
Math 593: Homework 10

Due November 24, 2014

1. Hermitian Inner Product Spaces. Let V be a complex vector space and let

f : V × V → C

be a Hermitian form. This means that f is a Z-bilinear form such that

(i) f(λv, w) = λf(v, w) for λ ∈ C;

(ii) f(v, w) = f(w, v), where the bar denotes complex conjugate.

We say that f is a (Hermitian) inner product if furthermore f is positive definite, that is,

(iii) f(v, v) > 0 for v 6= 0.

a). Show that a Hermitian form is conjugate-linear in the second argument: f(v, λw) = λf(v, w).1

b). Let 〈x, y〉 =
∑

i xiyi for column vectors x, y ∈ Cn. Show that this is a Hermitian inner product
on Cn (called the “standard one”).

c). If f is a Hermitian form and B = {v1, . . . , vn} is a basis for V , show that the matrix [f ]B whose

ij-entry is f(vi, vj) is Hermitian. [A complex matrix A is Hermitian if A = A∗ where A∗ = A
tr
,

where the bar indicates that all entries are conjugated.]

d). Show that the Hermitian form f is given by

f(v, w) = [v]trB [f ]B[w]B = 〈[v]B, A[w]B〉 = 〈Atr[v]B, [w]B〉,

where 〈x, y〉 is the standard Hermitian inner product and A = [f ]B.

e). Suppose we have another basis B, and P ∈ GLn(C) is such that P [v]B′ = [v]B. Show that
[f ]B′ = P tr[f ]BP .

f). Show that if f is a Hermitian form on a complex vector space, then there is a basis B where
[f ]B is diagonal, and if f is positive definite, then we can take this matrix to be the identity matrix.
[Hint: find a v such that f(v, v) is not zero, then consider the linear map obtained by fixing the
second argument to be v, exactly analogous to proof in class in the real case.]

g). Prove the Hermitian spectral theorem: if A is a n× n Hermitian matrix, then there exists
P ∈ U(n) := {P |P ∗P = id} such that P−1AP is diagonal.

1A mapping V × W → C which is linear in the first argument and conjugate linear in the second (without
necessarily being conjugate symmetric as in (2)) is called a sesquilinear form.
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2. Inner Product spaces and Gram-Schmidt Let (V, f) be an inner product space (real or
Hermitian).

a). Prove the Cauchy-Schwartz inequality: |〈v, w〉| ≤ ||v|| ||w|| for all v, w ∈ V . [Hint: Fix v, w ∈ V ,
and consider the function f(t) = 〈v + tw, v + tw〉. Show that this is a real quadratic function of t
with no solutions. Now deduce the result from the quadratic formula.]

b). Prove the triangle inequality: ||v + w|| ≤ ||v||+ ||w||.
c). In R4, let V be the 3-plane x + 2y = 3z − 4w. Show that the dot product induces an inner
space structure on V and find an orthonormal basis by using the Gram-Schmidt Orthogonalization
process.

d). Let V ⊂ R[x] be the vector space of polynomials of degree two or less, and let 〈f, g〉 =
∫ 1

0
(fg)dx.

Show that this is an inner product space and find an orthonormal basis.

3. Hessian Let f(x, y) be a smooth real valued function of two real variables. Its Hessian at a

point p = (a, b) is the matrix

[
∂2f
∂x2

∂2f
∂x∂y

∂2f
∂y∂x

∂2f
∂y2

]
|(a,b)

.

a). Show that the Hessian at each (a, b) defines a symmetric bilinear form on R2.

b). Interpret the second derivative test from Calc III (for when f has a local max, min, or saddle
point at p) as a statement about the signature of the Hessian.

4. Duals and Double Duals. Let R be a domain, M an R-module.

a). Show that M∗ := HomR(M,R) is torsion free.

b). Show that there is a natural map M → M∗∗ := HomR(HomR(M,R), R). By definition, a
module M is reflexive if this map is an isomorphism.

c). Show that finitely generated free modules are reflexive.

d). If R = k, show M is reflexive if and only if M is finitely generated.

e). Give an example to show that not all Z-modules are reflexive. Adapt your example to give
examples of non-reflexive modules over an arbitrary commutative ring R (not a field) ?

5. Adjoint Functors. Suppose C and D are two categories. Functors F : C → D and G : D → C
are adjoint if for any pair of objects C from C and D from D, we have a natural bijection between
morphism sets HomC(C,G(D)) and HomD(F (C), D). [There is a precise meaning of natural; for
now, just interpret loosely.]

a). Let C = D be the category of modules over a fixed commutative ring R. Fix an R-module M .
Show that the functors −⊗R M and HomR(M,−) are adjoint.

b). Let C be the category of sets, and D be the category of modules over a fixed commutative ring
R. Show that the forgetful functor D → C is adjoint to the functor C → D assigning to some set S
the free R-module on the set S.

c). “The bijection in (a) respects morphisms.” Discuss with your colleagues what this could possibly
mean (hint: it is a commuting diagram). In general, for arbitrary adjoint functors, we also demand
(as part of the definition of “natural”) that the bijections respect morphisms. Discuss with your
colleagues what this might mean; note the meaning changes slightly depending on whether F and
G are co-or-contra-variant.
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