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a). ∼ is reflexive since xx−1 = 1G ∈ H for any subgroup H; it is symmetric since yx−1 =
(xy−1)−1 and H is closed under inverses; it is transitive since xz−1 = (xy−1)(yz−1) and
H is closed under the group operation on G.

b). We will show that |gH| = |H| for any g ∈ G. If g ∈ H this is clear; otherwise consider
the map ϕg : gH → H given by ϕg(x) = g−1x. This is surjective by construction, and
injective since g−1x = g−1y =⇒ x = g(g−1x) = g(g−1y) = y.

c). This follows from |G| =
∑

cosets |gH| = (# cosets) · |H|

d). Consider the subgroup of G generated by x; denote this 〈x〉. Since G is finite, so is 〈x〉; in
particular |〈x〉|||G| by Lagrange’s theorem; then x|G| = xn|〈x〉| = enG = eG for some n ∈ N.

e). Suppose H ≤ G is a subgroup of index 2. Then there are exactly two (right) cosets:
{H, xH}. Since they are equivalent classes, they partition G. Same for the left coses:
{H,Hy}. Thus ∀x, y ∈ G−H : xH = Hy ⇒ xHy−1 = H. In particular ∀x ∈ G−H :
xHx−1 = H ⇒ H E G

2

a). The action is in fact free: if gx = x for any g, x ∈ G, then g = xx−1 = eG.

b). By the above, for any finite group G, there is an injection G→ AutSetG = S|G| (given by
g 7→ (x 7→ gx), i.e. S|G| contains [an isomorphic copy of] G.

∗And the indirect help of Alex Vargo, Umang Varma, Joe Kraisler.
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a). Inclusion in Sn by enumerating the corners of the polygon and so Dn acts on the sets of
corners G ↪→ AutSet[n] = Sn. Dn contains 2n members so Cayley’s would conclude that
this is (isomorphic to ) a subset of S2n.

b). Dn is not in general normal in Sn, using the embedding described above: e.g. if we label
the vertices 1 through n in clockwise order, then the n-cycle(1 · · ·n) is an element of
Dn (or, more precisely, the image thereof in Sn under the map described above), but
conjugating this by e.g. (12) produces a permutation on n elements which is not in
general an element of Dn.

The exception is when n = 3: in this case D3 = S3.

In general Dn has index n!
2n

= (n−1)!
2

in Sn.

Dn is not normal in S2n using the embedding given by Cayley’s theorem. For example,
take D3 ↪→ S6. Let’s enumerate the members of D3 : {r0, r1, r2, r0t, r1t, r2t} and consider
D3 acting on itself by left multiplication. Observe that r takes D3 in the above order
to this order {r1, r2, r0, r1t, r2t, r0t} so it is embedded in S2n as (123)(456). If the group
were normal in S2n, it would have to contain all the 3− 3 cycles, so at least

(
6
3

)
· 4 > 6.

Hence it cannot be normal. This argument can be generalized easily to Dn with the same
conclusion since the number of n− n cycles are much bigger than 2n.

In this case Dn has index (2n)!
2n

= (2n− 1)!.
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a). Rotations of each face, while keeping the other vertex in place, give the 4 subgroups of
order 3. they give altogether 9 members (the identity is contained in all of them). Using
the counting formula, G acting on the corners, each corner has orbit of 4 (transitive
action), so the order is 12.

Each two order-3 members, say a and b, create an order-2 action ab. For example
a = (123), b = (234) ⇒ ab = (12)(34). So, denoting the order-3 members as a, b, c we
have C2×C2 subgroup of {e, ab, ac, bc} . so we get to 12 altogether with no more order-3
members.

b). To show that the cube has rotational symmetry group SC isomorphic to S4, consider the
action of SC on the grand diagonals. There are four of these (so there is an injection
SC → S4), and we may permute them in any order by a suitable rotational symmetry
of the cube (so that this injection is in fact also surjective): label the vertices on any
one face F of the cube 1 through 4 in clockwise order; label the grand diagonals with
the labels of their corresponding endpoints on F ; and finally label the vertices on the
opposite face by the labels of the corresponding grand diagonals (so that both vertices of
grand diagonal 1 have the label 1, etc.)
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The π
2

clockwise rotation around the axis perpendicular to F cyclically permutes the
diagonals by (1234), and the π rotation around the axis through the midpoints of both
edges labelled 12 transposes the diagonals (12). Then, by conjugating powers of these,
we may obtain any adjacent transposition in S4, and thence any transposition in S4, and
finally any element of S4.

Hence SC ∼= S4.

To show that the octahedron has rotational symmetry group SO isomorphic to SC , consider
the action of SO on opposite pairs of faces. We can inscribe a regular cube inside the
octahedron with vertices at precisely the centroids of these faces. Thus any rotational
symmetry of the octahedron is also a rotational symmetry of the cube (by considering
the inscribed cube), and vice versa (we may similarly inscribe a octahedron inside the
cube, with vertices of the octahedron at the centers of each of the faces of the cube), so
that SO ∼= SC as claimed.

c). The dodecahedron and icosahedron are dual in the same way that the cube and the
octahedron are dual, and hence have isomorphic rotational symmetry groups.

To find the order of these groups, consider the action of the group on the faces of a
dodecahedron. There are twelve of these; by composing suitable 2π

5
rotations we may

take any one of them to any other, so they form a single orbit. The stabilizer of any one
of these faces is a cyclic group of order 5 (generated by a 2π

5
rotation through an axis

perpendicular through said face.

d). The order of the symmetry subgroups in O3(R) are twice what they are in SO(3).

Geometrically, the additional symmetries in O3(R) \ SO(3) are reflections; these all have
order two, and the composition of two of them is a rotation. Thus in particular the new
symmetry group is generated by the rotational symmetry group plus any one reflection.

Algebraically, if we quotient the group of symmetries S in O3(R) by the group of rotational
symmetries R in SO(3), we will obtain a cyclic group of order 2: equivalently, there is a
short exact sequence

0→ R→ S → C2 → 0.

5

Assume H has order 6, so there are two cosets {H, gH} for some g /∈ H. Suppose x has
order 3, so both x, x2 has order 3. Previously, we shown that T consist of 4 pairs like that,
so 8 element all together. So, WLOG, let x /∈ H. The cosets can be written as {H, xH}. If
x2 ∈ H so is x since x−2 = x. So both x, x2 ∈ xH. Since H is of order 2, it is normal. So
{H, xH} is a cyclic group of order 2. So H = xHxH = x2H. Contradiction.

Another argument: An element of order 3 is a 3-cycle. Since H is normal, it must contain all
the 3-cycles, meaning all the 8 elements. Contradiction.
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a). g−1 ∈ Z[G] is the inverse of g ∈ Z[G] in Z[G].

b). Let C2 = 〈ζ | ζ2 = 1〉 denote the cyclic group of order 2. The group ring is then given by
Z[C2] = {a+ bζ | a, b ∈ Z}.

Now a+ bζ ∈ (Z[C2])
∗ iff ∃c, d ∈ Z, not both zero, s.t.

(a+ bζ)(c+ dζ) = 1

(ac+ bd) + (bc+ ad)ζ = 1

i.e. we have ac+ bd = 1 and bc+ ad = 0 (where a, b, c, d ∈ Z.)

Now if ac = 0 then b = d = ±1 (from the first equation), and then a = c = 0 (from the
second), which tells us that ±ζ ∈ (Z[C2])

∗; similarly (symmetrically, by considering if
bd = 0), ±1 ∈ (Z[C2])

∗.

Now if ac, bd 6= 0, then a = bd−1
c

from the first equation and, substituting this into the
second equation, we obtain bc2 + bd2− d = 0, i.e. (c2 + d2)|d. But this is not possible, for
|c2 + d2| > |d2| ≥ |d| for c, d ∈ Z6=0.

Hence (Z[C2])
∗ = {±1 ± ζ} ∼= {a, b | a2 = b2 = (ab)2 = 1} (where we may take e.g.

a = −1 and b = ζ); in other words it is isomorphic to the Klein-four group C2 × C2.

c). If G is abelian, then the group ring Z[G] is commutative, and in particular (Z[G])∗

is an abelian group: hence all of its subgroups, including, in particular, the naturally
isomorphic copy of G, are normal.
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a). Given an element S of X, we may define the conjugation action of G on S by g · S :=
gSg−1 = {gsg−1 | s ∈ S ⊂ G}. g · S as defined is certainly a subset of X; eG · S = S and
(hg) · S = hgS(hg)−1 = hgSg−1h−1 = h · (gSg−1) = h · (g · S), so this is indeed a group
action.

b). First, Z(x) is a subgroup, since it is a stabilizer. Let H be the largest subgroup of G
which contains x in its center. By definition, y ∈ Z(x) iff yxy−1 = x iff yx = xy, i.e. y
commutes with x. In particular, following the right-to-left implications above, H ⊂ Z(x).
On the other hand, following the left-to-right implications, Z(x) certainly contains x in
its center, and so, since H is maximal among such groups, we must have equality, i.e.
Z(x) = H.

c). Again, the normalizer is a subgroup since it is a stabilizer. We argue similarly as above:
let H be the largest subgroup of G in which S is normal.

y ∈ NG(S) iff ySy−1 = S.
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In particular, following the right-to-left implications, H ⊂ NG(S)

On the other hand, S is normal in NG(S), so, following the left-to-right implications, and
since H is maximal among all such groups, we must have equality, i.e. NG(S) = H.

d). The number of conjugate subgroups of S is the size of the orbit of S under the conjugacy
action of G; then, since the stabilizer is NG(S), it follows immediately from the stabilizer-
orbit theorem that the number of conjugate subgroups is given by [G : NG(S)].

e). Suppose X ∈ NG(S). Then for any diagonal matrix D, XDX−1 = D′ where D′ is some
(possibly different) diagonal matrix.

Now note that D and D′, being similar matrices, have the same eigenvalues; since both
are diagonal matrices, it follows that the diagonal entries of D′ are exactly the diagonal
entries of D permuted according to some σ ∈ Sn (where n is the size of our matrices.)
Thus, the normalizer contains all the generalized permutations matrices.

Moreover, consider a case where all the entries of D are distinct. The eigenvectors of D′

are related to the eigenvectors of D by the change of basis described by the matrix X.
Since D′ and D are both diagonal matrices with the same eigenvalues, and D was an
arbitrarily chosen diagonal matrix, we may conclude that this change of basis must consist
of a permutation of the original basis, together with independent invertible scalings of
each of the original basis elements; in other words, X must be a generalized permutation
matrix, as desired.

Left to show for the case where n ≥ chark, since that in that case we cannot find n
distinct non-zero eigenvalues. Alas, this is not true in general. For example, Consider
k = F2. So the subgroup of all diagonal 2 by 2 matrices is only the identity. Thus, all

GLn(F2) is the normalizer, and A =

(
1 1
0 1

)
∈ GLn((F )2), but is not a generalized

permutation.
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a). AutGrp(G) has a natural group structure under composition (associativity is evident;
inverses exist for automorphisms; and the identity element is given by the identity map.)

b). We note that γe = id since ege−1 = g for any g ∈ G; and γhγh′ = γhh′ , since
(hh′)g(hh′)−1 = h(h′gh′−1)h−1.

Hence the given map G→ AutGrp(G) is indeed a group morphism as claimed.

c). Given any h ∈ G, we have(
φ ◦ γg ◦ φ−1

)
(h) = φ(gφ−1(h)g−1)

= φ(g)φ(φ−1(h))φ(g−1)

= φ(g) · h · φ(g)−1 = γφ(g)(h)
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and so we indeed have φ ◦ γg ◦ φ−1 = γφ(g) as claimed.

d). For xn = e, e = φ(e) = φ(xn) = φ(x)n = e, and the kernel an automorphism is trivial so
given m < n, φ(x)m = φ(xm) 6= e.

e). Given G =< g >∼= Cp, then AutG =< g 7→ gn > where, n = 1, 2, ..., p−1 (since otherwise
the map is not a bijection) , so we conclude the following: if p = 2, the only automorphism
is the identity. Otherwise, AutG =< g 7→ g2 > i.e. cyclic of order p− 1 since 2p−1 ≡ 1
mod p by Ferma’s little theorem.

f). Q is determined entirely by 2 generators—one presentation for it is given by

Q = 〈i, j | i2 = j2 = (ij)2 = −1, ji = −ij, (−1)2 = 1〉

Thus any automorphism ϕ of Q is uniquely determined by where it sends i and j, and from
(e) (by considering the orders of i and j) ϕ(i), ϕ(j) ∈ {±i,±j,±k}, and ϕ(i) 6= −ϕ(j)
(this gives us 3 ·2 ·4 = 24 choices for what (ϕ(i), ϕ(j)) could be.) Note that ±1 7→ ±1 since
an automorphism preserves order. Thus, the different automorphisms are determined by
only by the images of i, j.

Now decorate the faces of the cube as suggested in the hint. Any rotational symmetry
Φ of the cube sends (the faces decorated with) i, j to some pair of adjacent faces (in
particular, looking at the decoration on these faces, to one of the 24 choices of what
ϕ(i), ϕ(j) could be); conversely, the decorated cube encoding quaternion multiplication
as it does, Φ describes an automorphism of Q given by sending the decoration on each
face to the decoration of the image face.

Hence the automorphism group of the quaternion group Q is isomorphic to the rotational
symmetry group of the cube, which is isomorphic to S4.
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