
2014 Math 593 Daily Update
Professor Karen E Smith

Wednesday December 10. Very nice guest lecture by Gilad Pagi on applications of the
spectral theorem to mechanical engineering!

Monday December 8. We discussed some algebraic geometry. We stated the Hilbert’s null-
stellensatz: if k is algebraically closed, there is a one-one correspondence between radical
ideals in k[x1, . . . , xn] and algebraic sets in kn: a (radical) ideal I goes to the algebraic set
V(I), and an algebraic set V goes to the ideal of functions I(V ) vanishing on it. In gen-
eral, it is easy to see that V(I(V )) = V , even if k is not algebraically closed (check it!).
Also, I ⊂ I(V(I)) even if k 6= k. Equality holds when k = k. Equality fails if k is not
k: for example, over R, consider I = (x2 + y2) ⊂ R[x, y]. We have V(I) = (0, 0), so
I ⊂ I(V(I)) = (x, y) is a proper inclusion. The radical ideal (x2 + y2) (and many others)
defines the same algebraic set as (x, y); the correspondence is not 1-1 in this case.

We discussed the fact that geometrical features of an algebraic set are reflected in the
algebraic properties of the ring k[V ]. For example, the points of V correspond to the maximal
ideals of k[V ]. The algebraic set V is irreducible if and only if k[V ] is a domain. The singular
points of V can be detected as a special feature of the local ring of k[V ] at the corresponding
maximal ideal. And many others.

We discussed the Zariski topology on kn: the closed sets are the algebraic sets—we
showed this forms a topology. The Zariski topology on an algebraic set V is the subspace
topology thus induced: its closed sets are the sub algebraic sets of V . Since the points of V
correspond to the maximal ideals in k[V ], we might wonder what is the relationship between
the Zariksi topology on V and on Spec k[V ] (as in the homework). Indeed, the bijection
between V and maxSpec k[V ] is a homeomorphism! This is easy to check: unwind the
definitions and check it!

Take Math 614/631 to learn more!

Friday December 5. We discussed “What is algebraic geometry?” Algebraic geometry
studies geometric objects called varieties, which are topological spaces locally modeled on
algebraic sets, the way a manifold is locally modeled on (open balls in) Rn. We defined
the category of algebraic sets over a fixed field k: the objects are subsets of kn (n can vary)
defined by the vanishing of (any collection of) polynomials. For example, points, lines, or
higher dimensional linear subspaces in kn are algebraic sets, also a parabola in R2 is the
algebraic set (defined by y − x2 = 0) and a cone in R3 is an algebraic set (defined by
x2 + y2 − z2 = 0). The union of the xy-plane and z-axis is an algebraic set, defined by
xz = yz = 0. We defined morphisms in this category to be regular maps: a map of
algebraic sets V → W is regular if it agrees with (the restriction of) a polynomial map on
the ambient spaces kn → km. A regular function on an algebraic set V is simply a regular
map V → k.



The set of all regular maps on V forms a ring k[V ] (under pointwise addition and multipli-
cation), called the coordinate ring of V . If V ⊂ kn, the natural restriction map k[x1, . . . , xn]→
k[V ] sending a polynomial f 7→ f|V is a surjective k-algebra homomorphism (check it!). In
particular, k[V ] is finitely generated by the coordinate functions xi (restricted to V ), thus
explaining the name “coordinate ring.” Because a non-zero function V → k can not be
nilpotent (i.e., fn 6= 0), the ring k[V ] is reduced, that is, it has no non-zero nilpotents. The
whole idea of Algebraic Geometry is this: the assignment of an algebraic set V to its coor-
dinate ring k[V ] is a (contra variant) functor from the category of algebraic sets (with regular
mappings) to the category of finitely generated reduced k-algebras. Much more: if k is alge-
braically closed, this is an equivalence of categories! The functor in the opposite direction
is constructed by Hilbert’s Nullstellensatz, a famous theorem everyone should know (proved
in Math 614). By popular demand, there will be some more AG next lecture.

Wednesday December 3. We defined a G-module (where G is a group) as an abelian group
M on which G acts. Equivalently, a G module is an abelian group M together with a group
homomorphism G → Aut(M). A morphism of G-modules is a group homomorphism
which commutes with the action of G; we saw that the kernel and image of a map of G-
modules is also a G-module. We gave many examples; notably, every abelian group is a
G-module with the trivial action of G (doing nothing). We saw that there is a functor from
G-modules to abelian groups sending M to MG, the subgroup of elements of M fixed by
all elements of G (the invariants). We saw that this is left exact: given an exact sequence of
G-modules 0 → A → B → C → 0, there is an exact sequence 0 → AG → BG → CG

of invariants. The group cohomology measures this failure of exactness and corrects for it.
That is, for every G-module M , there are groups H i(G,M) for all i ≥ 0 satisfying:

• H0(G,M) = MG

• the H i(G,M) are functorial in M and G;
• for every short exact sequence of G-modules, 0 → A → B → C → 0, there is a

long exact sequence of abelian groups 0 → AG → BG → CG → H1(G,A) →
H1(G,B)→ H1(G,C)→ H2(G,A)→

All this is carefully done in Dummit and Foote, chapter 17.

Monday December 1. We discussed the historical meaning of ”ext” as an extension of
modules. Fix a commutative ring R. By definition, an extension of M by N is a short exact
sequence of R-modules 0 → N → E → M → 0. [Two extensions are isomorphic if they
are isomorphic as complexes: it is not enough for E ∼= E ′ but we must have three isomor-
phisms making the entire diagram commute.] We constructed an explicit bijection between
the set of all extensions of M by N with the set Ext1R(M,N). Some references: Lang has
a lot on the subject of bilinear algebra (alternating, symmetric forms, orthogonalization, the
spectral theorem); you might want to page through it, starting in chapter 8, skipping to 10
(chapter 9 is on linear mappings). You will also find the Snake lemma in Lang (page 158),
and more examples of derived functors starting in Chapter 20 §6.



Wednesday November 26. We did some computations of Tor, and Ext, mentioning the
Koszul resolution ofR/m as a module overR = k[x, y], whenM = (x, y). We defined a flat
module as anR-moduleN which preserves exactness when we tensor with it. We mentioned
several examples of flat R modules (all free modules are flat, all projective modules are flat,
all localizations U−1R are flat R-modules, so for example Q is a flat Z-module). We proved
that N is flat if and only if Tori(M,N) = 0 for all i > 0 and all M , or equivalently, for
Tor1(M,N) = 0 and all M . Happy Thanksgiving. It is fine to turn in the last problem set
the following Monday (not next friday) so you can really relax this weekend!

Monday November 24. We went over the basic properties of Tor and Ext, and computed
some examples of Ext. Let M be an R-module, and let P• → M be a free (or projec-
tive) resolution. Then by definition, TorRi (M,N) = Hi(P• ⊗R N) and ExtiR(M,N) =
H i(HomR(P•, N)). The basic properties are

(1) TorR0 (M,N) = M ⊗R N and Ext0R(M,N) = HomR(M,N);
(2) Functoriality in both M and N for both Tor and Ext.
(3) Short exact sequences giving rise to long exact sequences.

To elaborate: (1) says we can think of Tor as a natural extension of tensor, and Ext as a
natural extension of Hom. For (2), say M → M ′ is a map of R-modules. Then there are
naturally induced R-module maps TorRi (M,N) → TorRi (M ′, N), and ExtiR(M ′, N) →
ExtiR(M,N), for all i and all N . Similarly, if N → N ′ is a map of R-modules, then there
are natural maps TorRi (M,N)→ TorRi (M,N ′) and ExtiR(M,N)→ ExtiR(M,N ′), for all
N and all i. The existence of these maps is not completely obvious: for example, given a
map M →M ′, it took some work (mainly repeated applications of the universal property of
free modules) to show that there is an induced map between any free resolutions P• → P ′•
of M and M ′ respectively (actually, out proof works even if the Pi are projective and the
exactness of P ′• is exact) [CHECK IT YOURSELF!]

The third property says every short exact sequence of R-modules 0→ A→ B → C → 0
gives rise to long exact sequences:

0→ A⊗N → B⊗N → C⊗N → TorR1 (A,N)→ TorR1 (B,N)→ TorR1 (C,N)→ TorR2 (A,N)→ . . .

0→ Hom(C,N)→ Hom(B,N)→ Hom(A,N)→ Ext1(C,N)→ Ext1(B,N)→ Ext1(A,N)→ Ext2(C,N)→ . . .

This is very important in computations. You will prove this in the exercises.
We mentioned that Tori(M,N) ∼= Tori(N,M) for all i. You know this for i = 0 already.

It is a (not-so-easy) theorem that the same is true for i ≥ 1. Of course, this is not true for
Ext, even for Ext0 !

Friday November 21. We did “group work” class: for R commutative and N an R mod-
ule, students proved that HomR(−, N) is a left exact contravariant functor on the category
of R-modules (to itself). We then checked the left exactness on the board. Finally, we in-
troduced ExtiR(M,N). To compute it, resolve M by projectives: P• → M → 0. Apply
HomR(−, N) to P•. This produces a (no longer exact!) complex, whose cohomology is
by definition ExtiR(M,N). We saw (using the left exactness of Hom) that Ext0R(M,N) =



HomR(M,N). In fancy language, “Ext is the right derived functor of Hom” just as “Tor
is a left derived functor of ⊗.” We will say more about this next time. So far I have some
requests for special talks on “what is group cohomology” and ”what is algebra geometry”
and “what is algebraic number theory”. I will do the first (briefly) and likely the second. For
number theory: let’s save this for the end of 594. I am open to further suggestions, too.

Wednesday November 19. We talked about the snake lemma: a short exact sequence of
complexes gives rise to a long exact sequence of (co)homology modules. You will prove
this in the homework. We discussed Tor. If M and N are modules over a commutative ring
A, we can define Tori(M,N) as follows: first take a freeA-module resolution P• →M → 0
of M . Then tensor with N to get a complex P• ⊗A N . The homology of this complex is
by definition Tor(M,N). We showed that Tor1(M,N) ∼= M ⊗N (which is basically right
exactness of tensor). One hard point: it needs to be checked that the definition is independent
of the choice of free resolution P•. For this, we observed (using the universal property of
free modules) that if P• and Q• are both resolutions of M , we can find map of complexes
P• → Q• (caution: this need not be an isomorphism!). Tensoring now with N , we get
maps of the complexes P• ⊗A N → Q• ⊗A N . Although this map of complexes is not an
isomorphism, it induces an isomorphism of homology at each spot. Indeed, reversing the
roles of P and Q gives a map in the other direction, which turns out to induce the inverse
map on the level of homology. Analyzing the argument, we saw that it was not crucial that
the Pi were free....we just needed to get the appropriate maps induced. So, a resolution of
M by projective modules would also produce the same homology modules. We computed
some examples of Tor for Z-modules. Reading: Dummit and Foote: 10.5 for definitions of
projective/injective and 17.1 for definitions of Tor.

Monday November 17. We took quiz 6. We then started a mini-unit on homological
algebra. The category of interest is the category of complexes of modules over a fixed
ground (commutative) ring A. A complex P• is a diagram of A-modules (indexed by the
integers)

· · · → Pi+1
di+1→ Pi

di→ Pi−1 → . . .

which satisfies di ◦ di+1 = 0 for all i. This last condition means that inside the Pi-th module,
“the image of the incoming map is contained in the kernel of the outgoing map.” As such,
we can define the homology of the complex to beHi(P•) = kerdi

Imdi+1
. The complex is exact if

and only if all its homology is zero. As an example, we looked a free resolution of a finitely
generated module M over a Noetherian ring A. It starts out just how we did a presentation:
we map a free module P0 onto M by sending the standard basis of P0 onto set of generators
for M . We then mapped a free module P1 onto the kernel in the same way, and continued,
mapping a free module onto the kernel of the next map, and so on. The result is a bounded
below complex of finitely generated free A-modules

· · · → P2 → P1 → P0 → 0,



called a free resolution of M . This complex is exact at every spot, except the zero-th
(because I dropped the M ), where the homology is M . On the other hand, if we tensor with
some other A-module N , we will still have a complex of A-modules (check it!), but because
tensoring is not exact, we will create more homology. Indeed, the complex

· · · → P2 ⊗A N → P1 ⊗A N → P0 ⊗A N → 0.

has non-zero homology in general, although (using the right exactness of tensor), you can
check that the zero-th homology is M ⊗ N . The i − th homology is the definition of
Tori(M,N).

The choice of labeling our complexes so that the indices are decreasing was somewhat
arbitrary: if the indices increase instead, the same story can be told, although the “homology”
at spot i is called the i− th cohomology instead.

Friday November 14. We discussed the spectral theorem: if A is an n × n symmetric real
matrix, then there exists P ∈ O(n,R) such that P−1AP is diagonal. One important corol-
lary is to linear transformations: there is an orthonormal basis for Rn such that the matrix
becomes diagonal; in particular, all eigenvalues of a real symmetric matrix are real. Another
is to bilinear forms: The rank of a symmetric bilinear form over R can be defined as the
(number of positive eigenvalues, number of negative eigenvalues) for any matrix represent-
ing it. We proved the spectral theorem, and used it to solve a QR problem from January
2012. We mentioned the hermitian spectral theorem: if A is a hermitian matrix, then there
exists P ∈ U(n) such that P ∗AP is diagonal. The proof is homework. QUIZ MONDAY
on basics of bilinear forms.

Wednesday November 12. We defined the rank and signature of a symmetric bilinear form
on a real vector space, showed it is well-defined, and gave some practical tools to compute
it. Fix such a form f . Choose any basis for B in which [f ]B is diagonal. The rank of this
matrix is the rank of f . The signature is the pair (p, n), where p is the number of positive
numbers on the diagonal and n is the number of negative numbers. It is not obvious that
this is well-defined, but we proved it. One way to compute the signature is as follows: pick
any basis B′; let A = [f ]B′ . Now, perform elementary row/column operations to A in pairs,
always performing the corresponding column operation for each row operation, until it is
diagonal. Each elementary operation pair has the affect of multiplying A on the left by some
Etr (row op) and on the right by E (column op), replacing A by EtrAE, which represents
A in another basis. Repeating until we get a diagonal matrix, we just read off the number of
positive and negative elements on the diagonal.

Monday November 10. We summarized the facts surrounding inner products and Hermit-
ian inner products. See Chapter 10 in Hoffman-Kunze. By definition, a (Hermitian) inner
product on a real or complex vector space V is a bi-additive map f : V × V → k (where
k = R or C) which is linear in the first argument f(λv, w) = λf(v, w), conjugate symmetric
f(v, w) = f(w, v), and positive definite f(v, v) > 0 for v 6= 0. Note that the conjugate
symmetry implies that f is conjugate linear in the second argument; if k happens to be the



real numbers, all scalars are real, and so this is linearity. Like symmetric bilinear forms,
a Hermitian form on a finite dimensional complex vector space (even without the positive-
definitive requirement) is represented by a Hermitian matrix: the matrix [f ]B = [f(vi, vj)]
is transpose conjugate to itself, and we have f(v, w) = [v]trB [f ]B[w]B, where the “bar” indi-
cates complex conjugate of the entire column vector. The positive definite property ensures
that every vector has a norm: ||v|| = [f(v, v)]1/2, which you should think of a “length”.
Last time we showed (in the real case, but the proof is the same), that we can chose a basis
for V so that the matrix is diagonal; then scaling the basis elements further in the positive
definite case, we can assume the diagonal elements are all ones. So, every inner product (or
Hermitian inner product) after suitable choice of basis, looks like the standard one on Rn or
Cn.

Friday November 7. We discussed symmetric bilinear forms on a finite dimensional vector
space. We showed that if f is a symmetric form on a finite dimensional vector space over
a field k (of characteristic not 2), then there exists an (ordered) basis B such that the matrix
[f ]B is diagonal. Put differently, if A is a symmetric matrix over a field (char not 2), then
there is an invertible matrix P such that P trAP is diagonal. It is important to note that
the basis “diagonalizing” the form and diagonal matrix are not unique. For example, if
B = {v1, . . . , vn} is a basis in which [f ]B = diag [d1, . . . , dn], then for any non-zero scalars
ai, B′ = {a1v1, . . . , anvn} is a new basis in which the matrix [f ]B′ = diag [a21d1, . . . , a

2
ndn].

When k = F2, we showed that the theorem does not hold: the transpose of the identity
matrix is symmetric but there is no invertible P such that P trAP is symmetric.

We remarked that this does not say that every symmetric matrix is diagonalizable! Di-
agonalizable means that there is an invertible P such that P−1AP is diagonal. Of course,
transpose and inverse are not the same thing. However: a square matrix P is defined to be
orthogonal if PP tr is the identity, that is, if P−1 = P tr. Now, over the real numbers, there
is a Theorem: if A is symmetric over R, then there is an orthogonal matrix P such that
P trAP is diagonal. So, over R, we have that there exists an invertible P such that P−1AP
is diagonal (when A is symmetric). So, over R, every symmetric matrix is similar to the
diagonal matrix of its eigenvalues; moreover, the change of basis needed to diagonalize is
orthogonal, a rigid motion of Rn (composition of reflections and rotations). [The columns
of an real orthogonal matrix are perpendicular (as vectors in Rn) of unit length, the change
of basis it represents is a rigid motion.]

Beware: all this business about being able to take P orthogonal is only true over the real
numbers! Something slightly different can be said over C, coming soon.

Wednesday November 5. For reading on today’s (and the next few days), please see Chapter
10 of Hoffman-Kunze’s book; a link to a google doc is on the course webpage. We discussed
bilinear forms on a vector space V . Specifically, we showed that a bilinear form f : V ×V →
k can, after fixing a basis B, be represented by a matrix [f ]B. Specifically, if we let [f ]B be
the matrix whose ij entry is f(vi, vj) (where v1, . . . , vn is the ordered basis B), then it is
easy to check that f(v, w) = [v]trB [f ]B[w]B for all v, w ∈ V . The assignment between



bilinear forms on an n-dimensional vector space and n × n matrices is a bijection. This
identification is not canonical, but depends on the choice of a basis. Just as for matrices
representing linear maps, the matrix [f ]B varies in a predictable way as we change B. If P is
the invertible matrix (base change matrix) satisfying P [v]B = [v]B′ , then it is easy to check
that [f ]B = P tr[f ]B′P . Note that this is a different change of basis rule than for the
matrix representing a linear transformation!! If φ : V → V is a linear transformation
(as opposed to a bilinear form), then we have [φ]B = P−1[φ]B′P , instead! Be sure you
understand why and what the difference is.

Monday November 3. Fix an commutative ring R. We discussed multi-linear maps and
the corresponding universal object M1 ⊗ · · · ⊗Mn and universal n-linear mapping M1 ×
· · · ×Mn → M1 ⊗ · · · ⊗Mn. We saw that the same kind of universal property holds: the
n-linear maps M1 × · · · ×Mn → L are in one-one correspondence with the elements of
HomR(M1⊗· · ·⊗Mn, L). We then specialized to the case where all Mi are equal, in which
case the tensor product is written T n(M). We defined an n-linear map to be symmetric if
the output is the same for any permutation of the arguments. Again, a universal property
holds: Symmetric multilinear maps correspond to R-module map from the symmetric mod-
ule Sn(M) which we constructed as a quotient of T n(M). We also defined an n-multilinear
map to be alternating if its value is zero when two arguments are the same. The determinant
is the classic example: if R = k and M = kn, then the determinant gives an n-linear map
kn × · · · × kn → k where an n-tuple of columns is taken to the determinant of the n × n
matrix formed from these n columns. We showed that if ψ : M × · · · ×M → L is alternat-
ing that ψ(m1,m2, . . . ,mn) = −ψ(mτ(1), . . . ,mτ(n)) where τ is any transposition (which
maybe explains the same). However, this property is not equivalent to alternating unless 2 is
invertible in R. We also constructed

∧nM , again as a quotient of T n(M), and denoted the
class of a simple tensor m1 ⊗ · · · ⊗mn by m1 ∧ · · · ∧mn. We observed that if m1, . . . ,mt

generate M , then mi1 ∧ · · · ∧min where i1 < · · · < in generate the exterior power
∧nM .

In particular, the exterior power is zero if t > n. We looked at the special case where k is a
field, and M = kt. Be sure you know how to think of T n(M), Sn(M) and

∧n(M) in this
case!

Friday Halloween! We took Quiz 5. We then constructed the symmetric power S2M of any
R-module M (R-commutative), and the corresponding symmetric bilinear map M ×M →
S2M , which is universal for all symmetric bilinear maps from M ×M . The module S2M
can be constructed similarly to how we constructed M ⊗ M ; in fact it is the quotient of
M ⊗M by the R-module generated by the elements m1⊗m2−m2⊗m1 (as we range over
all m1,m2 ∈ M . The class of the element m1 ⊗m2 in S2M is denoted m1 ·m2. Note that
m1 · m2 = m2 · m1. We show that if R is a field, and M is dimension n, then S2M is a
vector space of dimension

(
n+1
2

)
and can be thought of as the vector space of homogenous

polynomials in a basis for M .
We also defined an alternating bilinear map which will lead to the alternating product Λ2M

in the same way, but did not have time to do this carefully yet. Next time we will discuss



higher tensor, symmetric, and alternating products. We will do this over any commutative
ring, but for the “core” of the course (QR prep stuff), really you need only focus on the case
where the ground ring is a field. Homework 8 will not be due until Monday November 10.

Wednesday October 29: We discussed many examples of tensor product, discussing some
of the problems on the homework. We showed for example, that if A → B is an A-algebra
(say both commutative), then the natural “multiplication” map B×A[x]→ B[x] induces an
A-module map B ⊗ A[x]→ B[x], which we saw to be an isomorphism which also respects
the B-algebra structure; this means that not only is B ⊗ A[x]→ B[x] is an isomorphism of
A-modules, but also of B-algebras (and everything in between). Using the right exactness
of tensor, we also saw that B ⊗ A[x1, . . . , xn]/I → B[x]/IBx[x] more generally. We
pointed out that tensoring two domains together, even over a field, can fail to be a domain:
C⊗R C ∼= C⊗R R[x]/(x2 + 1) ∼= C[x]/(x2 + 1) ∼= C[x]/(x+ i)× C[x]/(x− i).

Monday October 27: We continued discussing “base change” or “extension of scalars”. If
A is a commutative ring, and B is an A-algebra, then “tensor B ⊗A −” is a functor from
A-modules to B-modules, sending the A-module M to the A-module B ⊗A M , which has
a natural B-module structure given by multiplication of elements on B in the first slot. We
gave several examples. In particular, we saw that this functor is not faithful (for example,
the natural Z-module surjective Z→ Zn becomes the zero map after tensoring with Q.) Nor
is it full. Indeed, we saw that a map of vector spaces Rn → Rm given by a matrix A is
taken to the map of C-vector spaces Cn → Cm given by the “same” matrix (viewing the
entries in C under the inclusion R → C.) So, any map Cn → Cm whose matrix is (not
conjugate to) a matrix with only real entries (such as the 1×1 matrix (i)) can not come from
a corresponding map Rn → Rm.

An important fact we proved is that tensor is right exact, in other words, it preserves
cokernels. This means that if L → M → N → 0 is exact, then for any A-module P
(including the special case where P happens to also be anA-algebra), the sequence P⊗L→
P ⊗M → P ⊗N → 0 is exact. In other words, “P⊗ cokernel of φ” is the same as “cokernel
of P ⊗ φ.” The corresponding statement is false for kernels! The proof I gave is Proposition
2.6 in Lang, exactly the same, and surprisingly readable for Lang, there. It is also the same
as the proof of Theorem 39 in Dummit-Foote §10.4, but of course because they insist on
tensoring over non-commutative rings, they have some technicalities (only of language, not
substance) because the tensor product is only an abelian group, not a module. I decided to
postpone the QUIZ until Friday...so you have more time to ask me about basics of tensor
products, and practice the ideas by doing the homework.

Friday October 24 : We continued with the basic properties of tensor product and defined
the tensor product φ ⊗ ψ of two maps of A-modules. We observed that ⊗ and ⊕ look a
lot like a multiplication and addition playing nicely together on a set (i.e., “⊗ distributes
over ⊕” as in M ⊗ (N1 ⊕ N2) ∼= (M ⊗ N1) ⊕ (M ⊗ N2).) It’s a bit tricky because these
are isomorphisms not equalities, so we would need to try to define these operations on the



set of isomorphism classes of A-modules. Although we won’t go into this here now, this
can be done, leading to lots of interesting mathematics (including algebraic K-theory and
Groethendieck rings).

We discussed the category of A-algebras where A is a commutative ring. By definition,
an A-algebra is a ring B together with a ring map A → B (whose image is contained in
the center of B); this allows us to view B as both a ring and an A-module (since it is an
abelian group, where a ∈ A-acts on an element b ∈ B by first sending it to B under the
map A→ B and then multiplying by b. Morphisms in this category are ring maps B1 → B2

which commute with the maps of A to each Bi. If B is an A-algebra, tensor product gives a
functor

{A−mod} → {B −mod} M 7→ B ⊗AM.

This can be used, for example, to change R-vector spaces into C-vector spaces, and maps
between them as well. Next time we will do many more examples.

Wednesday October 22 : We continued discussing tensor product, especially the universal
property and how to use it to establish isomorphisms. For example, we showed that for a
commutative ring R, the tensor product R/I ⊗R R/J is cyclic, generated (as an R-module
by 1 ⊗ 1. We saw that because I + J annihilates R/I ⊗R R/J , there is a natural map
R/(I+J)→ R/I⊗RR/J sending (the class of) 1 to 1⊗1.We showed this is an isomorphism
by using the universal property to construct the inverse. Indeed, there is a bilinear map
R/I×R/J → R/(I+J) given by (r, s) 7→ rs (why??), so anR-module mapR/I⊗R/J →
R/(I + J) which is easily seen to be the inverse. As another basic property we showed that
if {mi} is a generating set for M and {nj} is a generating set for N , then mi ⊗ nj is a
generating set for M ⊗R N . Using this, and the universal property, we saw that if R is a
field, and M and N are vector spaces over R = k of dimensions d and e, respectively, then
M⊗kN is a vector space of dimension de, and a basis is given by the products ei⊗fj where
e’s and f ’s are bases for M and N respectively. We then began talking about viewing an R
module as an abelian group (hence Z-module) instead of an R-module, and observed that
M ⊗Z N and M ⊗R N are not the same abelian groups nor even the same sets. There will
be a quiz monday on the basics of tensor products.

Monday October 20 : Exam rewrites: Deadline is Monday October 27. All students scoring
below 60 are expected, those scoring between 60 and 70 encouraged, and those above 70
invited, to submit exam rewrites. Below 60% is not “passing” by the Rackham standard
(i.e., on this exam, the lowest B- is 60% just like Math 115!). For rewrites: be sure to prove
or give a counterexample to T/F statements; in problem 2 and elsewhere, you must *prove*
statements from homework, not just quote them as was allowed during the exam; for all
problems, you should provide counterexamples to any wrong statements you made, clearly
state all needed theorems, etc. I will regrade and give back up to half the missing points.



We started tensor products. This is 10.4 in Dummit-Foote.1 Let M and N be R-modules
(R commutative). We defined the tensor product of M and N over R as follows: first,
we let F be the free R-module on the set of symbols m ⊗ n, where m ∈ M and n ∈ N ;
the elements of F are formal (finite) R-linear combinations of the (usually infinitely many)
symbols m ⊗ n. Inside F , we have the R-submodule B generated by the (infinitely many,
usually!) elements

i. (m1 +m2)⊗ n−m1 ⊗ n−m2 ⊗ n;
ii. r(m⊗ n)− (rm)⊗ n;

iii. m⊗ (n1 + n2)−m⊗ n1 −m⊗ n2;
iv. r(m⊗ n)−m⊗ rn;

where the m’s range through all elements of M , the n’s range through all elements of N and
r ranges through all elements in R. By Definition, the tensor product is M ⊗R N = F/B.
The point is that there is a natural bilinear map:

M ×N →M ⊗R N

sending the pair (m,n) to the (class of the) symbol m ⊗ n, which allows us to think of
m⊗ n as a kind of “multiplication” of m and n. Precisely, the bilinearity means: fixing any
m ∈M , the “multiplication by m map” N →M ⊗N sending n 7→ m⊗ n is an R-module
map (so in particular, multiplication by m is distributive...be sure you see why!) and also
fixing any n ∈ N , the “multiplication by n map” M → M ⊗N sending m 7→ m⊗ n is an
R-module map (so in particular, multiplication by n is distributive as well). We then proved
that 0 ⊗ n = m ⊗ 0 = 0 for all m ∈ M and n ∈ N . As an example, we saw that Z2 ⊗ Z3

is the zero module. So be careful if you have seen tensor product in a linear algebra classes:
for modules over fields, the tensor product of two non-zero modules is non-zero.

Wednesday October 15 : EXAM NEXT TIME IN USUAL ROOM. You will be allowed to
stay 2 hours. We went over some errors from the homework: notably the presentation for the
k[x]-module V , where V is a finite dimensional k-vector space with a basis of eigenvectors
for the x-action. In this case, V ∼= k[x]/(x − λ1) ⊕ · · · ⊕ k[x]/(x − λn) as a k[x]-module,
where the λi are the eigenvalues, and the presenting matrix is an n× n diagonal matrix with
entry in the ii position x− λi.

We then discussed the existence part of the structure theorem for finitely generated mod-
ules over a PID. The first point is over any Noetherian ring, a finitely generated module M
has the desired form if and only if there is a choice of generators for M and for the mod-
ule of relations on them such that the presenting matrix is diagonal (with entry aii dividing
ai+1,i+1). We then discussed a lemma: Over any domain R, two N × s matrices A and B
have isomorphic cokernels if and only if there exist invertible (over R) matrices P and Q of
sizes N ×N and s× s respectively, such that B = PAQ. So the point is that over a PID, the

1but they develop it in generality that we don’t need/want, so when reading, focus on the case when R is
commutative and all modules are what they call “balanced” (their word). Lang sticks to the commutative case.



matrices Q and P always exist. For a Euclidean domain, we then gave an algorithm for di-
agonalizing a presentation matrixA (so as to make the entries divide eachother in sequence),
which is useful in practice. For this, we reviewed the elementary row and column operations,
which correspond to multiplication on the left/right by elementary (invertible) matrices. So
a sequence of invertible row/column ops will replace A by a matrix B = PAQ which has
an isomorphic cokernel. Not every matrix A can be diagonalized this way, even over a PID,
with a sequence of elementary row/columm ops. Over a Euclidean domain, the algorithm
went like this: first permute rows/columns to put the “smallest” element (measured by δ) in
the 11-position. Now, if a12 is not zero, use the division algorithm to write a12 = qa11 + r12
where either r12 is zero or is smaller than a11. Doing a column operation “replace C2 by
C2 − qC11 will put either zero in the 12 position or the element r12. If it is zero, we move
on and do a similar thing with the 13 position. If it is not zero, we go back to the start of
the algorithm, permuting rows/columns to put the smallest element in the 11 position. Re-
peating along the first row, then the first column, we eventually get a new matrix (whose
cokernel is isomorphic to A), in which the only non-zero entry in the first row/column in
a11, which is smaller than all the other entries. By induction on the size of the matrix, we
can diagonalize the rest similarly. Now, we also need to get the division of a11 into a22. If
a11 does not already divide a22, we need to write a22 = a11q+r and then replace column C2

by C2 − qC1. This makes a smaller entry r, so we go back to the beginning of the algorithm
again. QED by induction on the size of the matrix and the size of the entries. Be sure you
can do this in practice! [It is important to note that, while the P and Q such that PAQ is
diagonal exist over any PID, we can not necessarily construct P and Q as a composition
of elementary matrices. Even worse, over a non PID, like k[x, y], not every matrix can be
diagonalized: even the 1× 2 matrix [x, y] can not. ]

Monday October 13 : Break!

Friday October 10 : We took Quiz 4. Feel free to “redo.” Midterm exam is next friday in
our usual room 2-4. We discussed the proof of the structure theorem for f.g. modules over
a PID. The point is this: supposed a f.g. module M is presented by some N × s matrix A
over R. If this matrix is diagonal, it is easy to see that its cokernel is a direct sum of cyclic
modules R/(gi). So we want to show that over a PID, we can choose a generating set for
M and for the module of relations K in such a way that A is diagonal. This is false over
an arbitrary rings. PIDs are special! We did an example over Z. We saw that changing
the generators for M (respectively K) amounts to multiplying A on the right (respectively
left) by an invertible matrix over R. We want to show that over a PID, we do this right/left
multiplication to make A diagonal. In fact, when R is a Euclidean domain, there is a nice
algorithm to do this, which is very useful. We’ll show that next time.

Wednesday October 8 : MIDTERM EXAM IN CLASS FRIDAY OCT 17. Quiz next
time on Homework 4. We went over Jordan form. Also began talking about diagonalizable
transformations.



Monday October 6 : MIDTERM EXAM IN CLASS FRIDAY OCT 17. We continued
discussing linear algebra from the point of view of k[x]-module theory. Last time we saw
that the minimal polynomial of a linear transformation T on a finite dimensional vector
space over k is the highest invariant factor of the associated k[x]-module. Today we saw
that the characteristic polynomial is the product of the invariant factors. In particular, the
min poly divides the characteristic polynomial, and the linear transformation T satisfies its
own characteristic polynomial (a famous result called the Cayley Hamilton Theorem). We
also saw that λ is an eigenvalue if and only if x − λ annihilates some non-zero v in V
(which would be an eigenvector for λ), and that the eigenvalues are precisely the roots of the
characteristic polynomial.

We looked at the example V = k[x]/(x − λ)d, with T multiplication by x. Since the
minimal polynomial is (x − λ)d, so the only eigenvalue is λ. We could put this in rational
canonical form, which would mean writing it out in the basis {1, x, . . . , xd−1}. But it turns
out to be much nicer to use a different basis, namely {(x−λ)d−1, (x−λ)d−2, . . . (x−λ), 1}.
In this basis, multiplication by x is

λ 1 0 · · · 0 0
0 λ 1 0 · · · 0
... · · · ...
0 0 · · · 0 λ 1
0 0 0 · · · 0 λ

 .

This matrix has λ on the diagonal and 1’s on the super diagonal, zeros elsewhere. We call
this a “size d Jordan block with eigenvalue λ.”

Friday October 3 : MIDTERM EXAM IN CLASS FRIDAY OCT 17. We saw that
the category of k[x]-modules is equivalent to the category of ”k-vector spaces with fixed
endomorphism”. The objects in this latter category are pairs (V, T ) where V is a k-vector
space and T : V → V is a linear transformation. A morphism between two such pairs
(V, T ) and (W,T ′) is a linear maps φ : V → W satisfying φ◦T = T ′ ◦W . That is, a ”linear
map which respects the fixed endomorphism.” In particular, conjugate transformations on
V correspond to isomorphic k[x]-module structures on V [Recall: T and T ′ are conjugate
if there is an invertible linear map φ such that T ′ = φ−1Tφ.] The structure theorem for
finitely generated modules over k[x] gives a unique way to write a torsion k[x]-module,
completely determined by its invariant factors. We define the ”invariant factors” of a linear
transformation to be the invariant factors of the corresponding k[x]-module; the uniqueness
part of the structure theorem says that the invariant factors uniquely determine the conjugacy
class of the transformation. In terms of matrices: two matrices are similar if and only if they
have the same invariant factors.

Using the invariant factor decomposition, we get the rational canonical form of a matrix
(or linear map). Given a matrix (or transformation T ), consider the associated k[x]-module
structure on kn (or V ). Decomposition of kn (or V ) into the direct sum k[x]/(f1) ⊕ · · · ⊕
k[x]/(ft) allows us to view T as ”multiplication by x”. Now, if we chose the “usual” basis



for each direct summand (meaning the classes of 1, x, . . . , xd−1 for k[x]/(f) if f is degree d),
and write down the corresponding matrix for “multiplication by x” (which is T , remember,
under these identifications), we get a block matrix representation for T called the rational
canonical form of T . The blocks have size di × di where di is the degree of fi.

So how do we find the rational canonical form of a matrix? For starters, note that the
largest invariant factor generates the k[x]-module annihilator of V . This is the minimal
polynomial of T ! (WHY?) The other invariant factors divide this one, so if you can find the
minimal polynomial, you’ve got a pretty good start on finding all the invariant factors and
maybe even the rational canonical form. We did a QR problem: how many similarity classes
of 4×4 matrices over F3 with minimal polynomial x2−a? We enumerated the total possible
lists of invariant factors: they are {x, x, x2}, {x2, x2}, {x + 1, x + 1, x2 − 1}, {x − 1, x −
1, x2−1}, {x2−1, x2−1}, {x2 + 1, x2 + 1}.So there are six. We also wrote down the RCFs
for several of these. Be sure you can do this!

Wednesday October 1 : MIDTERM EXAM IN CLASS FRIDAY OCT 17. We discussed
the following words: torsion element, torsion submodule, torsion module, torsionfree mod-
ule, and annihilator of a module. We saw that Q is an example of a non-free but torsion free
module over Z, although the structure theorem says that for finitely generated Z-modules,
torsion free implies free. We saw that for domains that are not PIDS, there are many torsion-
free but not free f.g. modules (e.g. any non-principal ideal in a domain). We stared at the
statement of the structure theorem for f.g. modules over a PID again, both the invariant
factor and the prime power (or elementary divisor) forms. We classified isomorphism types
of abelian groups of order 720 using both forms of the theorem (there are exactly 10). We
then looked at what the theorem says for a linear transformation T : V → V where V is a
n-dimensional vector space over k. Viewing V as an k[x]-module (with x acting by T ), we
saw that the rank is zero, and the invariant factors k[x]/(f) are given by polynomials whose
degrees sum to n.

Monday September 29 : MIDTERM EXAM IN CLASS FRIDAY OCT 17. No problem
set will be due that day. Today we discussed more the idea of an R-module presentation, or
in other words, how to think of a module as a cokernel of a matrix. We did a few examples to
point out that the matrix of a finitely presented moduleM depends both on the generators for
the relations (for example, right multiplication by an invertible matrix overR will give a new
matrix whose columns are a different generating set for the relations) and on the choice of
generators forM (which we can think of as multiplication by an invertible matrix on the left,
at least if the generating sets for M have the same cardinality). We discussed the following
theorem: every finitely generated module over a Noetherian ring is finitely presented. We
then started “classifying” finitely generated modules over “simple-ish” rings. Over a field,
every finitely generated module over a field is free, and the rank is a perfect invariant: two
f.g. modules over k are isomorphic if and only if the have the same rank. The next simplest
class of rings beyond fields are the PIDs. The classification of f.g. modules over a PID
is still do-able, but much more complicated than in the field case. We stated the structure
theorem (or at least one version of it): every f.g. module over a PID is a direct sum of cyclic



modules, M ∼= Rn ⊕ R/(f1) ⊕ · · · ⊕ R/(ft). Here the n is uniquely determined by the
isomorphism class of M , but the f ’s are not. We can, however, choose the fi so that each is
a power of an irreducible element, f = paii , and in this case, the set of these prime powers
is an invariant of M . More precisely, every finitely generated module M over a PID is
isomorphic to Rn⊕R/(pa11 )⊕· · ·R/(patt ), where n is unique and the pi are (not necessarily
distinct!) irreducible elements of R, unique up to unit multiple and ordering of the pa’s.
As an application, we did the following QR problem: classify all abelian groups of order
120. This is the same as classifying Z-modules of order 120. Any such has n = 0, and the
remaining cyclic summands must be of the form Z/nZ where n is 3,5, or a power of 2. We
see there are three possibilities: Z8⊕Z3⊕Z5, Z2⊕Z4⊕Z3⊕Z5, and Z2⊕Z2⊕Z2⊕Z3⊕Z5.
Read DF 12.1, 12.2.

Friday September 26 : We discussed the direct sum in the category of R-modules. Con-
cretely, if {Mi} is a collection of R-modules, the direct sum

⊕
iMi is the R-module of the

Cartesian product ΠiMi consisting of “tuples” (mi)i in which all but finitely many entries
are zero. The direct sum is different than the direct product ΠiMi, which makes no such re-
striction that all but finitely many are zero. The direct sum satisfies a different (actually, it is
dual!) universal property than the product. Note that for each i, we have maps Mi →

⊕
iMi

sending mi to the “tuple” with mi in the i-th spot and zeros elsewhere. The Universal prop-
erty of direct sum is this: given any R module P together with R-module maps Mi → P ,
there is a unique R-module homomorphism

⊕
iMi → P which makes the appropriate

diagram commute (write it out and check!). That is, the direct sum is a coproduct in the
category of R-modules (See Aluffi, page 36 and 165).

We then discussed the free R-module on a set S and noted its universal property. We also
saw that the free module on an infinite set S is a direct sum (not product!) of copies of R
indexed by S. See DF, 10.3. We then used this to talk about R-module presentations. If
M is an R-module finitely generated by {m1, . . . ,mn}, then we can map Rn onto M by
sending each ej to mj . (Check–why does this uniquely define a surjective R-module map?).
The kernel K is a submodule of Rn; we call it the module of relations on {m1, . . . ,mn}
(check: why is this a good name?). if K is also finitely generated, say by {k1, . . . , kt}, then
we say that M is finitely presented. In this case, we can map Rt surjectively onto K. The
composition Rt → K ↪→ Rn is a R-module map φ between f.g. free modules, and M
is its cokernel. Every such map between free modules is given by a t × n matrix [whose
columns are the images of the standard unit columns under φ] in exactly the same way as
in the vector space case—that is, by left multiplication of the t × 1 column matrix to get
the n × 1 column. We say that this matrix presents M , or that the map φ is a presentation,
or even the representation of M as Rn/K can is called a presentation of M . Our goal is to
classify modules by understanding these presentations. Read DF, 10.5 up to page 385.

Wednesday September 24 : We discussed the isomorphism theorems for modules; all this
is in detail in DF and many other places, but we discussed it anyway to help (I hope) you
develop fluency. Trust me: some day all the various equivalence classes when working with



quotients of modules will seem intuitive and easy! Do work through details of the class
discussion, reading DF too, until it makes sense. This a first priority over writing down the
details of the harder problems on Problem set 3. We then started talking about free modules:
see definitions in DF 10.3. All modules over a field are free (this is the fact that every vector
space has a basis), but beware! Your intuition may lead you astray if it leans too heavily on
case where R is a field. Modules over rings that are not fields are rarely free—the free
modules are very special! For example, even over Z, the cyclic module Z/(n) is never free,
unless n = 0. For example, for any element a, already the set {a} is not linearly independent
since the non-zero element n ∈ Z acts on a to give zero! A principal ideal in a domain is a
free module (prove it!). But a non-principal ideal in a domain never is free: suppose S is a
free basis for an R-module I ⊂ R. If I is not principal, then S has at least two elements, say
f, g. But then there is a non-trivial relation on these elements: r1f + r2g = 0 for the non-
zero ring elements r1 = g and r2 = −f . We then took Quiz 3, which was supposed to see
if you remembered some of the main points from the homework and understand the main
definitions/examples of modules. READ: Please review linear algebra from DF the first
three sections of chapter 11 (at least to make sure you know the notation we’ll be using!)
Also, read Chapter 10, §5 only through page 385 on the definition of “exact sequence”.

Monday September 22 : We noted that an R-module can be defined as an abelian group M
together with a ring homomorphism R → Endgp(M). We studied in detail some examples
ofR-modules over the two most basic rings, Z and k[x]. We saw that every abelian group has
a canonical Z-module structure; this allowed us to check that the category of Z-modules
is precisely the same as at the category of abelian groups. We also saw that the data of a
k[x]-module is precisely the same as the data of a k-vector space V together with a linear
transformation V

T→ V (which tells us the action of x on the abelian group V ; the ring
structure on k[x] then determines the action of any other polynomial). For example, over
k[x], the module k[x]/(xn + an−1x

n−1 + · · · + a1x + a0) has underlying k-vector space
structure which is n-dimensional, and the linear transformation defined by the action of x is
represented by an n× n matrix 

0 0 . . . −a0
1 0 . . . −a1

0 1 . . . −a2
... · · · ...
0 0 . . . −an−1


For different choices of monic polynomials xn+an−1x

n−1+· · ·+a1x+a0, the k[x]-modules
are non-isomorphic even though the underlying k-vector spaces are of course isomorphic if
the polynomials have the same degree! (This may not yet be obvious to you). For an example
of the correspondence in the other direction, start with a vector space V of dimension one
over k, together with a linear transformation V T→ V . Since all such linear transformations



are given by scalar multiplication (say by µ), the corresponding k[x]-module has underlying
abelian group (V,+), with k[x] action given by f(x) ? v = f(µ)v where the product on the
right is just the scalar multiplication in V . Each choice of a basis {v} for V determines a
surjective k[x]-module map map k[x] → V determined by sending f(x) 7→ f(µ)v. The
kernel is the ideal generated by (x− µ). So there is an k[x]-algebra isomorphism k[x]/(x−
µ) ∼= V . For different values of µ, these modules are not-isomorphic as k[x]-modules! (I
mentioned that I would put this on a quiz Monday, but I decided maybe it is better to put
it on Homework Set 4). We also say that a non-zero principal ideal in any domain R is a
free R-module of rank 1; indeed, the natural R-module map R → (f) sending r to fr is
surjective with kernel 0. In particular, all such R-modules are isomorphic. This is quite
different from the case of quotients R/I . Reading: review your linear algebra: Dummit
and Foote: 11.1, 11.2, 11.3. Make sure you figured out your errors on the last homework and
understand the basic definitions of modules (DF 10.1, 10.2, 10.3) as there will be a quick
T/F quiz next time. We will skip 10.4 (for now) and return to it after proving the structure
theorems for finitely generated modules over a PID (Chapter 12 in DF) with the amazing
applications to classification of finite groups (taking the special PID Z) and canonical forms
for matrices (taking the special PID k[x]).

Friday September 19 : We defined R-modules, and gave many examples. Please read
Dummit and Foote 10.1, 10.2, 10.3 carefully for all definitions, and basic properties. I
will not do most of this in lecture but you very much need it! By definition an R-module
is an abelian group (M,+) with a natural R-action; precisely this means that there is a set
map R × M → M sending (r,m) 7→ r ? m which respects the group structure on M
(so r ? (x + y) = r ? x + r ? y) and respects the ring structure of R (so (r + s) ? x =
r ? x + s ? x, 1 ? x = x and (rs) ? x = r ? (s ? x).) An R-module homomorphism is
an map M

φ→ N respecting the group structures (so φ is a group homomorphism) and the
R-action (so φ(r ? x) = r ? φ(x)...that is, φ is R-linear). We saw that if R is a field, then the
category of R-modules is exactly the category of vector spaces over that field. Generalizing
vector spaces, we noted that Rn has an obvious R-module structure given by component-
wise addition and scalar multiplication. We also saw that an R-submodule of R is precisely
the same as an (left) ideal of R, and that for any left ideal, there is a natural R-module action
on R such that the quotient map (of abelian groups) R→ R/I is an R-module map. Further
examples: for any vector space V , we saw that V is a module over Endk(V ) in a canonical
way (make sure you see what it is!). For finite dimension vector spaces, this amounts to
thinking of n × 1 column vectors as a module over the ring of n × n matrices (using left
multiplication of matrices for the ring action). We saw also that the Lp-functions on [0, 1] are
a module over the ring of continuous functions on [0, 1] in a natural way, and that the smooth
differentiable p-forms (or vector fields) form a module over the ring of smooth functions on
a smooth manifold. Read Dummit and Foote: 10.1, 10.2, 10.3.

Wednesday September 17 : We discussed the question: How can we tell if a given polyno-
mial over R is irreducible? Beyond Gauss’s Lemma, we noted the following tricks. First,



if a monic polynomial over R factors into two polynomials (of strictly lower degree), then
the same is true over R/I . Using this, we could see for example that x3 + 1001x − 739
is irreducible over Z (since it is irreducible over Z2.) Caution: The converse is false: the
polynomial x4 − 72x2 + 4 is irreducible over Z but factors modulo n for every n. We also
proved Eisenstein’s Criterion: Let f ∈ R[x] be a monic polynomial over a domain R. If
there is a prime ideal P in R such that all (non-leading) coefficients of f are in P but the
constant term of f is not in P 2, then f is irreducible. The proof is straightforward, based on
analyzing the ring map R[x]→ R/P [x]. These facts sound simple-minded (and their proofs
certainly are!) but you can apply them in clever ways to show all kinds of elements are
irreducible, for example, x8− y3z and also x3 + y3 + z27 + 35x+xyz− 13z78x7 + 739 is ir-
reducible in Z[x, y, z]. [View Z[x, y, z] as R[x] where R = Z[y, z]. For the first polynomial,
use Eisenstein with the ideal P = (z). For the second, reduce modulo (2, y, z).]

We then took QUIZ 2. As always, if you did not show mastery on the quiz, redo it, and
turn in before next class. Reading: We are now “done” with ring theory, Chapters 7, 8 and
9 of Dummit-Foote (except 9.6; we will not cover this). Please reread and review, make
sure you understand. Next up: modules. Please read 10.1 of Dummit and Foote carefully.
Problem Set 2 is due Friday.

Monday September 15 : We reviewed the universal properties of localization and quotients,
and also a bit of the “isomorphism” theorems because I am hoping your homework will
become more elegant as you become fluent in these ideas. There will be a quiz next time on
these ideas (be sure to reread and master Theorems 7 and 8 from Section 7.3 of Dummit and
Foote if you are rusty on this prerequisite material). We discussed the following theorem:
A domain R is a UFD if and only only if R[x] is a UFD. One important lemma we needed in
the proof is about units: (R[x])∗ = R∗. The heart of the proof is Gauss’s Lemma: If R is a
UFD with fraction field F , then a polynomial f(x) ∈ R[x] which factors in F [x] must also
factor in R[x]. The proof of Gauss’s Lemma showed the important technique of “reducing
polynomials modulo I”—that is, it made use of the natural ring map R[x] → R

I
[x] sending

each polynomial to the corresponding polynomials with its coefficients reduced modulo I .
All these details are in Dummit and Foote, Chapter 9 or Lang IV §2. Reading: Finish
reading Chapter 9 of Dummit and Foote; we have one more lecture from it before moving
onto modules. The same material is in Lang, Chapter II and Chapter IV §1-3.

Friday September 12 : We finished the proof of that PIDs are UFDs. We then defined
Euclidean domains (domains with “division algorithm”) and mentioned the examples Z (the
absolute value of the remainder is less than the divisor) k[x] (the degree of the remainder is
less than the degree of the divisor) and Z[i] (the “norm” defined by δ(a+ bi) = a2 + b2 will
be smaller for the remainder than the divisor). We then showed that Euclidean domains are
PIDs (hence UFDs). This completes the proof of the fundamental theorem of algebra (and
its analog for k[x]). Finally, we took Quiz 1, which is posted, and you are free to redo if you
like. Reading: Start on Dummit and Foote, Chapter 9, §1-5 (we will skip §6). By now, all



of Lang, Chapter 2 has been covered as well. Be sure to be reading someplace, since I can
not say everything in class!

Wednesday September 10 : We talked about unique factorization domains (UFDs). A
(commutative) domain is a UFD if every non-zero non-unit element can be written uniquely
(up to reordering and unit multiple) as a product of irreducible elements. The fundamental
theorem of algebra says that Z is a UFD. Analogously, the ring k[x] of polynomials over a
field k is a UFD. Other examples are the Gaussian integers Z[i] and polynomials in more
variables k[x1, . . . , xn] (we’ll prove this next time). We gave many “non-examples” as well.
We discussed the theorem: Every principal ideal domain is a UFD, and began the proof.
The are two main steps to the proof: the existence of the factorization, and then the unique-
ness. We showed the existence part, in fact, under the (much) more general assumption that
the ring has the ascending chain condition, meaning that every chain of ideals I1 ⊂ I2 ⊂ . . .
eventually stabilizes. So in any Noetherian ring, any non-zero non-unit element factors into
irreducibles. Next time we will show that in a PID, this factorization is unique. Reading:
Dummit and Foote Chapter 8, Sections 1,2,3, as well as Lang, II §5. There will be a quiz in
class friday to see how well you understood (some of the) most basic parts of the homework.

Monday September 8 : We pointed out the universal property of the quotient map R →
R/I (namely, that any ring map R → S in which all elements of I are sent to zero must
factor through R → R/I). We then discussed localizations for commutative rings and their
universal property: LetR be a commutative ring and U a subset ofR containing 1 and closed
under multiplication. Then we constructed a ring U−1R of “fractions of elements from R
with denominators from U” together with a natural ring map R → U−1R sending r 7→ r

1
which is universal with respect to elements of U mapping to units. So any other map of
commutative ringsR→ S sending the elements of U to units must factor through the natural
map R → U−1R. Precisely, the elements of U−1R are equivalence classes of elements in
R × U : the “fraction” r

u
is really an equivalence class represented by (r, u)...just like in

grade school but just slightly more general. You are verifying all the details in Homework
Set 1. Be sure you understand it! We did many examples. In particular, we saw that if
R = R[x, y]/(xy) and U is the set of powers of x, then fractions y

1
and 0

1
are equivalent,

so the map R → U−1R is not always injective. Reading: Dummit and Foote Chapter 8,
Sections 1,2,3. The same material, more succinctly is in Lang: Chapter II Section 5, and less
succinctly in Aluffi Chapter V, Sections 1-6 including all subsections. [If your undergrad
algebra course did not cover it: “Free abelian group on the set S” means the group of formal
Z-linear finite combinations of the elements of S, with the addition defined by just adding
coefficients. If S has cardinality n, the free abelian group on S is isomorphic to Z⊕n, the
direct sum of n copies of Z. Also, a “Z-algebra presentation” of an algebra means a set
of generators and relations for the algebra: for example, a Z-algebra presentation of the
Gaussian integers Z[i] is Z[x]/(x2 + 1). ]



Friday September 5 : We discussed the quiz problem on the ring map Z → {even, odd}.
Many people had not recognized this as the most basic example of a quotient map. By
definition Z/(2Z) is the set of equivalence classes modulo 2; there are exactly two classes:
the even integers form one class and the odd integers the other. The map sending each integer
to its equivalence class (either the set of even or the set of odd integers) is the quotient
homomorphism. We then discussed products in the category of rings; the main point is
the universal property of a product (which allows us to define products in any category,
though not every category admits products). We proved the Chinese Remainder theorem in
an arbitrary commutative ring. Reading: Dummit and Foote: 7.5, 7.6, and other sections
listed last time. Note: Homework 1 has been slightly edited, so please always check that you
have the most recent version, especially if something seems fishy.

Wednesday September 3 : We took Quiz 0 (posted on the website). If you did poorly,
do it for homework and turn it in. We reviewed the category of rings: just the definition of
rings (the objects) and ring homomorphisms (the morphisms), together with many examples.
We noted that fields form a full subcategory of rings, and both are subcategories of sets
(though not full subcategories.) One important non-commutative example is the ring of
endomorphisms of a vector space V/k; if V is of finite dimension n, this ring is isomorphic
to the ring of n × n matrices over k. The isomorphism depends on a choice of basis so
it is a non-canonical isomorphism. Reading: The core of what is needed is Dummit and
Foote, Chapter 7, sections 1-6. This should be mostly review (up through 7.4 should be
mostly review); in particular, be sure you know the following words: zero-divisor, unit,
domain, ideal, kernel, prime ideal, maximal ideal, field, division ring, all the ”isomorphism
theorems” about quotient rings. I will be talking about sections 5 and 6 in class Friday and
Monday. A much more succinct discussion of the same material is Lang Chapter 2 sections
1-4.

If categories have you stressed, I recommend the friendly discussion in Aluffi: Chapter I,
Section 3.1, 3.2, 4.1, 4.2. Don’t worry: I am not assuming you “know category theory;” I
am just using that language when it makes sense to get you used to hearing it; it will work
its way in your brain eventually through many many examples.


