
Math 593: Problem Set 3

Due Friday September 26, 2014

1. Determine all ideals in the ring Z[x, y]/(2, x2 + 1, y2). Which are prime? Which are
maximal?

The ring to isomorphic to R = F2[x, y]/(x2 + 1, y2) (the natural ring map Z[x, y] →
F2[x, y]/(x2+1, y2) has kernel (2, x2+1, y2)). Since over F2 we have have x2+1 = (x+1)2, we
can write R = F2[x, y]/((x+1)2, y2), so that in fact R ∼= S := F2[x, y]/(x2, y2), after changing
variables (an isomorphism). As an F2-vector space S has basis the classes of {1, y, x, xy},
and since ideals of S will in particular be vector subspaces of S, all ideals of S will have
some vector space basis consisting of linear combinations of these; there are 24 = 16 such
linear forms (only 15 are non-zero), but of course, fewer elements may generate as an ideal
(for example, if x is in the ideal, so is xy). It is now possible to do a case-by-case analysis.
Consider f = a1 + a2y+ a3x+ a4xy, where the ai are either 0 or 1. If a1 = 1, then raising to
the fouth power, (a41 + a42y

4 + a43x
4 + a44x

4y4) = 1, so linear form with a1 not zero is a unit.
So, we can ignore forms with a1 6= 0 as they all generate the unit ideal. This also shows that
S is a local ring with maximal ideal (x, y), the only maximal ideal in the ring [This idea was
told to me by Umang Varma.]

The unit ideal is a 4-dimensional vector space ovr F2, the maximal ideal (x, y) is three
dimensional, and since all other non-unit ideals are contained in this unique maximal ideal,
we need only analyze the vector subspaces of dimension 1 and 2 to see which are ideals.
The smallest (non-zero) ideals will necessarily be principal, so we analysis which of the 7
remaining non-zero non-unit elements f = ax+by+cxy of S generate proper ideals (distinct
from others we found) and any inclusions among them. Note that y+ yx = y(1 + cx), which
generates the same ideal as y, so we can ignore it. Likewise, we can ignore f = x+ yx. The
remaining five forms to consider are x, y, x+ y, xy, x+ y + xy. Note that xy generates a one
dimensional vector subspace of S and it is the only one of the 8 that does: if the form f
contains x (say) with non-zero coefficient, then the both x and xf are in the ideal, so its
dimension is at least two. So there is only one ideal in S of dimension 1.

All ideals of S which have dimension 2 over F2 contain xy, so these are in one-one corre-
spondence with the ideals of S/(xy) ∼= k[x, y]/(x2, xy, y2), a vector space of dimension three,
whose non-unit elements all have the form ax+ by. Clearly each of x, y and x+ y generates
a different vector subspace of S/(xy), each of dimension one (the max ideal (x, y) is the only
ideal having dimension two over F2). So these are they only three non-zero, non-maximal
ideals in S/(xy), corresponding to the non-maximal three ideals of S containing xy, namely
(x, xy) = (x), (y, xy) = (y) and (xy, x+ y).

To summarize, here is the complete list of ideals in S: (0), (xy), (x), (y), (x + y), (x, y), (1)
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[which have dimensions 0, 1, 2, 2, 2, 3, 4 respectively as F2-vector spaces.] Of these, only (x, y)
has a domain quotient (in fact, the quotient in this case is the field F2), so the only prime
ideal (in addition to being the only maximal ideal).

2. Which of the following ideals are prime? Justify. Please make full use of the isomorphism
theorems!

a). Inside the ring of smooth real-valued functions on a manifold X, the ideal of functions
vanishing at a fixed p ∈ X.

Yes, prime, as its the kernel of the surjective “evaluation at p map” to R.

b). The zero ideal in the ring of continuous functions on the interval [0, 1].

Not prime: two non-zero functions whose product is zero are f(x) = 0 for x ∈ [0, 1/2] and
1/2− x for x ∈ [1/2, 1]; and then g(x) = 1/2− x for x ∈ [0, 1/2] and 0 for x ∈ [1/2, 1].

c). The ideal generated by (3) in Z[x, y]/(x3 + 3x− 1).

Not prime: the quotient is (isomorphic to) F3[x, y]/(x3 − 1), which is not a domain since
(the classes of) x− 1 and x2 + x+ 1 are two non-zero elements whose product is zero.

d). The ideal generated by i in the Gaussian integers Z[i]. Not prime: i is a unit, so the
ideal it generates is not prime.

e). The ideal generated by (y, x2 + yx+ 1) in Z[x, y].

Prime. The quotient is isomorphic to Z[x]/(x2 + 1), which is isomorphic to the Gauss ring
Z[i], a domain.

f). In the quotient ring R[x, y]/(xy), the ideal generated by the class of x. Prime! The
quotient is R[x, y]/(x) (third isom theorem), which is isom to k[y] (first isom), a domain.

g). The ideal generated by x, y in F7[x, y, z, w]/(xy − zw + x7 + xyz8 + x3y4z5w4).

h) The ideal generated by 3y19 + x17 + 24x12y + 9x7y2 + 12x4y − 33x+ 30 in Q[x, y].

Prime. The generator is irreducible in Q[x] if and only if it is irreducible in Z[x] by Gauss’s
Lemma. Now use Eisenstein with the prime ideal (3) to see the polynomial is irreducible,
which means it generates a prime ideal in the UFD Z[x].

i). The zero ideal in C[x1, . . . , xd]/(x
n
1 + xn2 + . . .+ xnd), where d ≥ 3.

If d = 3, we can use Eisenstein to see xn + (xn + zn) is irreducible in R[x] where R = C[y, z].
Note that (xn + zn) factors as

∏n
i=0(y− ηiz) where η is a primitive n-th root of unity, which

are all distinct factors, so we can take the prime idea of R to be (y− z). The constant term
is in P but not P 2 and all other non-leading terms are zero. By Eisenstein, the polynomial
is irreducible for d = 3. Assume it is shown for some d. Write xnd+1 + (xn1 + xn2 + . . . + xnd).
Viewing this as a polynomial over S = C[x1, . . . , xd] with irreducible constant term r =
xn1 + xn2 + . . .+ xnd , Eisenstein immediately gives that it is irreducible.

j). The ideal generated by y2 − x3 − x2 in C[x, y].

Prime. The polynomial is irreducible by Eisenstein, viewing it as y2 + r where r ∈ C[x] is in
the prime ideal (x+ 1) but not (x+ 1)2.
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k). The ideal generated by y2−x3−x2 in the formal power series ring C[[x, y]]. [Hint: Think
about taylor series expansions of

√
x+ 1.]

Not prime! The polynomial factors as y2 − x3 − x2 = (y − xz)(y + xz) where z is the power
series for

√
x+ 1, that is

√
x+ 1 = 1 + x

2
− x2

8
+ x3

16
· · ·.

3. The Frobenius Map. a). It is easy to see that the integers are an initial object in the
category of rings. The map Z→ R sending n to 1 + 1 + . . .+ 1 (n-times) in R respects both
addition and multiplication, so is a ring map.

b). The characteristic of any integral domain is either zero, or a prime number: Let n
generate the kernel. The first isomorphism theorem tells us there is an induced injection
Z/(n) ↪→ R. Its image is a subring isomorphic to Z/(n). If R is a domain is a domain, so is
the subring (isomorphic to) Z/(n), so n can not be a composite number. The ring Z/(n)[x] is
infinite with cardinality n, for n = 0 or n ≥ 2. The zero ring is the only ring of characteristic
one; there are no infinite rings of characteristic one.

c). It suffices to check that the Frobenius map respects multiplication and addition. For
multiplication, (xy)p = xpyp follows from the commutativity of R. For addition, (x+ y)p =∑(

p
i

)
xiyp−i, and since for 0 < i < p the binomial coefficients all divisible by p, the sum

collapses to xp + yp.

If R has characteristic zero, then Z is a subring. Since (1 + 1)n 6= 1n + 1n for any n ≥ 2,
there is no analog of the Frobenius map in characteristic zero.

d). If R has no nilpotents, then in particular xp is not zero unless x is, so Frobenius is
injective. Conversely, if x is nilpotent, then either xn = 0 for some n. Now take a power of
p larger than n. Since (xp

e
)p = xp

e+1
, it is clear that Frobenius must have some xp

e
in its

kernel.

e). Injective but not surjective: Fp[x] (a domain). The image of Frobenius is the subring
Fp[xp.]

Surjective but not injective: Let R = Fp[x, x1/p, x1/p
2
, . . .] be the subring of the algebraic

closure of Fp(x) generated by all pe-th roots of x. Frobenius is sujective on this ring, and
also on the quotient ring R/(x2), ] but it is not injective on the quotient.

f). The zero ring is a final object in the category of rings. (Note 1 = 0 in the zero ring.).

4. Inverse Limits in the Category of Rings. Please come discuss details in office hours
as needed, as I don’t want to typeset this. But for (1), note that elements of Ai+1 can be
represented by polynomials a0+a1x+. . . aix

i where these coefficients are uniquely detemined.
So sequences of elements mapping to eachother are (a0, a0 + a1x, a0 + a1x + a2x

2, . . .) from
the product ΠAi, which we can think of as the successive truncations of a power series ring
k[[x]]. Thus the inverse limit A is the power series ring k[[x]]. The map in (2) is the inclusion
of k[x] in k[[x]], so is injective. These are the ”finite power series.”

” 5. A directed limit system of objects in any category is a collection of objects indexed by
some directed partially ordered set (Cf. Problem Set 2), together with morphisms Ui → Uj
whenever j ≥ i (respectively, j ≤ i for inverse limit systems). Last week you defined the
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directed limit in the category of abelian groups, as well as in the category of commutative
rings; you also showed direct limits always exists in these two categories.

a). Direct limits do not exist in the category of Noetherian rings. You saw a counterexample
on the last homework, where a direct limit of polynomial rings in finitely many variables
led to polynomial ring in infinitely many. To avoid proving polynomial rings (in finitely
many variables) are Noetherian (though it is true and not so bad) here is another example.
Consider the rings k[x] ⊂ k[x, x1/p] ⊂ k[x, x1/p, x1/p

2
] ⊂ · · · . The direct limit is the rin g

of problem 3f, whose maximal ideal generated by all x1/p
e

is not finitely generated (check
it!). But each k[x, x1/p, . . . , x1/p

e
] is a PID, since in fact, it isthe same as k[x1/p

e
], which is

isomorphic to a polynomial ring in one variable.

b). Direct limits always exist in Op(X)? Yes, the limit is the union here. The universal
property says that if some open set U contains each Uλ in an arbitrary collection of open
sets, then it contains their union.

c). Yes! The direct limit of a limit system Zλ will be the closure of their union. The universal
property is satisfied because every other closed set Z containing those closed sets Zλ must
be contained in the closure of their union.

[To be honest: this category is a bit obscure, but surprisingly, the category in b is quite
useful.]

6. For Exercise 11 on the p-adic numbers from Dummit and Foote, Chapter 7, Section 6,
let’s discuss in office hours. Anyway, this is pretty standard and you can find it in many
books.

Let’s

4


