
Math 513. Homework Set 7
Professor Karen E. Smith
Due Friday March 9, 2012

1. Chinese Remainder Theorem.
(1) Let R be any ring, and let I and J be coprime ideals of R (meaning that I + J = R). Prove that there

are ring isomorphisms
R

IJ
=

R

I ∩ J
∼= R/I ×R/J.

Prove also that there are R-modules isomorphisms
R

IJ
=

R

I ∩ J
∼= R/I ⊕R/J.

(2) State and prove (using induction) the case for any finite collection of ideals that are pair-wise coprime.
(3) Prove that if f = pa11 p

a2
2 . . . patt is the (essentially unique) factorization into irreducibles of some ele-

ment f in a PID R, then there is a ring isomorphism
R

(f)
∼=

R

(pa11 )
× · · · × R

(patt )

and R-module isomorphisms1

R

(f)
∼=

R

(pa11 )
⊕ · · · ⊕ R

(patt )
.

2. Torsion. Let R be a domain. An element m of an R-module M is torsion if there exists a non-zero r ∈ R
such that rm = 0.

(1) Prove that the set of all torsion elements of M is a submodule, denoted Tors(M ) and called the torsion
submodule of M .

(2) Prove also that any isomorphism M → M ′ induces an isomorphism of the corresponding torsion
submodules.

(3) Describe the torsion submodule of a module over a PID in terms of the structure theorem stated in
Exercise 3 below.

(4) A module is said to be torsion if M = Tors(M). Prove that a finitely generated module is torsion if
and only if its annihilator is non-zero. [Recall, the annihilator was defined on Exam I].

(5) Describe the annihilator of a torsion module over of PID, in terms of the structure theorem stated in
Exercise 3 below.

(6) Given an example of an infinitely generated torsion module whose annihilator is zero.

3. The structure theorem for modules over a PID (invariant factor form): Every finitely generated module
over a PID R is isomorphic to Rr ⊕ R/(d1)⊕ · · · ⊕ R/(dt), where the di are non-zero non-units such that di
divides di+1, uniquely determined up to unit multiple. In class, we proved the existence of this decomposition,

1The use of the symbols × in the category of rings versus ⊕ in the category of modules is largely traditional but may seem
mysterious. Both are just natural ways in which an algebraic structure is put on the cartesian product of the corresponding sets.
However, there are notions of “product” and “coproduct” objects in any category, which underlie this convention. In the category
of modules, for example, there are natural maps Mi → M1 ⊕M2 into the direct sum (the categorical “coproduct”), whereas in the
category of rings, the natural ring homomorphisms go “out of the product” R1 × R2 → Ri, which is the the defining feature of a
“product” in any category. Coproducts also exist in the category of rings, but they are denotes R⊗S and called the “tensor product.”
Likewise, products exist in the category of modules—- there are also natural maps in the M1 ⊕M2 → Mi—which is to say that
in the category of R-modules products and coproducts produce the same objects. If you are curious, search wikipedia for Product
(category theory) for more information.



at least in the case whereR is a Euclidean domain. Prove the uniqueness part of the statement. [Hint: Consider
Tors(M ) and M/Tors(M) seperately.]

4. Prime Power form of Structure Theorem for modules over a PID: Every finitely generated module over
a PID R is isomorphic to Rr ⊕R/(pa11 )⊕ · · · ⊕R/(pann ) where the pi are prime elements of R, uniquely up to
reordering the pi. Prove that this statement follows from the version in (3).

5. The minimal polynomial. Fix a linear transformation T : V → V of a finitely dimensional vector space
over a field F . Consider the uniquely determined F [t]-module structure on V by which t acts by T . The
minimal polynomial is defined to be the (unique monic) generator for the annihilator of this F [t]-module.

(1) Prove that this is the same as the definition given in Problem 9 on the Jordan Canonical Form Worksheet
from Monday Feb 20.

(2) Express the minimal polynomial in terms of the invariant factors (the “di’s”) of the F [t] module V .
(3) Prove that the characteristic polynomial of T is the product of the invariant factors d1d2 . . . dt. [Hint:

use the rational canonical form you discovered on the Worksheet distributed Friday February 24. For
this problem, you do not have to prove the RCF—but it will be nearly impossible to solve unless you
understand the proof of RCF.]

(4) Conclude that the minimal polynomial of T always divides the characteristic polynomial of T .

6. Jordan Canonical Form. Prove the following: LetA be an n×nmatrix over C. Then there exists a similar
matrix J which is block-diagonal, and all of whose blocks are Jordan blocks (of possibly differing sizes and
eigenvalues). The matrix J is the unique matrix similar to A of this form, up to reordering the Jordan blocks.
It is called the Jordan canonical form of A. [Hint: Use the Worksheet from Feb 24 as a guide.]

7. Question from Michigan’s PhD Qualifying Exams.
(1) (Sept 2005) Suppose A is an invertible 3× 3 matrix over C satisfying A and A2 are similar. What are

the possible Jordan forms of A?
(2) (Jan 2009) For what µ and λ are the following two matrices in the same orbit under conjugation?

0 −1 0 0
1 2 0 0
0 0 3 1
0 0 0 3




1 µ 0 0
0 1 0 0
0 0 λ µ
0 0 0 3


(3) (Sept 2011) A 5× 5 matrix A has characteristic polynomial (t− 1)5, minimal polynomial (t− 1)2 and

the rank of A− Id is 2. What is the Jordan canonical form of A?

8. The p-adic integers. Recall the p-adic lecture by Stephen Debacker.
(1) Verify that dp : Q×Q→ Q defines a metric.
(2) Let p be a prime. For x ∈ Qp and ε > 0, let Bε(x) denote the ball of radius ε centered at x. That is,

Bε(x) = {y ∈ Qp | dp(x, y) < ε}.
Show that for all z ∈ Bε(x) we have Bε(x) = Bε(z).

(3) Harder: Show that the completion of Q with respect to d10 is not a field. That is, the 10-adic numbers
do not form a field. Hint: Z10 is not even an integral domain.

(4) Potentially much harder. Suppose p is an odd prime.
(a) Show that the squaring map from 1 + ℘ = {1 + x |x ∈ pZp} to itself is bijective.
(b) Show that, as groups, we have

Q×p ∼= Z× F×p × (1 + ℘).

(c) Using the two above parts, conclude that the index of (Q×p )2 in Q×p is four.


