
Math 513. Homework Set 3
Professor Karen E. Smith

Due Friday January 27, 2012

1. Algebras over a field. Let F be a field. An algebra over F (or an F-algebra) is a ring R which
contains F as a subring.

(1) Prove that F[X] is an F-algebra.
(2) Prove that F[X]/(f) is an F-algebra, for any polynomial f of degree d > 0.
(3) Is C a Q-algebra? Is C an R-algebra? Is Z a Q-algebra? Is Zn a Q-algebra?
(4) Prove that if R is an F-algebra, then it has an natural structure of a vector space over F. What is

the dimension of this vector space in the examples of (1) and (2) and (3)?
(5) Prove that every finite field is an Fp-algebra for some prime number p.
(6) Prove that every finite field has pd elements for some prime number p and some natural number

d.
(7) If R = F[T ]/((T − a)d where a ∈ F, prove that the elements 1, (t− a), . . . , (t− a)d−1 form an

F-vector space basis for R.

2. Correspondence and Third Isomorphism Theorem. Let I ⊂ J ⊂ R be two ideals in a ring R.
Recall that, under the Correspondence Theorem, J̄ = J/I is an ideal in R̄ = R/I .

(1) Construct (with proof) an explicit isomorphism between R/J and R̄/J̄ .
(2) Describe all quotient rings of Z24 by finding all ideals of Z containing (24).
(3) Let n ∈ Z and fi be polynomials with integer coefficients. Show that

Z[X, Y ]/(n, f1(X, Y ), . . . ft(X, Y )) ∼= Zn[X, Y ]/(f̄1(X, Y ), . . . f̄t(X, Y )),

where the symbol f̄ denotes f with the coefficients reduced mod n.
(4) Count (with proof) the number of ideals of Z[X, Y ] containing the ideal

(2, 5X3 + 7X2 + 4XY 3 + 32X5Y 7, Y + 4).

3. Maximal ideals. An ideal I ⊂ R is maximal if it is proper and there is no other proper ideal of R
containing it.

(1) Prove that an ideal I of a ring R is maximal if and only if R/I is a field.
(2) Prove that an ideal of Z is maximal if and only if it is generated by a prime number p.
(3) Prove that an ideal of F[X] is maximal if and only if it is generated by an irreducible polynomial.
(4) Describe all maximal ideals of C[X].
(5) Show that the ideal of polynomials in F[X1, . . . , Xn] vanishing at a point (λ1, . . . , λn) in Fn is a

maximal ideal of F[X1, . . . , Xn]. Find an explicit set of generators.1

(6) Find all maximal ideals of Z24.

4. Prime Ideals. An ideal P in a ring R is said to be prime if it is proper, and whenever xy ∈ P for
some x, y ∈ R, we have that either x ∈ P or y ∈ P .

(1) Prove that an ideal P is prime if and only if R/P is a domain.
(2) Identify all prime ideals of Z. [Caution: there is one non-maximal proper prime ideal.]
(3) Show that every maximal ideal is prime.
(4) Show that the zero ideal is prime if and only if R is a domain.
(5) Find a non-zero non-maximal prime ideal in C[X, Y ].

1The famous Hilbert’s Nullstellensatz says that all maximal ideals of C[X1, . . . , Xn] have this form.
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