Artin 3.30)
(3) Show that V(I) ∩ V(J) = V (I + J). (Cf Artin 3.29).
(4) Show that Fn can be given the structure of a topological space whose open sets are

complements of the affine algebraic sets in Fn. This is called the Zariski topology.
(5) Describe the Zariski topology on C and on R2.

2. Quotients of F [X]. Let f be a non-zero polynomial in one variable over a field F of degree
d > 0.

(1) Show that F [X]/(f) is a domain if and only if f is irreducible.
(2) Show that F [X]/(f) has no non-zero nilpotent elements if and only the unique factor-

ization of f into irreducibles has no repeated factors (such a ring is said to be “reduced”.)
(3) State and prove analogous theorems for the ring of integers.

3. Factoring Polynomials over Z.
(1) Show that map Z[X] → Zp[X] sending a polynomial to the corresponding polynomial

whose coefficients are taken “mod p” is a ring homorphism.
(2) Show that if f is a monic polynomial over Z which is irreducible mod p for some p,

then f is irreducible over Z.
(3) Is the converse true?

From Artin: Chapter 10: 1.8, 1.13, 2.6, 3.4, 3.8, 3.15, 3.17, 3.19, 3.24, 3.29, 3.30,


