
Math 593: Problem Set 4

Solutions

1. Define a map φ : Z/24Z→ Z/48Z sending a 7→ 6a.

a). Is this a well defined map of sets?

Yes: if a and b represent the same class, then 24 divides a− b. But then 6a and 6b represent the
same class since 6a− 6b is divisible by 6× 24 (and so by 48).

b). Is it a Z-module map? Is it is a Z/24Z-module? Characterize n such that it is an Z/nZ-
module map.

Because the map preserves addition, it is an abelian group map, hence a Z-module map. Since
the target does have a well-defined Z/24-module action, it is not a Z/24-module map. [Note
that 1 ∈ Z24 must act by the identity but that would mean 1 + · · · + 1 (24 times) would act
on 1 ∈ Z48 to give 24, but it is supposed to give zero since it is the same as action by zero.
Since any Z/nZ-action would have to respect the abelian group structure, it would be induced
by the Z-action. So the only restriction on n is that n kill both the source and target. So 48 |n
is necessary and sufficient.

c). The kernel is the ideal generated by the class of 8, which contains {0, 8, 16}. It’s cardinality
is 3.

d). The cokernel is Z48/6Z48 which is Z/6Z by the third isomorphism theorem. Cardinality 6.

2. Let V be a one dimensional vector space over k = Fpe . Show that there are precisely pe

distinct non-isomorphic k[x]-module structures on V .

Each has basis v ∈ V . Using v as a k[x]-module generator, we have a surjection k[x]→ V , whose
kernel is generator by some polynomial f . So k[x]/(f) ∼= V , as k[x]-modules, and in particular
as k-vector spaces. Since V has dimension one as a k-vector space, the degree of f is one, say
f = x− λ. We claim that distinct λ give rise to non-isomorphic k[x]-vectorspaces, in which case
the number of isomorphism classes will be the cardinality of Fpe which is pe.

To see this (directly, without using 6), say that we have an isomorphism φ : k[x]/(x − a) →
k[x]/(x−b). Because it is k[x]-linear, it is determined by the image of 1, which will be some class
in k[x]/(x− b), necessarily represented by a degree zero polynomial γ. Note γ 6= 0 since the map
is an isomorphism. Because the map is well-defined and k[x]-linear, wecancomputeφ(x−a)1 two
ways. It is zero, since (x− a)1 = 0, but also it is =(x− a)φ1 = γ(x− a). So γ(x− a) ∈ (x− b)
in k[x], which means (x− a) ∈ (x− b), which is possible if and only if a = b.

3. Modules Properties. Which of the following modules are cyclic? Which are finitely
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generated? Which are free? Which are simple? [By Definition, a module is simple if it admits no
proper non-zero submodules. Another word for simple in this context is irreducible; Cf Dummit
and Foote Exercise 9 in 10.3.]

a). The Z-module Q. Not finitely generated, so not cyclic, not simple, not free (discussed in
class).

b). The R module Rn.

Any free basis is a finite free generating set, so this is free and f.g. for all n. It is cyclic and
only if n = 1. It is also simple if and only if n = 1, since a one-dimensional vector space has no
proper subspaces, where as any non-zero element of a two (or more) dimensional vector space
always spans a proper subspace.

c). The EndR(Rn) module Rn.

Since there is a linear transformation taking any non-zero vector to any other, Rn is generated
by any non-zero element. This makes it simple (no element can generate a proper submodule),
hence cyclic and f.g. However, it is not free unless n = 1. There is a natural inclusion of R in
EndR(Rn) (since scalar multiplication is linear), so any isomorphism of EndR(Rn) would be in
particular an isomorphism of R-vector spaces. But EndR(Rn) has dimension n2 over R, where
as Rn has dimension n. So, the only possibility whee freeness could hold would be that n = 1.
This case is indeed free: the map R→ EndR(R)sending λ to the map “multiplication by λ is an
isomorphism.

d). The k[x] module (x− 1)k[x] is freely generated by (x− 1) so this is free and cyclic. It is not
simple: (x− 1)2k[x] is a proper nontrivial submodule.

e). The k[x] module k[x]/(x−1)k[x]. Cyclic, generated by the class of 1. Simple: any submodules
would correspond to submodules of k[x] containing (x− 1), but this is a maximal ideal.

f). The Z-modules Z/nZ (in terms of n).

Cyclic for all n. Non-free for all n (except n = 0) since n is non-zero element that will kill every
element of Z/nZ, so no elements can be a linearly independent set.

It is simple if and only if n is prime: the submodules of Z/nZ correspond to submodule of Z
(ideals) containing nZ. There are non-trivial ones if and only if nZ is not maximal.

g). The k[x] module V , where V is the k-subvectorspace of k[x] consisting of polynomials of
degree less than 17, and x acts on V by differentiation.

Trick question! Say k = R. Then x16 is a generator, since differentiating it 16 times produces
different scalar multiples of the powers of x, which are a basis for V over k. This works for any
k, as long of none of those scalar multiples are zero! So this module is cyclic if and only if the
characteristic of k is zero or greater than 16. If k has characteristic p = 2, 3, 5, 7, 11or13, it is
not cylic. Since differentiation lowers degrees, any single generator (if such exists) would need to
be of degree 16. But if p = 2, then differentiating the degree 16 polynomial can never produce a
degree 15 polynomial! Likewise, similar mischief happens for the other p (check it!).

This module is not simple: polynomial of degree less than any fixed number form a proper
submodule.
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4. The Weyl Algebra and D-modules. Let D denote the R-subalgebra of EndR(C∞(R))
encountered on Problem Set 1, generated by d

dx
and x (interpreted as the “multiplication by x”

linear transformation). That is, D = R〈x, d
dx
〉.

a). Explain why C∞(R) is a D-module, and how R[x] can be interpreted as a D submodule.

This straightforward and everyone did it correctly.

b). Prove that R[x] is simple as a D-module.

It suffices to show that every non-zero element generates the whole of R[x] as a D-module. Note
that any non-zero scalar obviously does, since we can multiply by elements of R[x]. Now if f is
a polynomial of degree d, then the d/dx acts on it d times to give the scaler d!, so the D-module
generates by f includes a non-zero scalar and hence every polynomial.

5. a). Compute the cardinality of cokernel of the F5[x]-module map ψ : F5[x]→ F5[x] given by
multiplication by x4 + x+ 1.

The cokernel is F5[x]/(x4 + x+ 1), whose elements are represented uniquely by a polynomial of
degree three or less. There are thus 54 classes.

b).

The image is spanned by the images of (1, 0) and (0, 1), which are x2−1 and x+x2, respectively.
This is the ideal 〈x2 − 1, x + x2〉, which is generated by (x + 1). So the cokernel is isomorphic
to F5[x]/(x+ 1), which has cardinality 5. The kernel contains the ordered pair (x, 1− x). If any
other (f, g) is in the kernel, then f(x2− 1) + g(x+x2) = 0 in k[x], whence f ∈ (x) in k[x]. Using
the unique factorization, we have f(x + 1)(x − 1) = −gx(x + 1) whence, there is some h such
that f = xh and g = (x − 1)h. So the pair (f, g) is just h(x, 1 − x). This says the kernel is the
cyclic submodule of F5[x]⊕F5[x] (not ideal!) generated by (x, 1− x).

c). Find the cokernel of the matrix

(
5
−3

)
over Z. The image includes (5, 0) and (0, 3).

Modding these out we get Z5⊕Z3. Since this is isomorphic to Z15, the matrix [15] also presents
it.

6. Annihilators. Let R be a commutative ring, and M an R-module. The annihilator of M ,
denoted AnnRM is the set of elements r in R such that Rm = 0 for all m ∈M .

a). Prove that the annihilator of M is an ideal in R. Easy, everyone did correctly.

b). Prove that the annihilator of M ⊕N is AnnRM ∩ AnnRN . Easy.

c). Find the annihilator of the abelian group (=Z-module) Z24 ⊕ Z18 ⊕ Z30.

Answer is (360).

d). Let V R2 be the R[x]-module where x acts by the linear transformation “rotation counter-
clockwise by π/2. Find the annihilator.

Everyone did this.

d). Prove that if M and N are isomorphic R-modules, then they have the same annihilator.
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Use this to show that the k[x]-module structures on a one-dimensional vector space are non-
isomorphic distinct if x acts by a different scalar.

Everyone did this. 7. Direct Product vs Direct Sums. Do exercise 20 from Dummit

and Foote 10.3. [Here is a more explicit hint for (b): show that every element of the direct
sum is annihilated by some integer but there are elements of the direct product which are not
annihilated by any integer.]

The element (1, 1, . . . , ) in the product is not killed by any integer. But the every element of the
product is killed by some integer. So every element of the sum is torsion but the product has
non-torsion elements.
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