
2015 Math 594 Daily Update
Professor Karen E Smith

Monday April 20: We discussed norm and trace. For a finite extension K ↪→ L,
the norm and trace are both (set) maps L→ K. An element α ∈ L induces a K-linear
transformation L→ L given by “multiplication by α.” The trace of α is the trace of this
linear transformation, and the norm is the determinant. Note that trace is preserves
additions (in fact, it is a K-vector space map), where as norm preserves multiplication
(so gives a group map L∗ → K∗. For a tower of fields K ⊂ F ⊂ L, it is not hard to
see that NL/K = NK/F ◦NF/K and TrL/K = TrK/F ◦ TrF/K . We also checked that the
minimal polynomial of α is the same polynomial in K[x] whether we mean it in the
field sense or linear transformation sense. We saw that the characteristic polynomial
of α (considered as a linear map) is (g(x))d where d = [L : K(α)] and g is the minimal
polynomial. Finally, we saw that if L/K is Galois, then the trace of α is the sum of
the Galois orbit of α (counting multipicities) is the norm of α is the product of the
Galois orbit. If you have not yet signed up for an oral exam slot and gotten
a confirmed time, please come talk to me ASAP. Slots in the later half of
the week next week are taken.

Friday April 17: We proved the remaining direction for the theorem Theorem: a
polynomial f over k (char zero) is solvable in radicals if and only if its Galois group
G is a solvable group. That is: if G is solvable, then f is expressible in radicals.
First note that if G is solvable, then it has a normal series in which all factors are
abelian. Refining this normal series to a Jordan-Holder series, we see the factors
Gi/Gi+1 are simple abelian–that is, cyclic of order p for various prime p. Now, looking
at the corresponding chain of intermediate fields, we saw each successive field inclusion
ki ⊂ ki+1 is Galois with Galois group G/Gi+1

∼= Zp. Now, we are done if k contains all
p-th roots of unity. This follows from the Theorem: If a char zero field K contains
the p-th roots of unity and K ⊂ F is a Galois extension of degree p, then K ⊂ F
is radical, meaning F = K(β) where βp ∈ K. Since there seemed to be confusion
about the proof, here is a proof, focusing on the linear algebra point that people were
confused about. Let σ be a generator for Aut(F/K). We can consider it as a K-vector
space map F → F . As such, σ satisfies the polynomial xp − 1 since σ is order p,
meaning σp = id. Now because K has characteristic zero, the roots of xp − 1
are distinct! Furthermore, by assumption, they are all in K. This means the minimal
polynomial of σ factors into distinct linear factors over K, each is of the form (x−ζ)
where ζ is a p-th root of unity. The minimal poly can not be (x− 1) because σ is not
the identity map. So the minimal polynomial has at least one factor of the form (x−ζ)
where ζ 6= 1 is p-th root of unity. The roots of the minimal polynomial are precisely
the eigenvalues, so σ has at least one eigenvalue ζ 6= 1. Let β be a corresponding



eigenvector. We checked then then βp ∈ K, but β is not in K (by using the fact that
elements of K are precisely the elements of F fixed by the Galois group (hence by σ).
It follows that F = K(β) since the degree of F/K is prime.

The final step is to reduce to the case where k contains all relevant p-th roots of
unity. Let L be the splitting field of f over k with Galois group is G. There are finitely
many prime numbers pi appearing as Jordan Holder factors in a Jordan Holder series
for G. Let pmax be the largest of these. Let g(x) be the product of xp − 1 as we
range over all prime numbers p ≤ pmax. Let K be the splitting field for g over k; The
extension k ⊂ K can clearly be refined to a tower of radical extensions (joining a p-th
root of unity at each step); in particular, K contains all p-th roots of unity for any
prime number p ≤ pmax, including all the primes relevant to the Jordan Holder series.
Now, let E be the splitting field over k of g(x)f(x). Note that k ⊂ K ⊂ E is a chain
of Galois extensions, and that E contains L. So it suffice to show that the extension
K ⊂ E is a tower of radical extensions (since we already known k ⊂ K is). For this, it
suffices to show that E/K has solvable Galois group with all p-th roots of unity in K,
for any p such that Zp is a Jordan Holder factor of G. We then showed, using basic
facts about solvable groups, that the Galois group of E/K is also solvable with the
necessary restriction on the Jordan Holder factors.

Wednesday April 15: We took Quiz 7. We then discussed the Theorem: a
polynomial over k (char zero) is solvable in radicals if and only if its Galois group is a
solvable group. We proved several lemmas: for example, if one root of an irreducible
polynomial is expressible in radicals then all are; also the tower of fields witnessing
solvability by radicals can be assumed to be Galois with cyclic Galois group at each
step. We then showed that if f is solvable in radicals then the Galois group is solvable.
This completes the proof, for example, of the non-existence of a formula for the general
quintic: such a formula would be tantamount to solving the generic quintic in radicals,
but we have seen that the Galois group of the generic quintic is S5. The converse will
be done next time.

Monday April 13: We computed an example: the Galois group G of x5−6x+3 over
Q. We used Gauss/Eisenstein to see it is irreducible. We used calculus to see it has
exactly two non-real roots. So the Galois group embeds in S5, and we saw that there is
a order five element (since adjoining one real root gives a proper intermediate extension
of degree five), so 5 divides [L : Q] = |G|. Also, the only permutation fixing the (purely
real) intermediate field generated by the three real roots is the transposition of the two
non-real roots. Thus G is a subgroup of S5 containing a 5-cycle and a transposition.
You should now be able to recognize this as S5. Indeed, we proved that Sp where p is
prime is generated by any p-cycle and any 2-cycle. [For Sn, with caution you can make
a similar statement: (123 · · ·n) and (12) generate for example.] You should make sure
you can prove: Any irreducible polynomial over Q, with degree p and exactly p− 2 real
roots, has Galois group Sp. We then defined what it means for an element in k to be



expressible in radicals over k, and stated the following theorem: If k has characteristic
zero, then θ ∈ k is expressible in radicals if and only if the Galois group of its minimal
polynomial is solvable. We talked about which polynomials of low degree having roots
expressible in radicals over Q: Polynomials of degree four or less are all solvable in
radicals but for degree greater than 4, since all subgroups of S4 are solvable. But there
are polynomials that are not solvable by radicals; for example, x5− 6x+ 3 has no root
expressible by radicals since its Galois group, S5, is not solvable. Quiz next time.

Friday April 10: We proved the main theorem on symmetric functions: namely
that when Sn acts on k(t1, . . . , tn) by permutations in the obvious way, then the fixed
subfield is generated over k by the elementary symmetric polynomials. Moreover, these
are algebraically independent over k, and the extension k(e1, . . . , en) ↪→ k(t1, . . . , tn)
is Galois with Galois group Sn. We then discussed a special symmetric polynomial,
the discriminant, and showed how to view it as function on the set of all (monic)
polynomials over k. We observed that it vanishes if and only if the polynomial has a
repeated roots. We also observed that (at least if char is not 2), the discriminant of a
separable polynomial f is a square if and only if the Galois group of f is contained in
the alternating subgroup of the permutation group on the roots of f . Read DF 14.5,
14.6

Wednesday April 8: We proved that xn − 1 over Q has Galois group isomorphic
to (Z/nZ)×, the group of units in Z/nZ. The point is the splitting field Kn is simple,
obtained by adjoining a primitive n-th root ζ of unity to Q, whose minimal polynomial
is the cyclotomic polynomial Φn whose roots are all the primitive n-th roots of unity.
Analyzing this, we found an explicit isomorphism (not just bijection!). We used this to
count the subfields of K24 of index two (there were seven, corresponding to the seven
subgroups of (Z/24Z)× of order two). We stated the theorem: every abelian extension
of Q is contained in a cyclotomic extension. We discussed some open problems: is every
finite group the Galois group of some extension of Q? This is called the inverse Galois
problem; it’s been open almost 200 years. We then started talking about symmetric
functions, and defined the elementary symmetric functions, stating the main theorem
that they are algebraically independent. More on this next time. Read DUMMIT
AND FOOTE!

Monday April 6: We first went over some things from the exam, mainly how
to use the action of the Automorphism group of any field extension on the roots of
different polynomials to get information about the automorphism group. For example,
if L/k is any automorphism and gi ∈ k[x] any polynomials (say i = 1, . . . t), then there
is a group homomorphism from Aut(L/k) to the product of the t groups of Aut(Si)
of permutations of Si. This map is injective if the union of the Si generate L over
k. This is a very basic and very general fact, no hypothesis necessary! Make sure
you can prove and use it. Often, it is easiest to understand some Galois group (say



of L/k) by writing L as generated by many elements αi whose minimal polynomials
have small-ish degree over k. For example, we see immediately that the degree eight
extension L = Q(

√
2,
√

3,
√

5) has Galois group isomorphic to Z3
2 over Q by embedding

it in the permutation groups of the three relevant quadratic polynomials. However, if
we instead used the primitive element theorem to write L = Q(β) where the minimal
polynomial of β is some irreducible degree eight polynomial over Q, it would likely be
nearly impossible to unravel the Galois group (we’d only get that it embeds in S8).

We observed that every finite separable extension F/k embeds in a Galois extension
L/k; the smallest such is called the Galois closure of F/k. In particular, it follows
from the Galois correspondence that a finite separable extension can have only finitely
many intermediate fields. Using this we proved the primitive element theorem:
Every finite separable extension F/k is simple; that is, there exists θ ∈ F such that
F = k(θ). In general, a “randomly chosen” linear combination of the generators will
generate the whole field. We also gave a counter example when F/k was not separable:
the extension Fp(s, t) ⊂ Fp(s1/p, t1/p) is not simple. Be sure you can prove it! Please
read Dummit and Foote! You should be pretty expert on Chapter 14 through 14.6
by now; next time, we’ll start talking about solvability by radicals.

Wednesday April 1: EXAM FRIDAY. We put the full picture of the Galois cor-
respondence together, with the additional observation that for a “degree corresponds
to index” for any inclusion of intermediate fields and corresponding (reverse) inclusion
of subgroups of the Galois group. Thus, it is natural to label inclusions on the poset
of subgroups of a Galois group by the index, and to label the inclusions of the inter-
mediate fields by degree: these labelled poset graphs are the same (with inclusions
reverved). The Galois action on the poset of subgroups (by conjugation) corresponds
to the canonical Galois action on intermediate fields (just by applying an element of
G to a field). We looked at several QR problems, choosen to illustrate the following
trick of using the Galois action on the roots in various ways. That is, if L is a splitting
field of a separable g over k, then the Galois group G acts on the roots of g, and
the orbits give us a decomposition of g into irreducible factors; namely the product of
linear factors (x − αi) over all αi in one orbit is an irreducible polynomial over k. So
irreducibility is the same as a transitive action. We used this to give a quick proof
that xp − a is irreducible over Q (a QR problem). We also used Galois action on the
roots of a polynomial to analyze the real roots of an irreducible polynomial g over Q,
showing that if the Galois group is the dihedral group D2p, then either all roots, or
exactly one root, is real. The point was that if not all roots are real, then complex
conjugation is an order 2 element of G. There are precisely p order two subgroups of
Dp, all conjugate to each other, which correspond to p the intermediate fields Q(βi)
as we range over the various roots of g, which are therefore the Galois images of each
other. So one of these, say Q(β) is the fixed field of the order two subgroup generated
by conjugation, and no other can be. So no other root is fixed by conjugation, meaning
exactly on root is real.



Monday March 30: EXAM DATE THIS FRIDAY. We proved the last pieces of
the Galois correspondence, including the fact that under the Galois correspondence, a
subgroup H of G = Aut(L/k) is NORMAL if and only if the corresponding interme-
diate field F = LH is a Galois extension of k. In this case, the Galois group Aut(F/k)
is isomorphic to the quotient G/H. The point is that the conjugation action of G on
the set G of subgroups corresponds, under the Galois correspondence, to the natural
action of G on the set F of intermediate fields. This means that if H is normal (i.e.
fixed by conjugation), then every g ∈ G will send the corresponding fixed field F back
into F since F must also by fixed (set-wise) by the corresponding G-action on F . That
is, we can restrict any g ∈ G to F and we have a field automorphism g : F → F . That
is, when H is normal, there is a natural group map Aut(L/k)→ Aut(F/k). We show
that the kernel is the normal group H = Aut(L/F ) and it is surjective. Keep reading!
Exam will cover Chapter 13, 14.1, 14.2, 14.3, 14.4, 14.5 (though focusing on 14.1 and
14.2, with those later sections being basically examples of the theory).

Friday March 27: EXAM DATE CHANGED TO FRIDAY. We finally proved
essentially all the main results, which were more or less corollaries of the KEY THE-
OREM from last time. First, if L/k is finite, then |Aut(L/k)| divides [L : k]. By
definition, L/k is Galois when equality holds. Theorem: A finite extension L/k is
Galois if and only if it is a splitting field of a separable polynomial. Theorem: If L/k
is Galois with Galois group G, then the map sending a subgroup of G to its fixed field
is an order reversing bijection between subgroups of G and intermediate field between
k and L. Its inverse sends a field F to the group of F -automorphisms of L.

Wednesday March 25: EXAM MONDAY. We proved the following general KeyThe-
orem very carefully: If H is a finite group of automorphisms of a field L, then
|H| = [L : LH ]. The first step was to show that any set of one dimensional repre-
sentations of a group G over any field L are linearly independent as functions from G
to L. We then applied this to the case where G = L× to observe any set of distinct
field automorphisms of L are linearly independent over L as elements of the L-vector
space of all functions L → L. To prove the theorem: let {α1, . . . , αd} be linearly in-
dependent elements for L over LH and let {h1, h2, . . . , hn} be all the elements in H.
This gives us a matrix (hi(αj) with entries in L. If n > d, we considered an element
in the kernel of this matrix and used it to construct a relation on the automorphisms
h contrary to the statement above. If d < n, we considered an element in the kernel
of the transpose, and used it to construct a LH-linear relation on the αj, contrary to
their linear independence. This proof is in Dummit and Foote, as well as Emil Artin’s
book, as well as Ian Stewarts’ book, although I did it very carefully in class because I
felt none of those sources was particularly clear. Next time, we will use this result to
make the theorems of Galois theory fall into place.



Monday March 23: EXAM TWO IN ONE WEEK. We took Quiz 6. We
also discussed one situation where it is easy to list out all automorphisms of L/k. We
proved the following Lemma: If L = k(α) where α is algebraic over k with minimal
polynomial g ∈ k[x], then there is exactly one automorphism φ for each root αi of g
which lies in L—namely the unique k-algebra map sending α to αi. In particular, in this
case, we have |Aut(L/k)| = #{roots of g in L} ≤ deg(g) = [L : k]. This might be
of help on Problem Set 8; make sure you can prove it. We recalled the Fundamental
theorem of Galois theory: if L/k is Galois with Galois group G = Aut(L/k), then
the map which sends a subgroup H of G to its fixed field LH is an order reversing
bijection from the set of subgroups of G to the set of intermediate fields between k
and L its inverse sends a field F to the automorphism group Aut(L/F ). Furthermore,
|H| = [L : LH ] for all subgroups H, or put differently, [L : F ] = |Aut(L/F )| for all
intermediate fields F . [We are yet to prove the fundamental theorem.] We saw that
the group Aut(L/k) acts naturally on the set of intermediate fields, just sending a field
F to its image φ(F ) under each φ ∈ Aut(L/k). The corresponding action under the
bijection with the set of subgroups of Aut(L/k) turns out to the action of G on the
set of its subgroups by conjugation. We looked at this explicitly in the example of the
splitting field of x3−2 over Q. Keep reading Dummit and Foote and the other sources.

Friday March 20: We stated (part of) the Galois correspondence: If L/k is a finite
Galois extension (meaning that [L : k] = |Aut(L/k)|), then there is a one-one order
reversing bijection between the set of Intermediate fields between k and L the
set of subgroups of the Galois group G = Aut(L/k). This assignment sends a
subfield F to the group of F -algebra autiomorphisms of L, which is clearly a subgroup
of the k-algebra automorphisms of L since k ⊂ F . Its inverse sends a subgroup H to the
subfield LH of elements of L fixed by all elements in H. These maps are order reversing:
Bigger subgroups correspond to smaller fixed fields. These two maps both exist even if
L/k is not Galois, but they may not be inverse to each other. We saw explicitly what is
happening in many examples, computing the full lattice of subgroups and the full lattice
of subfields in many cases. For example, we saw that Q(

√
2,
√

3)/Q has exactly three
proper, non-trivial sub extensions, namely Q(

√
2), Q(

√
3) and Q(

√
6) corresponding

to each of the three proper non-trivial subgroups of Aut(Q(
√

2,
√

3)/Q), which as we
have seen before, is isomorphic to the Klein four-group. It is interesting to observe
that it is not at all obvious that there are only three such intermediate fields:
we might easily expect that a “randomly chosen” element α = a + b

√
2 + c

√
3 + d

√
6

(where a, b, c, d ∈ Q) would generate some different intermediate field F = Q(α). But
we can use the Galois correspondence to see that this is not so: the field F would
have to be the fixed field of some subgroup. But since the elements 1,

√
2,
√

3,
√

6 are
a basis for L over Q, it is easy to see that (for example) that if none of b, c, d are
zero, then no (non-trivial) element of the Galois group fixes α. This means that F can
only be the fixed field for the trivial group, so F = Q(

√
2,
√

3). We also saw that the



Galois correspondence fails for the extension Q( 3
√

2)/Q, as it should since this is not
a Galois extension. On the other hand, we worked out the full lattices of subgroups
and the corresponding lattice of intermediate fields for the degree 6 Galois extension
L/Q where L is the splitting field of x3 − 2, which has Galois group isomorphic to
S3, the full permutation group of all the roots of x3 − 2. We also saw that F9/F3 is a
Galois extension of degree 2, whose Galois group is generated by the Frobenius map.
You will prove in the Homework that Fpn/Fp is Galois of degree n, with a cyclic Galois
group generated by the Frobenius map (which necessarily then has order n). Finally
we looked at the fifth cyclotomic extension K5/Q, which we saw was Galois of degree 4.
Its Galois group is cyclic of order four, and has one proper non-trivial subgroup which
corresponds to the intermediate field Q(ζ5+ζ45 ). Because of the Galois correspondence,
this is the only proper subfield of K5 properly containing Q. Read Dummit and
Foote, 14.1 and 14.2. Expect a quiz next time covering material from Homework
set 7.

Wednesday March 18: We defined a Galois extension as a finite extension L/k for
which |Aut(L/k)| = [L : k]. We saw that if L is a splitting field of a degree d polynomial
over k, then both these numbers are bounded by d! But even in the splitting field case,
they need not be equal, and even when they are equal they can both be less than d!.
A theorem we will soon prove says that |Aut(L/k)| divides [L : k] for any finite
extension L/k. We saw that the extensions Q(

√
2,
√

3)/Q and Q( 3
√

2, e2πi/3)/Q are
both Galois, of degrees 4 and 6 respectively. We saw that the extensions Q( 3

√
2)/Q

and k(t1/2p) over k = Fp(t) are not Galois. However, the former is not a splitting field,
whereas as the latter is not separable. We stated (it will be proved later) that an
extension L/k is Galois if and only if it is a splitting field of some polynomial AND
L is separable over k. Since every field extension of a field of characteristic zero is
separable, a Galois extension of Q (for example) is the same as a splitting field over Q.
We then observed that there is a natural map from the set of subgroups of Aut(L/k) to
the set of intermediate fields {F | k ⊂ F ⊂ L} given by sending H 7→ LH , the fixed field
of H. Also there is a map the other way, sending an intermediate field F to Aut(L/F ).
Since every automorphism of L which fixes F obviously also fixes the smaller field k,
we see that this is a subgroup of Aut(L/k). These maps are not mutually inverse
to each other in general. However, one of the main results of Galois theory is that
they are mutually inverse if L/k is Galois. That is: if L/k is a Galois extension, then
there is a bijection between the subgroups of the group Aut(L/k) and the intermediate
fields between k and L. We will prove this eventually. Read: Dummit and Foote
14.1.

Monday March 16: We studied the Automorphism group of a field extension. Let
L/k be a field extension. By definition Aut(L/k) is the group (under composition)
of field automorphisms L → L which fix k. We proved that if S ⊂ L is the complete



set of all roots of some polynomial g ∈ k[x] which happen to lie in L, then any k-
automorphism of L must send each element of S to another element of S. That is, the
automorphism group of Aut(L/k) acts on the set of all roots (in L) of any polynomial
over k. If L is generated by S as an extension of k, then this action is faithful:
Aut(L/k) → AutSets(S) ∼= Sd, where d = |S|. This happens, for example, when L
is a splitting field for g over k: If L/k is a splitting field for a degree d polynomial
over k, then there is an injective mapping of Aut(L/k) into the permutation group
Sd of roots of g. This is in general a proper subgroup, even if g is irreducible. That
is: it is NOT TRUE that every permutation of the roots of g defines a k-
automorphism of L. We saw that when L is the splitting field of x3−2 over Q, then
Aut(L/k) is generated by complex conjugation and an order three element given as a
cyclic permutation of the roots. In this case, the automorphism group is isomorphic
to S3. But for the splitting field of (x2 − 3)(x2 − 2), we saw that the automorphism
group is isomorphic to the Klein four-group (and is generated by the two element φ
fixing the roots ±

√
2 and swapping the roots ±

√
3 and ψ fixing the roots ±

√
3 and

swapping the roots ±
√

2. This is a pretty small subgroup of S4. READ Dummit
Foote, 14.1.

Friday March 13: We took Quiz 5. We gave examples of splitting fields. For
example, the splitting field of xn − 1 over Q is called the n-th cyclotomic field. This
field is Q(e2πi/n), since each n-th root of unity is a power of e2πi/n. The n-th cyclotomic
field is not of degree n over Q. Since xn−1 = (x−1)(xn−1+ · · ·+x+1), we see it is the
same as the splitting for xn−1 + · · ·+x+ 1. This polynomial is irreducible if and only if
n = p is prime, so the p-th cyclotomic extension is degree p− 1 (and for non-prime n,
the n-th cyclotomic field has degree strictly less than n−1.) In the homework, you will
show that in general the degree is ϕ(n), the Euler ϕ-function. We also gave an example
of splitting field for an inseparable polynomial of degree 2p in which there were only
two distinct roots. We defined the automorphism group of a field extension L/k to be
the set of field isomorphisms L→ L which fix k, which has a natural group structure
under composition. [Equivalently, Aut(L/k) is the automorphism group of the object
L in the category of k-algebras.] We did a few examples: noting that Aut(C/R) is an
order two group generated by complex conjugation. Also the group Aut(Q(21/3)/Q)
is trivial, since an Q-algebra map of Q(21/3) is determined by where it sends 21/3, but
under such a φ, the relation (21/3)3 = 2 is sent to (φ(21/3))3 = 2, so that the only
option is to send 21/3 to a third root of 2, but there are no other cube roots of 2 in our
field. More on monday. READ Dummit Foote, Chapter 13, and 14.1.

Wednesday March 11: We discussed splitting fields. The splitting field of a
polynomial g over a field k is the smallest field extension of k over which g splits
completely into linear factors. It is not obvious that any field over which g splits
exists, or that any two are isomorphic as extensions of k (two things necessary to
saying “the” splitting field), but we proved both these facts by induction on the degree



of g. It is not true that a degree d polynomial over k has a splitting field of
degree d over k. The degree of the splitting field can be larger or smaller than d—we
gave examples of both. If g is irreducible, the degree of a splitting field will be at least
d but typically larger. We proved (it was a consequence of the proof of the existence
of splitting fields) that the splitting field L/k of a degree d polynomial over k is of
degree at most d!. That is d factorial, not d exclamation point! The point is
that we can construct a splitting field by formally adjoining a roots of g in succession.
For example, if g is irreducible we construct the extension field k ↪→ k[x]/(g(x)) = L1;
this is degree d, and g has the root α (= the class of x) over L1, so we can factor
it over L1 as g(x) = (x − α)h(x) where h is degree d − 1. Now, we repeat, formally
adjoining to L1 a root of h to get a field extension L2 of L1 (which has degree d− 1 if
h is irreducible). Repeating, we see each time the degree of the next extension is one
(or more) less than the previous; in the worse case scenario, we need to do this d− 1
times, and the total extension will have degree d factorial. It now follows from Zorn’s
lemma that every field k admits an algebraic closure k over which all polynomials split
completely, and that this field is unique up to isomorphism over k. You’ll do this in the
homework. Reading: I followed pretty faithfully here Dummit and Foote, 13.4. Both
13.5 and 13.6 contain important examples and ideas you will see in the homework, so
make sure you read and understand them. Sorry I forgot the quiz! Next time!

Monday March 9: We went through the Greek constructions of points, lines, circles,
and lengths, using only straightedge and compass, starting with two points. From this,
we can construct segments of all rational lengths. Indeed, we proved that the set of real
numbers whose absolute value is the length of a constructed segment forms a field–a
subfield of R called the field of constructible numbers. We also showed that this field is
closed under quadratic extension— the square root of any (positive) constructible num-
ber is constructible. In the homework, you will see also that there is nothing more: the
field of constructible numbers is the smallest subfield of R closed under taking square
roots, or the direct limit of all quadratic extensions. That is: if θ is a constructible
number then θ is an element of a field K obtained as a succession of quadratic ex-
tensions: Q ↪→ Q(α1) ↪→ Q(α1, α2) ↪→ Q(α1, α2, α3) ↪→ . . . ↪→ Q(α1, α2, . . . , αn) = K
where each αi is a square root of some (positive) number in the previous extension.
This means that every constructible number is algebraic with the minimal
polynomial of degree a power of 2. Indeed, if the minimal polynomial of θ has
degree d, then from the extension Q ↪→ Q(θ) ↪→ K, we see that d divides 2n by the
degree formula for extension fields. This is important because you will show using this
in the homework that we can not necessarily trisect a constructed angle, and other
such fallacies of amateur mathematicians, using the straightedge and compass, at least
in the way intended by the Greeks. Reading: Dummit and Foote, Chapter 13...all
sections. We will be starting on Chapter 14 soon so make sure you are solid on 13.
QUIZ next time on homework Set 6.



Friday 27: We defined elements of a field to be algebraically independent over a
subfield k if they do not satisfy any (non-zero) polynomial over k; this essentially says
that they behave like indeterminates over k. For example, I believe from the depths
of my heart that {π, e} are algebraically independent over Q though apparently this
is unknown(!), whereas {π, π2} are obviously algebraically dependent. You can prove
without much hassle that there are uncountable sets of algebraically independent el-
ements of C over Q. Algebraic independence is a multi-element generalization of the
idea of a transcendental element. We can also think of it as an analogue of linear inde-
pendence, which is what we get if we only consider linear (homogeneous) polynomials.
We defined the transcendence degree of a field extension L/k to be the cardinality
of a maximal (w.r.t inclusion) algebraically independent set. You will be showing in
the problem set that this is well-defined, that is, that all maximal sets of algebraically
independent elements have the same cardinality. We gave a bunch of examples, includ-
ing the case of the function field of an algebraic variety over C, whose transcendence
degree is equal to the dimension of the variety. By algebraic variety here, we can just
mean the common zero set of some polynomials in Cn (or algebraic set, as we called it
in Homework last semester) which can’t be written as a union of two strictly smaller
such. Dummit and Foote has a pretty good section on fields, but they are missing
transcendence issues; for this, see Artin’s Algebra book.

Wednesday 25: We began discussing field extensions. Three commonly seen classes
of fields are finite fields, number fields (finite algebraic extensions of Q) and func-
tion fields (finite algebraic extensions of a rational function field k(t1, . . . , tn), where
k is some fixed (usually algebraically closed) ground field). Most other fields you are
likely to bump into are derived from these more or less (e.g., p-adic fields are certain
completions of the second class, as is the real numbers.) We defined the following
words: the prime subfield (i.e., the subfield generated by 1) which is always either Q
(the characteristic zero case) or the Fp (the characteristic p case); algebraic elements,
transcendental elements, the minimal polynomial, simple extensions, algebraic and
transcendental extensions, the degree of an extension. By definition the degree of
an extension k ⊂ L is the dimension of L as a vector space over k, denoted
[L : k]. For simple algebraic extensions, we showed that the degree is the degree of
the minimal polynomial. However, beware of conflating the field degree [L : k] with
degrees of polynomials in general...for one thing, not all extensions are simple! We also
proved that if k ⊂ L ⊂ F are field extensions, then [F : k] = [F : L][L : k]. Read:
Dummit and Foote Chapter 13.

Monday 23: We proved the main part of the MAIN THEOREM: the irreducible
characters are orthonormal in the Hermitian space of class functions on G. Our proof
follows Serre’s (also in my notes). The point is that the expression 〈χV χW 〉 can be
manipulated into the expression 1

|G|
∑

g∈G χHom(W,V )(g) (using the fact proved in the

homework that the character of the representation Hom(W,V ) in χV χW . On the other



hand, we showed that for amy representation X, the sum
∑

g∈G χX)(g) is equal to the

multiplicity of the trivial character in X or the dimension of the invariants XG in X.
But the invariants of the representation Hom(W,V ) are precisely the G-linear maps,
that is, [Hom(W,V )]G = HomG(W,V ). Now the orthonormality of the irreducible
characters follows from Schur’s lemma if W and V are both irreducible. The proof
that they span is left as an exercise.

Friday 20: EXAM.

Wednesday 18: EXAM Friday. No office hours tomorrow. I can answer questions
by email Thursday night. We proved an orthogonality statement for the columns of
the character table: the columns are orthogonal and the Hermitian dot product of
a column with itself is |G|/d where d is the number of elements in that conjugacy
class. We also described a few more “tricks:” using the fact that that character of the
regular representation satisfies χreg = χtriv + d2χ2 · · ·+ dtχt where di is the dimension
of the i-th irreducible representation of G, together with the fact that we know the
values of χreg all zero, except for χreg(e) = |G|, we saw that it is easy to compute the
final character of a group if we have all others. Another trick: if V decomposes as
W a1

1 ⊕ · · · ⊕W at
t , then 〈χV , χV 〉 =

∑
a2i . If you know the character of V , this can

help figure out how many irreducibles appear in V . We used these tricks to continue
unravelling the representations of the Icosadehral group and S5.

Monday February 16: EXAM Friday. We defined the regular representation as the
permutation representation of G given by the action of G on itself by left multiplica-
tion. We saw that its character is (|G|, 0 . . . , 0) and used this to see that the regular
representation decomposes as a direct sum of exactly dimWi copies of Wi as we range
through all the (isomorphism classes) of irreducible representations Wi of G. We then
started working on the representations of the icosahedral group, in a class worksheet.
I posted another version, with more hints. We will continue with this next time, as
well as start on another.

Friday February 13: EXAM 1 is ONE Week. We took Quiz 4. We defined the tensor
product of two representations V,W as follows: g acts on simple tensors by g(x⊗ y) =
(gx) ⊗ (gy). For finite dimensional representations over an algebraically closed field,
we showed that character of the tensor representation V ⊗W is the product of the
characters of V and W (as functions). That is, for each g ∈ G, we proved χV⊗W (g) =
χV (g)χW (g). We used this to construct some irreducible representations of S4. For
example, we already know that the alternating and the standard representations are
irreducible (for the standard: it is easy to compute the character by subtracting the
trivial character from the permeation character; then check its norm in the Hermitian
product is 1). So we get that the tensor product of the alternating and standard is
another representation; again, its character is easy to compute and you can check it is
irreducible and distinct from the others by inspection.



Wednesday February 11: Exam next Friday Feb 20. We worked over C. We
defined a character of a finite dimensional representation ρ : G → GL(V ) as the
function G → C sending each g ∈ G to the trace of ρ(g). This is not a group map!
In particular, it is not the same as the “group character” defined last time (although
the terminology coincides for one dimensional representations— a group character is
the same as a one-dimensional representation, whose character is then the same func-
tion as the character function). We observed that the character of a representation
is a class function, meaning that it takes the same values on elements within the
same conjugacy class. Students then computed some characters of some representa-
tions for S3, C3, the Klein 4-group, and the tetrahedral group (all over the complex
numbers).We saw that in all cases: the characters of the irreducible representations
(viewed as |G|-tuples of complex numbers) are orthogonal to each other with respect
to the standard Hermitian inner product on C|G|. Moreover, the character χ of an ir-
reducible representation satisfies 〈χ, χ〉 = |G|. This is essentially the statement of the
main theorem of representation theory for finite groups over C. We will discuss that
in detail next time. FINISH THE WORKSHEET: there will be a quiz to make
sure you understand it! You may prefer to use the most recent version, which includes
a statement of the main theorem. Reading: Artin Algebra, Sections on Characters of
representations (From Chapter 10 in newer version; Chapter 9 in mine), and Dummit
and Foote, 18.3.

Monday February 9: Today we worked over C. We defined the standard repre-
sentation of Sn: this is the subrepresentation of the permutation representation of Cn

consisting of vectors whose coordinates sum to zero. We proved it is irreducible over in
the case n = 3. We then proved that S3 has exactly three irreducible representations
(up to isomorphism): the trivial representation (of dimension one), the alternating rep-
resentation (also dimension 1) and the standard representation (dimension 2). [One
detail left undone: if W is a representation of S3 and x is an eigenvector for σ = (123)
with eigenvalue 1, and y = τx where τ = (12), then it is easy to see that the subspace
spanned by x and y is not irreducible if x and y are independent. Note that both x
and y are fixed by σ and that τ interchanges x and y: this means that the subspace
spanned by x + y is S3-invariant.] We then observed that every irreducible represen-
tation of an abelian group is one dimensional (over an algebraically closed field). In
particular, an irreducible representation for an abelian group is a group map G→ C∗.
[More generally, a group homomorphism G→ k∗ even when G is not abelian, is called
a group character of G over k.] We worked out all the irreducible representations of
C2 (there are two) and C3 (there are three). Reading: Artin Algebra, 9.1,9.2, 9.4, 9.5
and Dummit and Foote, 18.3.

Friday February 6: We proved the following theorem: Let V be a finitely dimensional
representation of a finite group G (whose order is invertible in the group field). Then
V decomposes uniquely as a direct sum of sub-representations V1, . . . , Vt, where each



Vi is a direct sum of ai-copies of some sub representations Wi, where Wi is uniquely
determined up to isomorphism (and Wi is not isomorphic to Wj).

Wednesday February 4: We proved Maschke’s Theorem: suppose W ⊂ V is an
inclusion of G-representations, where G is a finite group whose order is invertible in
the ground field k. Then W has a complement in the category of G-representations.
This means that we can find a vector subspace U of V such that V = U ⊕W and
U is also stable under the G-action. Note that there are many complements in the
category of vector spaces, but few in the category of G-modules (= G-representations).
The proof goes by first choosing any vector space complement, and considering the
projection π : V → W ⊂ V it determines. Then define a new map φ : V → V
by φ = 1

|G|
∑

g∈G gπg
−1. We showed that φ is a G-linear projection V → W . Thus

its kernel is the desired G-module complement. We gave examples to see that the
assumption that |G| is invertible is really needed (note that this is vacuously satisfied
for all finite groups if the ground field is R or C.

Reading: My Representation theory notes; you should be able to breeze through
these though the first three chapters. Get started on Chapter 4, which we’ll discuss
friday.

Possible Quiz Next time on Homework 3.

Friday January 30: We discussed the category of representations of a group G. In
particular, a morphism is a linear map which commutes with the G-action. We talked
about direct sum, tensor product, exterior product and symmetric product of repre-
sentations. We decomposed the vertex permutation representation of D4 on V = k4

as a direct sum of three irreducibles, showing that


1
1
1
1

 spans a trivial representa-

tion,


1
−1
1
−1

 spans an alternating representation, and T , spanned by


−1
1
1
−1

 and


−1
−1
1
1

 , spans a two-dimensional representation isomorphic to the tautological rep-

resentation of D4. We observed that there are very few sub reps of V ; for example,
any of the standard basis elements has orbit spanning V , so can not be contained in
any proper sub representation. As an exercise, you should prove that these are the
only irreducible sub representations in V . We saw that the kernel, image and cokernel
of a map of representations is also a representation, and also the sum and product of
two sub representations is a representation. Schur’s Lemma says that every map of



irreducible representations is either an isomorphism or the zero map. We then gave

the example of the additive group of R acting on R2 by a ·
[
x
y

]
=

[
x+ ay
y

]
. This

representation is not irreducible, as the x-axis is a sub representation. But any point
not on the x-axis has orbit the entire line parallel to the x-axis through it. So there
is no way to decompose as a direct sum of irreducibles! However, next time we will
prove that for finite groups, every representation over a field of characteristic 0 does
decompose completely into irreducibles.

Wednesday January 28: We took Quiz 3. We then defined a linear representation
of a group and gave lots of examples. This is simply an action of a group on a vector
space by linear maps. That is, a map G → GL(V ). We defined a sub representation
as a subspace W ⊂ V which is stable under the G-action (hence, itself a linear rep-
resentation of G). A representation with out (proper nontrivial) sub representations
is irreducible. We gave many example: the trivial action of G on any vector space
V (in which every element g ∈ G does nothing) is the trivial representation; the
corresponding map G → GL(V ) sends every element to the identity. A trivial rep-
resentation is irreducible if and only if it is one-dimensional. The group GLn(k) has
a tautological representation on kn; the corresponding group map is the isomorphism
GLn(k) → GL(kn). This is irreducible. We also defined permutation representations
induced by the action of a group on a set: here the vector space has basis indexed
by the elements of the group, and G acts by permuting them. This is (essentially)
never irreducible, since the subspace spanned by the sum of all basis elements is a sub
representation.

Read: My notes on Representation Theory. Through section 7. Or Dummit and
Foote, 18.1.

Monday January 26: We did several applications of Sylow’s theorems. We showed
how to use them to see that no group of order pq, distinct primes, is simple. We saw
that there are exactly two groups of order 2p (up to isom), where p an odd prime,
namely the cyclic group and the dihedral group. We then classified the groups of order
12 up to isomorphism. We saw that either the Sylow 2 or the Sylow 3 subgroup must
be normal: this followed from a neat “counting” trick which is common on QR-style
exams, so all must be semi-direct products of a Sylow 3-subgroup (∼= Z3) and a Sylow
2-subgroup (either ∼= Z4 or Z2 × Z2.) It turns out there are five: Z12,Z2 × Z6, A5, D6

and one more given by generators and relations by 〈x, z〉 where x4 = 1, z3 = 1 and
xzx3 = z2.

QUIZ next time!

Friday January 23: Celebrity guest lecture bu David Speyer on the Jordan Holder
theorem.



Wednesday January 21 : We defined a simple group (as one without proper non-
trivial normal subgroups). We saw a (non-trivial) cyclic group is simple if and only
if it has prime order. We defined the alternating group An as the group of even
permutations, or (equivalently) as the group of permutation matrices of determinant
one. We saw An is normal in Sn of index two. We studied A4, and saw that it is
isomorphic to the tetrahedral group T , has exactly one subgroup K of order four
(which is normal) and four subgroups of order 3 (which are not normal). However, for
n ≥ 5, An is simple. (This will be on homework 3). We then stated Sylow’s theorems,
I, II and III, and gave some examples how to use them to prove things: we should every
group of order 15 is cyclic, and there are exactly two groups of order 6 (the cyclic one
and S3).

READ the section on Sylow’s theorem in DF. David Speyer will lecture next time
on the Jordan Holder theorem.

Friday January 16 : We discussed semi-direct products: we put a non-standard
group structure of the Carteisian (set) product of two groups N × H. The can be
done if and only if one of the groups (say H) acts on the other (say N) by group
automorphisms. Fix an action of H on the group N , that is, fix a group homomorphism
φ : H → AutGrp(N). We show that the binary operation on the set N ×H given by
(x, a)(y, b) = (xa ·y, ab) defines a group structure, denoted NoφH, called a semi-direct
product. We saw that the projection map N oφH → H is a group homomorphism, so
that N is identified with a normal subgroup of G = N oφ H; also H is identified with
the subgroup e×H, but this is not normal. Also, inside G, we have N ∩H = e, so this
is a semi-direct product in the sense of last time. When H acts on N by conjugation
inside G = N oφ H, we have axa−1 = a · x = φ(a)(x). [Check this yourself!].

Lots of groups are (isomorphic to) semi direct products: for example, the dihedral
group D4 is the semi-direct product of the subgroup of rotations (C4) and the subgroup
generated by reflection over the x-axis. Note that xrx−1 = r−1 in the notation of
Worksheet 1. We can also build this abstractly: it is C4 oφ C2 where φ is the map
C2 → AutGrp(C4) sending a generator x to the involution r 7→ r−1.

Read 5.4, 5.5. No class monday: please go the Marjoree Lee Browne Colloquium
instead. Next class is Wednesday; on Friday David Speyer will lecture on the Jordan
Holder formula.

Wednesday January 14 : We took Quiz 2. We then started discussing products,
direct and indirect. We already know that there is an (obvious) group structure on
the Cartesian product N × H of two groups N and H, whose composition is given
component wise. This is called the product or direct product of the groups: the two
projections onto the two factors are group homomorphisms; it is literally a product in
the category of groups in the sense that it satisfies the appropriate universal property
(be sure you can state this). However, there may other ways to put define a
group composition law on the set N × H which are not products; they will



however be semi-direct products. We showed that if G denotes the product N×H, then
both N and H are (isomorphic to) normal subgroups of G, they generate G together,
and there intersection is the trivial group. Conversely, we showed that if N and H are
two normal subgroups generating G whose intersection is trivial, then G is isomorphic
to the product N × H. The point is that the map of sets N × H → G sending
(x, y) 7→ xy is a group homomorphism when both are normal, surjective (because they
generate G) and injective (because their intersection is trivial). We also saw that even
if only one subgroup N is normal, it is still the case that every element of G can be
written uniquely as xy with x ∈ N and y ∈ H. In this case, the multiplication looks
like this: (xy)(x′y′) = x(yx′y−1)yy′) which is also of the form nh since yx′y−1 ∈ N by
normality of N . This is what is meant by a semi-direct product. We sort of ran out of
time to do this well; we will start again with a formal definition of semi-direct product
next time.

Reading: 5.1, 5.4, 5.5

Monday January 12 : We saw two important examples of groups acting on them-
selves. First, a group acts on itself by (left) multiplication, giving a group homomor-
phism G → AutSetG sending each g to the map x 7→ gx. This action is faithful,
so every group is a subgroup of the automorphism group of its underlying set. Note
that this action is not an action by group automorphisims. The image does not lie
in AutGrpG but only in the much larger group AutSetG. In particular, a finite group
of order n is a subgroup of Sn (Cayley’s theorem). While interesting, this fact is of
limited use, in part because Sn is so huge.

We then looked at the action of a group G on itself by conjugation, corresponding
to the group homomorphism G → AutSetG sending g 7→ γg, where γg(x) = gxg−1.
We checked that this is an action (not always faithful: note that the center is the
kernel). Moreover, this action of G on itself is by group automorphisms: the set
map γg is in fact a group homomorphism, so that the action in fact gives a group
homomorphism G→ AutGrpG. The orbits of the conjugacy action of a group on itself
are called conjugacy classes.

We observed that conjugation can often by thought of as a “change of basis or
labeling.” For example, if G is the group of n × n matrices over k, then its action on
itself by conjugation corresponds to changing basis of the corresponding linear map.
Likewise, in Sn, each permutation σ can be thought of as a relabeling, and conjugation
by σ corresponds to rewriting a particular bijection of n elements with the relabeled
names. For example, the element x = (123)(45) in S6 can be conjugated by g = (15)
to get gxg−1 = (15)(123)(45)(15) = (523)(41) (check it!).

We then thought a bit about conjugacy classes in Sn. You did a worksheet. Here
are the main points we reviewed and/or discovered:

• Sn is generated by transpositions; in fact, the n − 1 ”adjacent transpositions”
((12), (23), (34)...) suffice.



• Every element in Sn can be written as a composition of disjoint cycles, unique
up to order. To decompose σ into disjoint cycles, consider the orbits action
of the subgroup generated by σ on the set of n objects; note that within each
orbit, σ acts by cycling the elements around within the orbit.
• Two permutations σ and τ are conjugate in Sn are if any only if the have the

same cycle type; this means that the lengths of the different disjoint cycles ap-
pearing in each are the same. For example, (123)(45), (523)(41), and (13)(245)
are three elements having the same cycle type.
• The number of conjugacy classes in Sn is equal to the number of partitions of
n.

Words to know: group action by conjugation, conjugacy class, Cayley’s theorem,
transposition, adjacent transposition, cycle type, partition.

QUIZ NEXT TIME: Make sure you got the right answers: there are 7 conjugacy
classes in S5 and 11 in S6.

Suggested reading: Dummit and Foote: 1.3, 3.5, 4.1, 4.2, 4.3.

Friday January 9 : We took Quiz 1, and went over it, reviewing why all cosets of a
subgroup have the same cardinality, so that Lagrange’s theorem falls out: For a finite
group, the order of every subgroup divides the order of G.

We then defined a group action on a set X, a faithful action, the orbit of a point
x ∈ X, and the stabilizer of a point x ∈ X. For example, when D4 acts on the square,
the orbit of one corner is the set of all corners. The stabilizer of that corner is the
order two group of reflections over the diagonal through that corner. When O2(R) acts
on R2, the orbit of a point p in R2 is the circle through p with center the origin; its
stabilizer is the order two subgroup generated by reflection over the diameter through
p. We then did a worksheet computing stabilizers and orbits of the symmetry cube of a
cube acting on integer points in it. The point was to discover the following Counting
Formula: for a finite group G acting on a set X, we have |G| = |orbit(x)||Stab(x)| for
any x ∈ X. We proved this fact by seeing that there is a bijection between the orbit
of any point x and the set of cosets G/H where H is the stabilizer of x. Be sure you
can do this yourself.

Words to know: group action, group representation, faithful action, orbit, stabi-
lizer, coset, index.

Wednesday January 7 : We recalled some examples of groups, starting with the
ubiquitous class of examples of “automorphisms or symmetries of some algebraic or
geometric objects,” including On(R) (preserving inner product on Rn), GL(V ) (pre-
serving vector space structure of V ), the group of self-bijections of a set (if the set
has cardinality n, this is called Sn), the symmetry group of a plane or solid figure (for
example the dihedral group of symmetries of a regular n-gon). Other examples are
groups of units in a ring, or groups in topology (like the fundamental group or braid
group). We then worked in groups on worksheets on the dihedral group D4 and the



quarternion group Q, which are (only) two non-abelian groups of order eight (up to
isomorphism). There was also a worksheet on the braid group.

Words to know: group, homomorphism, subgroup, coset, normal subgroup, index
of a group, generators, relations, lattice of subgroups, center, cyclic group, order of an
element. I am assuming all this is well-known from an undergrad class.

Important: There will be a quiz next time on the two non-abelian groups of or-
der eight. You will be well-prepared simply by being well-prepared for 594 in general
(knowing the words above) but especially by having worked out both of those work-
sheets. My apologies to those who focused on the Braid group, but you will have your
day sometime too.

Suggested reading: Dummit and Foote: 2.5, 3.2, 3.3. It is probably also a good
idea to do the (very easy) problem 1 on the homework set before the next class. This
is most definitely review of undergrad material that I am assuming you know.


