
Math 594: Exam II

Friday April 3

Notation: p is prime. The phrase “G is the Galois group of L/k” implies implicitly that
L/k is Galois.

TRUE OR FALSE. Correct answer worth 4 points, blank worth 2, 0 for wrong answer.

1. The Galois group of the polynomial (x2 − 5)(x2 − 7)(x2 − 11) is order 8.

2. The Galois group of x3 − 7 over Q is isomorphic to S3.

3. Suppose the Galois group of L/k is abelian. Then for every g ∈ G and every
intermediate field F , we have g(F ) = F .

4. The splitting field of x7 − 3 over Q(e2πi/7) has a cyclic Galois group.

5. The Galois group of a degree 4 polynomial over Q does not contain a degree 5
element.

6. If the Galois group of L/k is Sd, then there is no k-automorphism of L of order
greater than d.

7. If L/k is a Galois extension of degree 120, no irreducible polynomial g(x) ∈ k[x] of
degree 7 has a root in L.

8. If k ⊂ F ⊂ L with both L/k and F/k finite Galois, then Aut(F/k) is a normal
subgroup of Aut(L/k).

9. If H1 ⊂ H2 are subgroups of the Galois group of F224, then [H2 : H1] = [FH1 : FH2 ].

10. If F1 ⊂ F2 are subfields of F224 , then |Aut(F2/F1)| = [F2 : F1].

11. If F1 ⊂ F2 are subfields of a field L Galois over Q, then |Aut(F2/F1)| = [F2 : F1].

12. If the Galois group of L/k is simple, then for every properly intermediate field F
between L and k, there is some k-automorphism φ of L such that φ(F ) 6= F .

13. If L is a finite algebraic extension of the field C(t), then there are finitely many
intermediate fields between k and L.
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14. If L is a finite algebraic extension of the field C(t), then L is contained in a Galois
extension of C(t).

15. Let G be the Galois group of L/k, and let F be some intermediate field of degree
two over k. Then Aut(L/F ) is normal in G.

16. Let L/k be Galois, and let F be some intermediate field of degree two over k. Then
there is a surjective map Aut(L/k)→ Aut(F/k).

17. Let k be an algebraically closed field of prime characteristic p. There are finitely
many intermediate fields for F = k(tp1, t

p
2) ↪→ k(t1, t2) = L.

18. The splitting field of xp − 1 over Fp is separable.

19. The number of distinct irreducible factors of g ∈ Q[x] is equal to the number of
orbits for the Galois action on the set of roots of g.

20. The Galois group of the polynomial x7 − 3 over Q acts transitively on its roots.

21. Let f ∈ Q[x] be a polynomial of degree at least three, which viewed in R[x] has
non-negative derivative at all points. Then its Galois group has even order.

22. Let f ∈ Q[x] be a polynomial of degree at least three, all of whose roots are real.
Then its Galois group has odd order.

23. The Galois group of (x4 − 16)(x5 + 3x4 + x+ 9) over Q embeds in Z2 × S5.

24. The Galois group of (x3 − 1)(x4 + 3x2 + 2) over Q has even order.

25. The Galois group of Q(e2πi/7)/Q is abelian.

26. The subfields of K17, the 17th cyclotomic field, are linearly ordered by inclusion.

27. The subfields of K13, the 13th cyclotomic field, are linearly ordered by inclusion.

28. The subfields of F64 are linearly ordered by inclusion.

29. The degree of the splitting field of x24 − 1 over Q is 8.

30. If L/k has a simple abelian Galois group, then L ∼= k[x]/(xp − a).

31. There is a polynomial of degree 3 over Q whose Galois group contains an element
of order 4.

32. If L/k is a Galois extension of degree 120, no irreducible polynomial g(x) ∈ k[x] of
degree 7 has a root in L.

33. If L/k is Galois of degree 32, then L can not be the splitting field of a polynomial
g(x) = h(x)f(x) where h and f are irreducible of relatively prime degrees.

34. Let β ∈ C be algebraic over Q, with min poly p of degree d. Then |Aut(Q(β)Q)| =
d.
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35. Let β ∈ C be algebraic over Q, with min poly p of degree d. Then there is a
subgroup of Galois group of p of index d.

36. Let β ∈ C be algebraic over Q, with min poly p of degree d. Then there is a
subgroup of Galois group of p of order d.

37. The automorphism group of k(t) over k is infinite.

38. The transcendence degree of R over Q is infinite.

39. Let F be the fixed field for the Sn action on k(t1, . . . , tn) by permuting the ti. Then
k(t1, . . . , tn)/F has transcendence degree n.

40. With notation as in previous, [k(t1, . . . , tn) : F ] = n!.

41. The automorphism group of R/Q is infinite.

42. The Galois group of x8 − 2 over Q has order 16.

43. The splitting field of x8 − 2 over Q has intermediate fields that are not Galois
extensions of Q.

44. An irreducible degree 3 polynomial over Q has all real roots if its Galois group is
order three.

45. An irreducible polynomial over Q with Galois group of odd order has all real roots.

46. If all roots of irreducible polynomial over Q are real, then the Galois group has no
order two element.

Part II. Will be to justify your answers to a selected subset of the TF questions. There
will be some limited choice.
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