
Math 594: Homework 3

Due February, 2 2015

1. The Conjugation Action. Let G be a group acting on itself by conjugation. Let X be the
set of all subsets of G, and let Y be the set of all ordered subsets of G.

a). Explain how the conjugation action of G on itself extends to both X and to Y . Explain how
there is a natural map Y → X in the category of G-representations on sets.1

b). Let A ∈ Y . Prove that the stabilizer of A (under conjugation) consists of all elements g ∈ G
which commute with every element of A. (The centralizer, C(A).)

c). Let B ∈ X . The stabilizer of B (under conjugation) is called the normalizer NG(B) of B. Prove
that if B is any subgroup of G, NG(B) is the largest subgroup of G in which B is normal.

d). In S5, compute the normalizer and centralizer of the cyclic subgroup generated by (1234).

2. The Class Equation. Let G act on itself by conjugation.

a). Prove that the center Z(G) of G is a union of disjoint orbits of cardinality one each.

*b). Prove the Class Equation: for a finite group G

|G| =
∑

(orders of conjugacy classes) = |Z(G)|+
r∑

i=1

[G : C(gi)]

where gi ranges through a set of representatives for the conjugacy classes of G not in the center.

*c). Using the Class equation, prove that a group of prime power order has a non-trivial center.

3. Simple groups. A group is simple if it has no (proper, nontrivial) normal subgroups. Equiva-
lently, a group is G simple if every surjection G→ H is an isomorphism.

a). Prove that a normal subgroup of a group G is a union of conjugacy classes.

b). Prove that a cyclic group is simple if and only if it is finite of prime order.

c). Prove that A3 is simple but A4 is not.

d). Prove that a normal subgroup of G is a union of conjugacy classes.

e). Compute the class formula for A5.

*f). Prove that A5 is simple using d and e.

4. Sylow III. Let G be a group of order pnm where (p,m) = 1. Let sp be the number of Sylow
p-subgroups.

1This means that Y → X is a map of sets which respects the G action; be sure you can unravel exactly what that
means.
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a). Show that sp|m. [Hint: Consider the action of G on the set of Sylow p-subgroups of G.]

b). Show that if a p-group H acts on a set X, then the cardinality of X is equal to the number of
fixed points modulo p. [Use the orbit-stabilizer theorem to show each orbit either has cardinality
one or is divisible by p.

c). Prove that sp ∼= 1mod p. [Hint: Consider the action of a Sylow p subgroup P on the set of all
Sylow p-subgroups.

*5. Solvable Groups. A finite group is solvable if the factors appearing in the Jordan-Holder
composition series are abelian.

a). Prove that P -groups are solvable. [Hint: Induce, using 2c.]

b). Show that an abelian P -group has an subgroup of every order dividing |P |.
c). Show that an arbitrary P -group has an subgroup of every order [Induce, using 5b and an
isomorphism theorem]

d) (Cauchy’s Theorem.) Show that it pn divides |G|, then G has a subgroup of order pn.

6. From the QR.

a). Show that the alternating group A6 can not act transitively on a set of 24 elements. [Sept 2014]

b). Show that if a finite G acts transitively on sets A and B of relatively prime cardinalities, then
the diagonal action of G on the product A×B is transitive. [May 2014]

c) Show that there is no simple group of order 84. [Fall 2011]
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