
Math 593: Problem Set 1

Due Friday September 12, 2014

1. Group Rings. Fix a group G. Let Z[G] denote the free abelian group on the elements of G.

a). Show that Z[G] has a uniquely defined ring structure whose addition is the addition of the free
abelian group and whose multiplication is induced by the group operation in G.

b). Prove that the ring Z[G] is commutative if and only if the group G is abelian.

c). If G is a free abelian group of rank n, prove that Z[G] is isomorphic to a Laurent ring in n
variables over Z.

d). Show that if G is a cyclic group of order n, then Z[G] is isomorphic to Z[x]/(xn − 1).

e). Find a surjective ring homomorphism from a polynomial ring over Z (in some finite number of
variables) onto Z[G] when G is the Klein 4-group. Find the kernel.

f). Is the map assigning a group G to its group-ring Z[G] a functor from the category of groups to
the category of rings? Is it a faithful functor? A full functor?

2. Rings of Differential Operators. Let C∞(R) be the R-algebra of smooth functions of the
real line.1

a). Explain how the set E of R-vector space endomorphisms2 of C∞(R) has a natural R-algebra
structure. Is it commutative?

b). Show that the map C∞(R)→ E sending a smooth function f to the “multiplication by f” map

C∞(R)→ C∞(R) φ 7→ φf

is a ring homomorphism. Is it injective? Surjective? Does C∞(R) map to the center of E?

c). Show that the image of the identity function x on R under the map in (b) generates a commu-
tative R-subalgebra of E isomorphic to the polynomial ring R[x].

d). Consider the operator d
dx ∈ E given by differentiation. Show that it generates a commutative

R-subalgebra of E (abstractly) isomorphic to a polynomial ring in one variable over R.

e). Consider the sub algebra of E generated by both d
dx and (the image of) x under the map in b.

Is this ring commutative?

3. Localization. Let R be a commutative ring. Let U ⊂ R be any subset of R closed under
multiplication and containing 1. Define an equivalence relation on the set U ×R by (u, r) ≡ (u′, r′)
if there exists an element v ∈ U such that v(ur′ − u′r) = 0. Denote by r

u the equivalence class of
(u, r).

1[Definition: An R-algebra is a ring A, together with a ring homomorphism R → A whose image is contained in
the center of A.]

2That is, E is the set of R-vector space maps from C∞(R) to itself.
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a). Show that the set of equivalence classes has a natural ring structure, denoted U−1R or R[U−1].
This is the localization of R at U .

b). Show that the map R → U−1R sending r 7→ r
1 is a ring homomorphism with the following

universal property: given any other ring homomorphism φ : R → S in which the elements of U
map to units, there exists a unique map U−1R→ S through which φ factors.

c). If R is a domain, show that the localization of R at any U which does not contain 0 is (canonically
isomorphic to) a domain contained in the fraction field of R.

d). For any commutative ring and prime ideal P , show that the set U = R \ P is multiplicatively
closed, and that the ring U−1R is a local ring. This is the localization of R at P .3

e). Let U be the multiplicatively closed subset of the ring R = k[x, y] consisting of all powers of x.
Show that U−1R is not a local ring.

f). For the ring Z/12Z, describe4 the localization at the prime ideal generated by the class of 3.

4. Valuation Rings. Let K be field and denote the group of units of K by K∗. A discrete valu-
ation on K is a non-zero group homomorphism ν : K∗ → Z satisfying ν(f + g) ≥ min {ν(f), ν(g)}.
By convention, we say ν(0) =∞.

a). Show that the subset V of elements of K of non-negative valuation (together with the zero
element) form a subring K. This is the valuation ring of ν.

b). Show that for every non-zero element f of K, either f or f−1 is in V .

c). Show that V is a local ring with fraction field K, whose unique maximal ideal consists of the
elements of strictly positive valuation.

d). Show that for any two elements f and g of V , either f |g or g|f .

e). Show that every ideal of V is principal.5

f). Fix a prime number p. For a fraction a/b ∈ Q, define ν(a/b) as the highest power of p dividing a
minus the highest power of p dividing b. Show that ν is a well-defined valuation. This is the p-adic
valuation.

g). Explicitly describe the valuation ring for the p-adic valuation. Find an explicit description as
a certain localization of the integers.

i). If K is an extension of a field k, then a k-valuation is a valuation which also satisfies ν(λ) = 0
for all λ ∈ k. Construct a discrete k-valuation on k(x, y) which assigns the value d to every
homogeneous polynomial of degree d.

j). Prove that for any valuation, if ν(f) 6= ν(g), then ν(f + g) = min {ν(f), ν(g)}. Use this fact to
show that your valuation in part (i) is uniquely defined.

k). Prove that the valuation ring of the valuation in (i) is k[x, yx ](x), that is, the localization of the
polynomial subring of k(x, y) generated by x and y

x at the prime ideal generated by x.

3Caution: Note that this terminology conflicts directly with that in (a), since we could also call it the localization
at the complement of P ! Unfortunately, both terminologies are used in the literature.

4I.e. find an explicit isomorphism with some well-known ring. What is the cardinality?
5An earlier version of this problem set asked you to prove this under the assumption that all ideals are finitely

generated; please feel free to do this exercise under that assumption...I don’t want to make the problem set harder at
this point! But I thought I should point out that you don’t need this assumption. However, there are more general
valuation rings, in which the valuation ν : K∗ → Γ takes values in an arbitrary ordered abelian group Γ (such as Q
or R). The valuation rings in this case have the property that every finitely generated ideal is principal, but typically
there are non-finitely generated ideals.

2


