
Math 593: Problem Set 2

Due Friday September 19, 2014

1. Noetherian Rings.

a). Show that the following two conditions are equivalent for a ring R.

1. Every ideal of R is finitely generated.

2. Every increasing chain of ideals I1 ⊂ I2 ⊂ I3 ⊂ . . . of R eventually stabilizes, meaning
that there exists an n such for all i ≥ n, In = Ii.

b). Rings satisfying these conditions are called Noetherian. Show that if R is Noetherian,
and R→ S is a surjective ring homomorphism, then also S is Noetherian.

2. Rings of Continuous Functions. Do Exercise 33 on the ring of continuous functions
on [0, 1] from Dummit and Foote, Chapter 7, Section 4.

3. Direct Limits in the Category of Rings. Do Exercise 8 on direct limits from Dummit
and Foote, Chapter 7, Section 6. Please do not write down all the details, but be sure you
understand. Then try some of the following examples:

1. Let the indexing set I be the natural numbers, and let Ai = k[x1, . . . , xi], with the
maps Ai → Aj being the obvious inclusion k[x1, . . . , xi] ⊂ k[x1, . . . , xi, . . . , xj] when
i ≤ j. Show that this is a directed system of rings and find the limit.

2. Fix the ring A = k[x, y]. Let the indexing set I be the set of polynomials whose
constant term is non-zero, with partial order defined by f ≤ g if f |g. For each index
f , let Af be the localization A[f−1] at the multiplicative system of powers of f . Using
the universal property of localization, find a natural map Af → Ag whenever f ≤ g
and show that this is a directed system of rings. What is the limit?

3. Let the indexing set I be the collection of open sets in C containing the origin, with
partial ordering defined by U ≤ V if U ⊃ V . For each U ∈ I, let O(U) be the ring
of analytic functions on U . Use the fact that a restriction of an analytic function is
analytic to find natural maps making this into a directed system of rings. The limit is
called the ring of germs of analytic functions at the origin. Explain why it is isomorphic
to the ring of convergent power series. [Requires some knowledge of complex analysis
(math 596). Cf. Dummit and Foote, Exercise 9 following 8.]
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4. Coordinate Rings. Fix a field k. Note that a polynomial f ∈ k[x1, . . . , xn] defines a
function kn → k by p 7→ f(p).

a). If k is finite, find two distinct polynomials defining the same function on kn.

b). Show that if k is infinite, distinct polynomials always define distinct functions on kn.

c). Let k be infinite and let X ⊂ kn be any subset. For any two polynomials f, g, in
k[x1, . . . , xn], say f ≡ g if f and g restrict to the same function on X . Show that ≡ is an
equivalence relation and that there is a natural ring structure on the the set of equivalence
classes. Denote this ring by k[X ].

d). Show that there is a surjective ring map k[x1, . . . , xn]→ k[X ], whose kernel is a radical
ideal. [In the case where X is the common zero set of a collection of polynomials on kn

(called an algebraic set), the ring k[X ] is called the coordinate ring of the corresponding
algebraic set.]

5. Group of Units and Euler’s φ function. Let R be a commutative ring1. Let R∗

denote the set of units of R.

a). Show that ∗ defines a functor from the category of commutative rings to the category
of abelian groups. In particular, for each commutative ring R, R∗ is an abelian group and
for each map R → S of commutative rings, there is a naturally induced map R∗ → S∗ of
groups.

b). Show that ∗ respects products: (R× S)∗ = R∗ × S∗.

c). For p prime, consider the natural surjective map Z/pt+1Z → Z/ptZ. Show that the
induced map on groups of units is surjective.

d). Using induction on t, show that the order of (Z/ptZ)∗ is (p− 1)pt−1.

e). Let φ(n) be the cardinality of (Z/nZ)∗. Using the Chinese Remainder theorem, find a
formula for φ(n) in terms of a decomposition of n into prime powers.

f). Prove that φ is multiplicative: φ(mn) = φ(n)φ(m) when (m,n) = 1.

1Don’t forget a ring always has 1, Dummit and Foote not-with-standing
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