
Math 594: Exam 1

Professor Karen E Smith, solutions by Gilad Pagi and Prof Smith

Do TWO of the following three problems. Clearly state any theorems you use.
You can do the third for extra credit, but clearly indicate which are your chosen two for the
exam.

A. Prove or disprove: A non-trivial solvable group of finite order has a non-trivial one
dimensional linear representation over the complex numbers.

Solution: True. If G is solvable, then it has a normal series with abelian quotients. In
particular, there is a proper normal subgroup (possibly trivial) N ⊂ G such that G/N
is abelian. Any representation of G/N induces a representation of G via the composition
G → G/N → GL(V ). Since the (complex) representations of a group are in one-one corre-
spondence with its conjugacy classes, the abelian group G/N has |G/N | > 1 one-dimensional
representations, and each is a representation of G as well.

B. Prove that every group of order 30 contains a normal subgroup isomorphic to C15.

Claim 1: Every group of order 15 is cyclic. Indeed, the number of 5-Sylows s5 = 1 mod 5,
and divides 3, so s5 = 1. Moreover, The number of 3-Sylows n3 = 1 mod 3, and divides
5, so s3 = 1. Thus, both are normal and we conclude a group of order 15 is isomorphic to
C3 × C5 = C15.

Since every subgroup of index 2 is normal, all is left to show is that a group G of order 30
has a subgroup of order 15.

Since 30 = 2×3×5, the Third Sylow Theorem implies that the number s5 of Sylow subgroups
of order 5 is either 1 or 6, and the number s3 of Sylow subgroups of order 3 is either 1 or 10.

First note that either s5 or s3 must be one. Indeed, it can not be that s3 = 10 and s5 = 6,
because this would mean that there are 2× 10 = 20 elements of order three plus 4× 6 = 24
elements of order 5. This is absurd, since the group has only 30 elements total. Thus G
must have a normal subgroup of order either 5 or 3.

LetN be the normal subgroup ofG of order 3 (or, respectively, 5). LetH be a Sylow subgroup
of order 5 (respectively 3). The set of elements of the form NH forms a subgroup of G (we
showed on the homework that the set of products nh ∈ NH is closed under multiplication,
since (nh)(n′h′) = (nh)(n′h−1hh′) = (nhn′h−1)(hh′) ∈ NH.] Since N ∩ H = {e}, the
subgroup NH is therefore of order 15. QED.

[Alternatively, if you didn’t want to use the fact that NH is a subgroup when N is normal,
you can argue as follows. Let N be the normal subgroup of order 3 (or, respectively, 5).
The quotient group G/N has order 10 (respectively 6) and therefore has a Sylow 5-subgroup
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(respectively 3-subgroup). Its pre image under the map G→ G/N is an order 15 subgroup
of G.]

C. You are given the following partial character table for a finite group (over C):

G e1 x3 y3 z7 w7

χ1

χ2

χ3 ζ

χ4 λ λ 0 0

χ5 λ

where ζ 6= 0, 1 and λ = 1
2
(−1 +

√
7i). Here, e, x, y, z, w denote a full set of representatives of

conjugacy classes for G, with the exponents indicating the cardinality of the class.

(i) Determine the order of the group. Is it solvable?

The order of the group is the sum of the cardinality of the conjugacy classes: |G| =
1 + 3 + 3 + 7 + 7 = 21. It is solvable because there is a normal series {e} ⊂ H7 ⊂ G
whose quotients are the abelian groups C7 and C3. Indeed, this follows from the fact
that the Sylow 7-group is normal: s7 is congruent to one mod 7 and divides 3, so
s7 = 1.

(ii) Determine the dimensions of the irreducible representations.

Note that since G has a quotient isomorphic to C3, it must have three one-dimensional
representations, corresponding to the representations of C3. There are only two more,
and they must be of dimensions 3 and 3 respectively, since these are the only two
integers whose squares sum to 18. Thus the representations of G are of dimensions
1, 1, 1, 3, 3.

(iii) Determine the remaining irreducible characters, including the value of ζ (there are two
correct answers; either is fine).

The three one dimensional representations G → G/H7
∼= C3 → C∗ are: the trivial;

1, 1, 1, ζ, ζ2; and 1, 1, 1, ζ2, ζ, where ζ is a third root of unity. Indeed, we see that the
H7, being normal, must be a union of conjugacy classes, including {e}. The only union
of the three conjugacy classes containing seven elements is {e}, {x} and {y}. Thus all
of these act trivially in each of these three one dimensional reps, and the remaining
classes, corresponding to order three elements of C3, must be sent to third roots of
unity. There are three ways to do this (sending a generator to any of the three roots
of unity) and each determines a different representation.

The fourth row of the table is 3, λ, λ, 0, 0. The last row, (3, a, b, c, d) is easy to find
using the “trick” of the regular representation: χreg =

∑
diχi = (21, 0, 0, 0, 0), where

di is the dimension of the i-th irreducible representation, or by using the fact that the
Hermitian dot product of the columns is zero. In any case, we easily do the arithmetic
to conclude χ5 = (3, λ, λ, 0, 0).
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G e1 x3 y3 z7 w7

χ1 1 1 1 1 1
χ2 1 1 1 ζ ζ2

χ3 1 1 1 ζ2 ζ

χ4 3 λ λ 0 0

χ5 3 λ λ 0 0

(iv) Describe the commutator subgroup of G explicitly in terms of the symbols e, x, y, z, w.

Since the group is non-abelian (as there are fewer than 21 conjugacy classes), the
commutator subgroup [G,G] is non-trivial. Since the quotient G/H7 is abelian, it
must be a quotient of the abelianization G/[G,G]. This shows that [G,G] ⊂ H7, but
as H7 has no non-trivial proper subgroups, we conclude that the commutator subgroup
is H7, which consists of e and the elements in the classes of x and y.

3


