
Math 593: Problem Set 1

Solutions

1. Group Rings. Fix a group G. Let Z[G] denote the free abelian group on the elements of G.

See the assigned reading from Section 7.2 of Dummit and Foote, although there the group ring is defined
over an arbitrary commutative ring R whereas in the exercise R is the special case where R = Z. That
section covers (a) and (b), with some considerably harder examples worked out.

For (c), let G be a free abelian group of rank n, with free generators x1, . . . , xn. Since we will use the group
operation to define the multiplication in Z[G], it is best to use multiplicative notation for the operation
in G (not additive, since the addition in Z[G] is something else!). By definition, the free abelian group of
rank n is generated by n elements, call them x1, . . . , xn, and there are no relations (other than the abelian
relations that the xi commute). So the elements of G are all possible products involving the xi’s (and their
inverses). Thus the group G can be thought of as the group of Laurent monomials xa11 · · ·xann where the
ai ∈ Z (under multiplication of course). The identity element is the empty product 1 = x01 · · ·x0n. Now, for
the group ring Z[G]: the underlying abelian group (which gives the addition for Z[G]) is the free abelian
group on the elements of G—that is, formal sums of the elements of G. These can be written as formal
Z-linear combinations of Laurent monomials; there are no relations among them (since by definition, this
what free abelian means). This is also the underlying abelian group of Z[x±11 , . . . , x±n ]: every Laurent
polynomial can be written uniquely as a sum of laurent monomials (with coefficients in Z). Because under
this identification, the multiplication in the group ring coincides with usual multiplication in Z[x±11 , . . . , x±n ],
the group ring is identified with the Laurent ring also as a ring.

d). Let G be generated by g such that gn = 1. There is a uniquely defined ring map Z[x]→ Z[G] sending
x 7→ g. This forces also xi 7→ gi. Since the gi range through all the elements of G (and these span Z[G]
over Z), this map is surjective. The element xn is sent to gn = 1, so xn − 1 is in the kernel. No smaller
degree polynomial is in the kernel, since there are no Z-linear relations on the elements 1, g, . . . , gn−1 in
Z[G] (again, this is what it means that the additive group of Z[G] is free on these elements). If there is a
larger degree polynomial, say f(x), then dividing it by xn − 1, we can write f(x) = (xn − 1)q(x) + r(x),
where the remainder polynomial is zero or has degree strictly less than n. But this means r(x) is also in
the kernel, so (since the kernel contains no element of degree less than n) r must be zero, and the kernel
is generated by (xn − 1).

e). Recall the Klein 4-group is an abelian group of order 4: the three non-identity elements all have order 2,
and the group is generated by any two of them (the third being their product). The map is Z[x, y]→ Z[G]
sending x and y respectively onto the two generators of G. Then xy goes to the third element of G,
and 1 goes to 1 of course, so the map is surjective. Similarly to d, the kernel is (x2 − 1, y2 − 1). Thus
Z[G] ∼= Z[x, y]/(x2 − 1, y2 − 1).

f) The map assigning a group G to its group-ring Z[G] is a faithful functor from the category of groups to
the category of rings. Indeed, it is a functor because each map of groups G→ H induces a natural map of
rings Z[G] → Z[H] (respecting composition and taking the identity map of groups to the identity map of
rings). It is faithful: two different maps of groups φ, ψ : G→ H induce two different maps of rings (indeed,
if φ(g) 6= ψ(g) for some g ∈ G, then the same is true for the induced ring map). However it is not full:
for example, a cyclic group G of order two has no non-trivial automorphisms, but the ring Z[x]/(x2 − 1)
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admits an automorphism sending x 7→ −x.

2. Rings of Differential Operators. Let C∞(R) be the R-algebra of smooth functions of the real line.1

a). Recall from linear algebra, that for any vector space V over k, the set EndkV has a natural ring
structure, whose addition is function addition ((φ + ψ)(v) = φ(v) + ψ(v)) and whose multiplication is
composition of linear maps. [If V is finite dimensional of dimension n, this ring is isomorphic to the ring
of n × n matrices ovr k under the usual identification between linear transformations and matrices (with
respect to a fixed basis for V ).] Of course, C∞(R) is a vector space (though not finite dimensional!) under
pointwise addition and scalar multiplication of functions, so its collection of its vector space endomorphisms
is a ring in this way.

b). The map C∞(R)→ E sending a smooth function f to the “multiplication by f” map

µf : C∞(R)→ C∞(R) φ 7→ φf

is an injective ring homomorphism. Addition is preserved: it is easy to see that µf+g = µf + µg, since for
each h ∈ C∞(R), µf+g(h) = h(f +g) = hf +hg = µf (h)+µg(h). Multiplication is preserved: µfg = µf ◦µg
since for any h ∈ C∞(R), we have µfg(h) = hfg = µf (µg(h)). Of course the constant function 1 is sent to
µ1, the “multiplication by 1” transformation of C∞(R), which is the identity transformation, so the map
preserves the multiplicative identity element.

It is obviously not surjective, however: for example, the linear operator d/dx ∈ E is not in the image. If
d/dx = µf for some f , then applying this operator to 1 we get d/dx(1=µf (1) so f = 0. But d/dx 6= µ0 = 0.
The image is not in the center: the operator d/dx and the operator µx do not commute (note that µx◦d/dx
sends 1 to zero whereas d/dx ◦ µx sends 1 to 1).

This answers c,d,e as well, since there are no relations on the powers of d/dx (respectively, µx) (as linear
operators on C∞(R)). Each generates a subalgebra isomorphic to a polynomial ring in one variable. But
since they do not commute with eachother, the subalgebra they generate is not commutative.

3. Localization. For a-d, please see assigned reading in Dummit and Foote.

e). Let U be the multiplicatively closed subset of the ring R = k[x, y] consisting of all powers of x. Then
U−1R is not a local ring because the non-distinct ideals (x−11 , y1 ) and (x−21 , y1 ) are both maximal: killing
either produces the field k.

f). Claim: [Z/12Z](3)
∼= Z/3Z. The quotient map Z/(12) → (Z/12)/(3) ∼= Z/3Z sends each element of

Z/12Z which is not in the prime ideal (3) to either 1 or 2, which are units in Z/3Z. By the universal
property of localization, then, there is a ring map µ : [Z/12Z](3) → Z/3Z. But notice also that the natural

localization map [Z/12Z] → [Z/12Z](3) sends all elements in (3) to zero, since 3
1 = 12

4 = 0
1 . So by the

universal property of quotients, there is a ring map ν : Z/3Z → [Z/12Z](3). It is easy to see µ and ν are
inverse to each other, so that that [Z/12Z](3)

∼= Z/3Z.

4. Valuation Rings. Let K be field and denote the group of units of K by K∗. A discrete valuation on
K is a group homomorphism ν : K∗ → Z satisfying ν(f + g) ≥ min {ν(f), ν(g)}. By convention, we say
ν(0) =∞.

a). The subset V of elements of K of non-negative valuation is a subring. Indeed, V is closed under
multiplication since ν(fg) = ν(f) + ν(g) and the sum of two nonnegative integers is non-negative. Also V
is closed under addition since ν(f + g) ≥ min {ν(f), ν(g)} ≤ 0 for any f, g ∈ V . Also, the additive inverse
of each f ∈ V is in V : since ν(−f) = ν(−1) + ν(f), it suffices to show that ν(−1) = 0. For this, note

1[Definition: An R-algebra is a ring A, together with a ring homomorphism R → A whose image is contained in the center
of A.]
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ν(1) = 0 (since ν is a group homomorphism), so 0 = ν(−1×−1) = ν(−1) + ν(−1) = 2ν(−1) in Z, which
forces ν(−1) = 0.

b). For every non-zero element f of K, either f or f−1 is in V . Indeed, if ν(f) ≥ 0, then f is in V . But if
ν(f) < 0, since 0 = ν(1) = ν(ff−1) = ν(f) + ν(f−1), it follows that ν(f−1) = −ν(f) > 0, and so f−1 ∈ V .

c). We already know that V ⊂ K, so by the universal property of localization (at the set U = V \ 0),
the fraction field of V is also contained in K. Conversely, given any f ∈ K, by (b) we know either f ∈ V
already (hence in its fraction field), or f−1 ∈ V in which case f = 1/f−1 is in the fraction field of V .

To see V is local, note that the elements of strictly positive valuation form an ideal m, which is necessarily
maximal. Indeed, any element of V \m has ν(f) = 0, and so is a unit since the ν(f−1) = −ν(f) = 0 as
well. This means any the ideal not contained in m must contain a unit, so is not proper. That is, m is the
unique largest proper ideal of V .

d). Show that for any two elements f and g of V , either f |g or g|f . Since ν is a group map, ν(f/g) =
ν(f)− ν(g). So If ν(f) ≥ ν(g), then ν(f/g) ≥ 0 and f/g ∈ V so that g divides f .

e). Let I be an ideal of V . Choose f ∈ I such that ν(f) is minimal among elements of I. By the argument
in (d), all elements g with ν(g) ≤ ν(f) are divisible by f , so that g ∈ (f). In particular, I = (f).

f). Fix a prime number p. For a fraction a/b ∈ Q, define ν(a/b) as the highest power of p dividing a minus
the highest power of p dividing b. Show that ν is a well-defined valuation. This is the p-adic valuation.
This follows from the basic rules of multiplying and addition fractions. I won’t write it out.

g). The p-adic valuation ring consists of fractions a/b, where in lowest terms, b is not divisible by p. This
was the example we did in class of Z(p), the localization of Z at the multiplicative set U = Z \ (p).

j) First part (slightly out of order): for any valuation, if ν(f) 6= ν(g), then ν(f + g) = min {ν(f), ν(g)}. To
see this, say ν(f) < ν(g). Then ν(f + g) = ν((f(1 + f

g ) = ν(f) + ν(1 + f
g ) = ν(f). The last equality holds

because ν(fg ) > 0 so that f
g ∈ m, in which case 1 + f

g is a unit, so has valuation 0.

i and j). If K is an extension of a field k, then a k-valuation is a valuation which also satisfies ν(λ) = 0
for all λ ∈ k. Construct a discrete k-valuation on k(x, y) which assigns the value d to every homogeneous
polynomial of degree d. Since k(x, y) is the fraction field of k[x, y], we can define ν on k[x, y] and then it will
be uniquely determined on fractions since ν is a group homomorphism which means ν(f/g) = ν(f)− ν(g).
If homogeneous polynomials of degree d have value d, then we can take ν(xayb) = a + b and for a sum f
of monomials of degree d, ν(f) = d. But then by the previous problem, the value of an inhomogeneous
polynomial is necessarily the degree of the smallest degree monomial appearing (with non-zero coefficient)
in it.

k). Prove that the valuation ring of the valuation in (i) is k[x, yx ](x), that is, the localization of the
polynomial subring of k(x, y) generated by x and y

x at the prime ideal generated by x. First we show that
k[x, yx ](x) ⊂ V . Since ν(x) = 1 and ν(y/x) = 0, these are both in V , so monomials in x and y/x in V ,
as are sums. This shows k[x, yx ] ⊂ V . Note that a polynomial f in k[x, yx ] will have terms of degree zero
if it is not divisible by x, in which case its valuation is zero. Since element element of k[x, yx ](x) is of the
form f/u where f ∈ k[x, yx ] and u /∈ (x), we have ν(f/u) = ν(f)− ν(u) = ν(f) ≥ 0, so k[x, yx ](x) ⊂ V . To
show that V ⊂ k[x, yx ](x), take an element f/g ∈ V where f, g ∈ k[x, yx ], and assume that the fraction is in
lowest terms. We need only check that g is not divisible by x. But if g = xh where h ∈ k[x, y/x], since
ν(f/g) ≥ 0, we must have ν(f) ≥ 1. As above, this means that f (when written out as a polynomial in
x and y/x) has every term divisible by x, for it there were any terms of the form λ y

x
n for some λ ∈ k∗,

ν(f) = 0 by j. But that mean x|f and so the fraction was not in lowest terms after all.
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