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Let λ be a complex number. The Jordan Block of size n and eigenvalue λ is the n × n
matrix

(1) whose diagonal elements aii are all λ,
(2) whose entries ai+1 i just below the diagonal are all 1, and
(3) with all other entries zero.

Theorem: Let A be an n × n matrix over C. Then there exists a similar matrix J which
is block-diagonal, and all of whose blocks are Jordan blocks (of possibly differing sizes and
eigenvalues). The matrix J is the unique matrix similar to A of this form, up to reordering the
Jordan blocks. It is called the Jordan canonical form of A.

1. Compute the characteristic polynomial for Jn(λ).

2. Compute the characteristic polynomial for a matrix with two Jordan blocks Jn1(λ1) and
Jn2(λ2).

3. Describe the characteristic polynomial for any n× n matrix in terms of its Jordan form.

4. Describe the possible Jordan forms (up to rearranging the blocks) of a matrix whose charac-
teristic polynomial is (t− 1)(t− 2)(t− 3)2. Describe the possible Jordan forms of a matrix (up
to rearranging the blocks) whose characteristic polynomial is (t− 1)3(t− 2)2

5. Consider the action of GL2(C) on the set of all 2× 2 matrices by conjugation. Using Jordan
form, find a nice list of matrices parametrizing the orbits. That is, find a list of matrices such
that every matrix is in the orbit of exactly one matrix on your list.

6. Consider the action of GL3(C) on the set of all 3 × 3 matrices by conjugation. Are the
elements  2 0 0

0 2 0
0 1 2

 and

 2 0 0
1 2 0
0 1 2


in the same orbit? What about the matrix

 1 0 1
0 2 0
−1 0 3

? Is it in the orbit of either of the other

two (or both)?



7. Given a polynomial f(t) ∈ C[t], note that we can “evaluate” f at any n × n matrix A by
using the usual interpretation of powers of matrices and multiplication by scalars (interpreting
a scalar a and aIn, where In is the n× n identity matrix.)

Show that an n × n matrix A satisfies some polynomial f(t) if and only if PAP−1 satisfies
f , where P is any invertible n× n matrix.

8. For each i ∈ N, compute [Jn(λ) − λIn]i, where In is the n × n identity matrix. Use this to
show that a matrix always satisfies its characteristic polynomial.

9. Fix a square matrix A. Consider the set of all polynomials p(t) in C[t] such that p(A). Show
that this is an ideal. The unique monic generator for this ideal is called the minimal polynomial
of A. Compute the minimal polynomial for the matrices in 6.

10. Show that the minimal polynomial always divides the characteristic polynomial. [A slick
way to do this uses 8 and the ring/ideal theory of C[t].

11. Describe the minimal polynomial for an n× n matrix A in terms of its Jordan form.

12. Give an example to show that the characteristic polynomial does not determine the similarity
class of an n× n matrix. Are there some n for which it does?

13. Give an example to show that the characteristic polynomial and minimal polynomial to-
gether do not determine the similarity class of an n × n matrix. Are there some n for which it
does?


