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Quiz 4 October 10, 2014

Over the ring R[x], give examples of a non-zero module M with the following properties OR state that
such M does not exist:
a). M is cyclic, free, and properly contained as a submodule of R[x].

Any non-zero proper ideal will do: for example xR[x].
b). M is cyclic and simple.

Any module of the form R[x]/(p) where (p) generates a maximal ideal. Eg, (p) be can (x); or (p) can
be (x2 + 1).
c). M is torsion, cyclic but not simple.

Any module of the form R[x]/(f) where (f) does not generate a maximal ideal (and is not a unit). For
example, take f = x2.
d). M is torsion free but not free.

Take M = R(x), the fraction field of R[x]. This is clearly torsion free, and it is easy to see that any two
non-zero elements are always linearly dependent, so the largest rank it could have would be one.
e). M is finitely generated, torsion free but not free.

By the structure theorem, these do not exist.
f). M is not cyclic and its annihilator is generated by x2 + 1.

R[x]/(x2 + 1)⊕ R[x]/(x2 + 1).
g). M is the cokernel of a 1 × 2 matrix [x2, x3]. Note: there was a typo on the quiz, making the intent
of this problem ambiguous, so I did it both ways here. The intended way is as now written. In this
case, M is R[x]/I where I is the submodule (=ideal) generated by the columns of the matrix. This is
R[x]/(x2, x3) = R[x]/(x2).

Alternatively, some students interpreted M as the cokernel of a 1 × 2 matrix given by
[
x2

x3

]
. In this

case, M = R[x]⊕R[x]
〈x2,x3〉 . Here we are modding out by the R[x]-module generated by the element 〈x2, x3) in

R[x]⊕2. This is not expressed as a direct sum of cyclic modules. To do that, we need to diagonalize the

matrix
[
x2

x3

]
which gives us

[
x2

0

]
. So M would be isomorphic to R[x]

(x2)
⊕ R[x].

h). M has finite cardinality.
Does not exist! If it has finite cardinality, it is finitely generated, but the (non-zero) components of the

structure theorem R[x] and R[x]/(f) are all R-vector spaces, so have infinite cardinality.


