
Math 593: Problem Set 2

Due Friday September 19, 2014

1. Noetherian Rings.

a). Show that the following two conditions are equivalent for a ring R.

1. Every ideal of R is finitely generated.

2. Every increasing chain of ideals I1 ⊂ I2 ⊂ I3 ⊂ . . . of R eventually stabilizes, meaning
that there exists an n such for all i ≥ n, In = Ii.

Proof: Say (1) holds. Note that the union
⋃

i Ii is an ideal of R, hence finitely generated,
say by f1, . . . , fd. Each fi must be contained in some Ii, hence they are all contained in In
for some n. But then for m ≥ n, Im ⊂

⋃
i Ii = (f1, . . . , fd) ⊂ In ⊂ Im, which shows that

Im = In for all m ≥ n, that is, the chain stabilizes at In.

Say (2) holds. If I is an ideal that can not be generated by finitely many elements, we can
build a chain violating (2) as follows: Let I1 be an ideal generated by f1 ∈ I. Since I is not
finitely generated, there must be a f2 ∈ I \ I1; Let I2 = I1 + (f2). By induction, we repeat
this process, choosing fn ∈ I \ In−1 and setting In = In−1 + (fn). The chain ends if and only
if I is finitely generated.

b). Rings satisfying these conditions are called Noetherian. Show that if R is Noetherian,
and R→ S is a surjective ring homomorphism, then also S is Noetherian.

Proof: Let I be an ideal in S, which (using the first isomorphism theorem) we identify with
R/J , where J is the kernel of the surjective map R → S. The pre-image of I in R is an
ideal, hence finitely generated, say, by f1, . . . , ft. But then the classes of the fi generated I
in R/J .

2. Rings of Continuous Functions. Do Exercise 33 on the ring of continuous functions
on [0, 1] from Dummit and Foote, Chapter 7, Section 4.

a). Mc is maximal because it is the kernel of the evaluation homomorphism R→ R sending
a continuous function f to f(c). To see that every maximal ideal is of this form, we need
to show only that every proper ideal I is contained in some Mc. If for all c, the ideal I is
not contained in Mc, it means that for each c, we can find a function fc ∈ I which does not
vanish at c. By continuity, if fc does not vanish at c, then there is an open ball Bc where fc
does not vanish. These open balls cover the compact set [0, 1], hence some finite subset of
them, say Bc1 , . . . , Bct also covers [0, 1]. Now the f = f 2

c1
+ . . . f 2

ct is continuous and nowhere
zero, so it is is unit in R. Since f ∈ I, we have contradicted the properness of I.

b). This is clear: the function fb(x) = x− b is in Mb but not Mc.
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c). If Mc is generated by x − c, then for every continuous function f vanishing at c, we
could write f = (x − c)g for some continuous g. Let f(x) = |x − c|. This is not in the
ideal generated by x − c. If it were, there would be some value b such that the function

h(x) =

{
f(x)/(x− c) x 6= c

b x = c

}
=


1 x > c
−1 x < c
b x = c

 is continuous, which is absurd.

d). This is the only hard problem on the problem set. Step 2 is due to Daniel Irvine.

Step 1. For any closed interval B = [a, b] containing c, note that there is a natural restriction
map R→ S where S is the ring of continuous functions on B. This map is surjective: given
a continuous function f on B, it obviously extends to a continuous function on [0, 1], for
example, by defining

f̃(x) =
f(a) for x ∈ [0, a]
f(x) for x ∈ [a, b]
f(b) for x ∈ [b, 1]

.

Under this map, the maximal ideal Mc goes to the corresponding Mc in S, so if Mc is finitely
generated in R, the restrictions of those generators to B generate Mc in S. The converse
is also true: if f1, . . . , fn generate Mc in S, then we claim that f̃1, . . . , f̃n generate Mc in
R. Indeed, c is the only element of B at which all fi vanish, so there exists i, j such that
fi(a) 6= 0 and fj(b) 6= 0. This means that on the interval [0, a] any continuous function at
all is a multiple of fi and on [b, 1] every continuous function is a multiple of fj, so it is easy
to see that every continuous function in Mc ⊂ R is a combination of the f̃ ’s.

Step 2: If Mc is finitely generated, then it is principal. Proof: Say Mc = (f1, . . . , fn). The

function f
1/3
1 is also in Mc so write it as

∑
gifi for some g ∈ R. Raising to the third power,

we have f1 =
∑
hifi where h1 vanishes at c (gathering up coefficients of f1 in (

∑
gifi)

3, we
see the coefficient hi is in the ideal (f1, . . . , fn)2. So (1 − h1)f1 ∈ (f1, . . . , fn). Since 1 − h1
does not vanish at c, we can find an interval B = [a, b] containing c where it also doesn’t
vanish. In the ring S of continuous functions on B, 1 − h1 is a unit, hence on this ring S,
the ideal Mc is generated by (f2|B, . . . , fn|B). By step 1, (f̃2|B, . . . , f̃n|B) generate Mc in R.
So by induction on n, Mc is principal.

Step 3: If Mc is generated by g(x), then |g(x)| is also in Mc, but this mean that |g(x)| =
r(x)g(x) for some continuous function r(x). But r(x) takes only the values ±1 at all x 6= c,
so similar to our argument in (c) above, there is no such continuous r.

3. Direct Limits in the Category of Rings. Do Exercise 8 on direct limits from Dummit
and Foote, Chapter 7, Section 6. Please do not write down all the details, but be sure you
understand. Then try some of the following examples:

1. Let the indexing set I be the natural numbers, and let Ai = k[x1, . . . , xi], with the
maps Ai → Aj being the obvious inclusion k[x1, . . . , xi] ⊂ k[x1, . . . , xi, . . . , xj] when
i ≤ j. Show that this is a directed system of rings and find the limit.

2. Fix the ring A = k[x, y]. Let the indexing set I be the set of polynomials whose
constant term is non-zero, with partial order defined by f ≤ g if f |g. For each index
f , let Af be the localization A[f−1] at the multiplicative system of powers of f . Using
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the universal property of localization, find a natural map Af → Ag whenever f ≤ g
and show that this is a directed system of rings. What is the limit?

3. Let the indexing set I be the collection of open sets in C containing the origin, with
partial ordering defined by U ≤ V if U ⊃ V . For each U ∈ I, let O(U) be the ring
of analytic functions on U . Use the fact that a restriction of an analytic function is
analytic to find natural maps making this into a directed system of rings. The limit is
called the ring of germs of analytic functions at the origin. Explain why it is isomorphic
to the ring of convergent power series. [Requires some knowledge of complex analysis
(math 596). Cf. Dummit and Foote, Exercise 9 following 8.]

This is a lot of easy stuff that is not so easy to typeset...how much detail you need is likely
personal so come talk to me if you are confused. Let us just say that the limit in (1) is the
polynomial ring in infinitely many variables: k[x1, x2, . . . , ] (whose elements are just finite
polynomials). You can think of this ring as the union of the polynomial rings k[x1, . . . , xn]
(if they all lived in the same giant universe...the direct limit formalizes this intuition). In
Example 2, we are inverting the elements of U = R\(x, y) one by one, and the resulting limit
is the localization U−1R = k[x, y](x,y). In Example (3), we get the ring O whose elements
are analytic functions in some open neighborhood of the origin, but two such functions are
considered the same if they agree on some possibly smaller open neighborhood. The direct
limit formalizes this intuition of “identifying functions that agree on a smaller neighborhood”.
The ring of convergent power series maps to O since every such power series must converge
on some domain; it is surjective because every analytic function has a power series expansion,
and injective because distinct power series define distinct analytic functions. The hard parts
here are complex analysis facts (Math 596) that I am not proving.

4. Coordinate Rings. Fix a field k. Note that a polynomial f ∈ k[x1, . . . , xn] defines a
function kn → k by p 7→ f(p).

a). If k is finite, find two distinct polynomials defining the same function on kn.

Let λ0, . . . , λn be the elements of k. The polynomial (x−λ0)(x−λ2) · · · (x−λn) agrees with
the zero function although it is not the zero polynomial (it is monic).

b). Show that if k is infinite, distinct polynomials always define distinct functions on kn.

If suffices to show a non-zero polynomial defines a non-zero function. Induce on n. It is
clear for n = 1, since a polynomial of degree d in one variable has at most d zeros. Write
f(x1, . . . , xn) as rdx

d
n + . . . + r1xn + r0 where the ri are in k[x1, . . . , xn−1‘] and rd 6= 0.

By induction, there is a point (a1, . . . , an−1) in kn−1 where rd does not vanish. But then
f(a1, . . . , an−1, xn) is a non-zero polynomial in one variable xn that vanishes for all values of
xn. This is a contradiction, since it should have at most d zeros.

c). Let k be infinite and let X ⊂ kn be any subset. For any two polynomials f, g, in
k[x1, . . . , xn], say f ≡ g if f and g restrict to the same function on X . Show that ≡ is an
equivalence relation and that there is a natural ring structure on the the set of equivalence
classes. Denote this ring by k[X ].

The clever way to do this is to notice that restriction defines a natural (surjective) ring
homomorphism: k[x1, . . . , xn] → k[X ] sending f 7→ f|X . The kernel I is the collection of
functions which vanish everywhere on X . So the relation we defined is the same as equivalence
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modulo I, which we already know to be an equivalence relation, and there is a ring structure
on the set of equivalence classes by the general theory of quotient rings.

d). Show that there is a surjective ring map k[x1, . . . , xn]→ k[X ], whose kernel is a radical
ideal. [In the case where X is the common zero set of a collection of polynomials on kn

(called an algebraic set), the ring k[X ] is called the coordinate ring of the corresponding
algebraic set.]

The kernel I is radical: if f is a polynomial such that fn(x) = 0 for all x ∈ X , then by
definition of the multiplication for functions [f(x)]n = 0 so that f(x) = 0 (since R is a
domain) for all x ∈ X . Thus f is in I.

5. Group of Units and Euler’s φ function. Let R be a commutative ring1. Let R∗

denote the set of units of R.

a). Show that ∗ defines a functor from the category of commutative rings to the category
of abelian groups. In particular, for each commutative ring R, R∗ is an abelian group and
for each map R → S of commutative rings, there is a naturally induced map R∗ → S∗ of
groups.

b). Show that ∗ respects products: (R× S)∗ = R∗ × S∗.

c). For p prime, consider the natural surjective map Z/pt+1Z → Z/ptZ. Show that the
induced map on groups of units is surjective.

d). Using induction on t, show that the order of (Z/ptZ)∗ is (p− 1)pt−1.

e). Let φ(n) be the cardinality of (Z/nZ)∗. Using the Chinese Remainder theorem, find a
formula for φ(n) in terms of a decomposition of n into prime powers.

f).Prove that φ is multiplicative: φ(mn) = φ(n)φ(m) when m and n are relatively prime.

See Dummit and Foote, pages 266-267.

1Don’t forget a ring always has 1, Dummit and Foote not-with-standing
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