
Math 593: Homework 6

October 24, 2014

1. Let A be a n×n matrix of integers. Prove that the cokernel is finite if and only if the determinant
∆ is non-zero. In this case, prove that the cardinality of the cokernel is |∆|.
The cokernel is unchanged (up to isomorphism) by (invertible) elementary row/column operations.
Since each such operation corresponds to left/right multiplication by an elementary matrix (all
of which have determinant ±1), the absolute value of the determinant is also unchanged. So, we
diagonalize by a series of elementary row/column ops, and observe that the determinant is the
product of the diagonal entries d1, . . . , dn. Morever, the cokernel is the direct sum of the Z|di|. The
determinant is zero if and only some di is zero, which means some Zdi is Z, hence infinite. If none
are zero, then the cardinality of the cokernel is the product of the |di|.

2. Semi-simple vs. Diagonalizable. A module over a ring R is semi-simple if it is a direct sum
of simple modules. Define a linear operator on a finite dimensional vector space to be semi-simple
if the corresponding k[x]-module is semi-simple.

a). Describe all simple k[x]-modules.

A simple module is cyclic (since any non-zero element generates the whole module; there are no
proper non-zero submodules). So it has the form k[x]/I for some ideal I = (f). The submodules
of this correspond to the submodules (ideals) of k[x] containing I. So there are none (non-trivial)
if and only if I is maximal, that is, if and only if f is irreducible).

b). Show that if T is diagonalizable, then it is semi-simple. Show that the converse holds if k is
algebraically closed.

We have already seen that T is diagonalizable if and only if the corresponding k[x]-module is
isomorphic to a sum of modules of the form k[x]/(x−λi) where λi is an eigenvalue; these are simple
(hence the sum semi simple) because x − λi is irreducible. Conversely, if k is algebraically closed,
the only irreducible polynomials are of the form x − λi. So if T is semi simple, the corresponding
k[x]-module is a sum of k[x]/(x− λi)’s, hence T is diagonalizable.

c). Show that if k fails to be algebraically closed, then there exists a semi simple but not diagonal-
izable linear operator on a finite dimensional vector space over k.

If k is not algebraically closed, there is some polynomial f which fails to factor into linear factors,
hence there is some irreducible one. The module k[x]/(f) is then simple but not diagonalizable.
The corresponding “multiplication by x” linear transformation is not diagonalizable though it is
semi simple.

d). Is rotation through π/2 a semi-simple transformation of R2? Explain why it can’t be diagonal-
izable using a geometric argument about eigenvectors.

It is simple, because a proper submodule would be subspace of R2 invariant under this rotation
(from last problem set, k[x] submodules correspond to invariant subspaces). There are no non-trivial
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invariant subspaces, since any such would be dimension one, but all lines are taken to different lines.
Diagonalizable means there is a basis of eigenvectors. But this rotation has no eigenvectors! There
is no vector taken to a scalar multiple of itself (all are rotated!).

e). Show that T is semi-simple if its minimal polynomial has no repeated factors, and diagonalizable
if those distinct factors are all linear.

Write the corresponding k[x]-module as a direct sum of k[x]/(fi)’s, where fi|fi+1. The min poly
is the “last one”. There are no repeated factors mean all the invariant factors have no repeated
factors, so each breaks up (by the CRT) as a sum of k[x]/(gi)’s with gi irreducible. Diagonalizable
is semi-simple, so it has this same form, but the spaces k[x]/(gi) are one dimensional, so the factors
are linear.

f). Show that a linear operator of finite order (meaning T d is the identity, for some d) is diagonal-
izable over C.

The hypothesis means that the minimal polynomial for T divides xd−1. But over C, this polynomial
has d distinct roots, so the minimal polynomial of T has distinct roots.

g). Define the λ-eigenspace of an operator T on V to be the set of all vectors on which T acts by
multiplication by λ. Prove that this is a subspace and show that T is diagonalizable if and only if
the sum of the eigenspaces (over all eigenvalues λ) is all of V .

Clearly, iff the sum of the eigenspaces is V , then there is a basis made up from basis for each
eigenspace. This is a basis of eigenvectors.

3. Simultaneous Diagonalizabilty. a). Show that if S and T are commuting linear operators,
then any eigenspace for T is invariant under S.

Say W is an eigenspace for T , so T acts on W by multiplication by some λ. We want to show that
S(W ) ⊂ W . Take any w ∈ W . Then TS(w) = ST (w) = S(λw) = λS(w), showing that S(w) is an
eigenvector for T with eigenvalue λ, so S(w) ∈ W , the eigenspace. So S(W ) ⊂ W .

b). Show that if two diagonalizable matrices commute, then they are simultaneously diagonalizable:
there is a single basis in which both are represented by diagonal matrices.

If T is diagonalizable, decompose it into eigenspaces. Fix one of these W . By (a), S|W is linear
transformation of W ; since S|W is diagonalizable (for example, since its minimal polynomial divides
that of S), pick a basis of eigenvectors w1, . . . , wt. These are also a basis of eigenvectors for T , since
W is an eigenspace for T . Together, all these eigenvectors span V (as we range over all W ).

4. Jordan-Chevelley Decomposition. Let T be a linear operator on a finite dimensional vector
space V over an algebraically closed field k.

a). Choose a basis and write T as a matrix in Jordan form. This breaks up as a sum of the diagonal
part D and the “upper part” N of 1’s on the super diagonal, 0’s elsewhere. The matrix N becomes
zero after raising to the size of the largest Jordan block. They also commute, which is easy to check
since multiplication by D on the left/right scales the ith row/column by λi.

b). Show that D is a polynomial in T .

Let m be the minimal polynomial of T , say m = (x − λ1)
b1 . . . (x − λt)

bt . Decompose V into
elementary divisor form; each summand will be of the form k[x]/(x− λi)ai , with ai ≤ bi.

By the Chinese Remainder Theorem, k[x]/(m) ∼= k[x]/(x − λ1)b1 × · · · × k[x]/(x − λt)bt as rings,
so we can find a polynomial g which maps onto (λ1, . . . , λt) under this isomorphism. This means
multiplication by g acts on each k[x]/(x − λi)

bi by multiplication by λi. In other words, g − λi
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annihilates k[x]/(x−λi)bi , so g−λi also annihilates each k[x]/(x−λi)ai in the decomposition. In other
words, g acts (by multiplication) on each k[x]/(x − λi)ai in the elementary divisor decomposition
by multiplication by λi. Since the Jordan form comes from this decomposition, we see that for the
basis which gives the Jordan form, the matrix g(T ) is a diagonal matrix with the eigenvalues of T
on the diagonal with the same multiplicities as in T . That is, g(T ) = D. [Note that the g is not
unique: it is uniquely defined only up to equivalence mod (m), so there is a unique choice of g of
degree less that the degree of m.]

c). Show that if two nilpotent (respectively diagonalizable) operators commute, then their sum is
nilpotent (respectively, diagonalizable).

Say Na = M b = 0, and N and M commute. Then (N + M)a+b is a sum of terms of the form(
a+b
i

)
N iMa+b−i, where i = 0, 1, . . . , a+ b. Note that either i ≥ a or else a+ b− i ≥ b, so this is zero.

Also, if D and E are diagonalizable and commute, then they are simultaneously diagonalizable from
(3). In this basis, the sum is the sum of the corresponding diagonal matrices, so diagonal.

d). Show that if T = N ′ +D′ where N ′ is nilpotent, D′ is diagonalizable and N ′ and D′ commute,
then N = N ′ and D = D′.

Let T = N + D be the decomposition from (a). We know that D is a polynomial in T . So D
and T − D = N both commute with T = N ′ + D′. This tells us that DN ′ + DD′ = N ′D + D′D
and NN ′ + ND′ = N ′N + D′N . So DN ′ = N ′D and ND′ = D′N , and ultimately that D and D′

commute, as do N and N ′. So 0 = (D −D′) + (N −N ′) which forces (D −D′)t = 0, which means
D = D′ thinking of D and D′ as (simultaneously) diagonal matrices. This forces N = N ′ as well.

5. Trace. Let A be an n × n matrix over a field k. Define the trace of A to be the sum of the
diagonal entries: tr(A) =

∑n
i=1 aii.

a). Directly from the definition, show that similar matrices have the same trace by using the fact
that an invertible n×n matrix P is a product of elementary matrices (corresponding to elementary
row/column ops).

Fix a matrix A and a matrix B = EAE−1 where E is a elementary matrix. We claim trace of A
and B are equal. This can checked by considering the three types of elementary matrices. If E
switches row/columns i and j, note that the diagonal of EA has changed only in spots i and j,
where now aji and aij appear. But then EAE−1 = EAE switches aii and ajj back to the diagonal
positions (but now switched). The trace is unchanged. If E scales the i-th row/column by λ, then
E−1 scales by λ−1. So the diagonal is affected only in the i-th spot, it becomes λaiiλ

−1 = aii. The
trace is unchanged. If E replaces row/column i by Ri + aRj, then EA has same diagonal entries
except that aii becomes aii + aaji. So EAE−1 has same diagonal entries except in ii-th position is
(aii + aaji) and the jj-th position is ajj − aaji. The trace is the same.

If we write an invertible matrix P = E1E2 · · ·Et, then P−1 = E−1t E−1t−1 · · ·Et−1
1 . Conjugating by P

is a sequence of conjugations by Ei, so the trace is unchanged under conjugation by any invertible
matrix.

b). Show that the trace of A is −an−1 where an−1 is the coefficient of xn−1 in the characteristic
polynomial of A. [Use the invariant factor decomposition of the corresponding k[x]-module.]

Write A in rational canonical form. Each companion matrix Cf has zeros on the diagonal except
at the last spot, where minus the coefficient of the second term appears. So the trace is the sum of
these secondary coefficients. But the char polynomial is the product of these invariant factors fi,
and multiplying them out, clearly the xn−1-term is the sum of these secondary coefficients.
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c). Show that the trace of A is the sum of the eigenvalues of A (viewing the eigenvalues, if necessary,
in k, the algebraic closure of k).

Factor the char poly over k. The roots (counting multiplicities) are the eigenvalues; also they sum
to the secondary term.

d). Show that the trace is a linear mapping from the space of n × n matrices to k. Is tr(AB) =
tr(A)tr(B)?

Easy to see trace is linear. The 2 × 2 identity matrix is a counterexample to the multiplicative
statement (if char is not 2, in which case, take the 3× 3 identity matrix).

e). Show that the trace of Ad is the sum of the d-th powers of the eigenvalues of A. [Hint: first
view the matrix over k.]

Trace is the same whether we view the matrix over k or k, so assume k = k and put the matrix in
Jordan form. Since this is upper triangular, raising to the d-power just raises the diagonal elements
to the d-th powers, so these are the eigenvalues of Ad. The result follows from c.

f). Show that if k has characteristic zero, then A is nilpotent if and only if Ad has trace zero for all
d ∈ N. Give a counterexample to this statement when k has characteristic p > 0.

If A is nilpotent, then the minimal polynomial divides xt, so all eigenvalues are zero, and so is the
trace (also for Ad).

For the converse, we observe that for fixed n, the polynomial equations Pdn =
∑n

i=1 x
d
i = 0 for all

d have only one common solution, namely xi = 0 for all i. This is easy to prove by induction on
the number of variables n. It is clear for n = 1 and easy for n = 2. For larger n, the point is
that any symmetric polynomial in x1, . . . , xn is a polynomial over Q in these power sum symmetric
polynomials: that is the ring of all symmetric polynomials over Q is Q[P1, . . . , Pn]. In particular,
the product x1 · · ·xn is such a polynomial (necessarily with constant term zero, by plugging in all
zeros). But this means that if all Pd vanish for some values of xi = λi, the same is true for x1 · · ·xn,
then some λi = 0. But now, by induction on the number of variables, it follows that all λi = 0. So
if the trace of Ad is zero for all d, then all eigenvalues λi = 0, which means A is nilpotent.

This fails if characteristic is p, as the p × p identity matrix shows. The argument fails because
(x1 · · ·xp) is not a polynomial with Z coefficients in the Pdp: some coefficient has a p in the denom-
inator. 6. Some QR problems.

a). Let P be an n×n matrix with entries in a field such that P 2 = P. What are the possible values
of the trace of P?

See Math Department webpage, under ”Graduate Home” the link to QR Exams. Scroll down to
the May 2013 Algebra QR exam solution.

b) Let G be a finite abelian group in which every element has order dividing 63 and in which
there are 108 elements of order exactly 63. Determine all possibilities for the structure of G (up to
isomorphism).

See Math Department webpage May 2013 Algebra QR exam solution. By the way, the solution there
is not nearly as nice as the one most 593 students gave; the solution is more straightforward using
the invariant factor form of the structure theorem, as many of you did, rather than the elementary
divisor/prime power form written up by the examiners.
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