
Math 594: Problem Set 1

Due January 16, 2015

The non-starred problems should be pretty straightforward; you should know how to do them all
and prove so in a quiz. Students are expected to carefully write up at least one of the six starred
problems for careful evaluation.

1. Lagrange’s Theorem. Let H be a subgroup of a group G. The subgroup H defines an
equivalence relation on G as follows: x ∼ y iff xy−1 ∈ H.

a). Show that ∼ is indeed an equivalence relation on G. The equivalence classes are called cosets
of H in G.

b). Show that all cosets of H in G have the same cardinality.

c). Deduce that if G is finite, then the order of H divides the order of G. (Lagrange’s theorem).

d). For a finite group G, show that x|G| = eG for all x ∈ G.

e). The number of cosets is called the index of H in G, denoted [G : H]. Prove that that an index
two subgroup is normal, and that if G is finite, then [G : H] = |G|/|H|.

2. Cayley’s Theorem. a) Show that a group G acts on itself faithfully by left multiplication. In
particular, show that every group is a subgroup of some group of automorphisms of a set.

b). Deduce that every finite group is a subset of Sn for n = |G|.

3. Dihedral Groups. Let Dn be the symmetry group of a regular planar n-gon, which you have
read about in Dummit and Foote under the (unfortunate) name D2n.

a). Show that there is a natural inclusion of Dn in Sn. In particular, the bound given by Cayley’s
theorem is far from optimal; explain.

b). Is Dn normal in Sn? How about in S2n using the embedding given by Cayley’s therorem?
Compute the index in each case.

4. Platonic Solids. We consider the regular solids in R3, and their rotational symmetry groups
(subgroups of SO(3) stabilizing the solid).

a). Prove that the symmetry group of the (oriented) tetrahedron has order twelve. Show that it
contains exactly four distinct subgroups of order 3.

*b). Prove that a cube and an octahedron have isomorphic rotational symmetry groups, both
isomorphic to S4. [Hint: consider the action on the grand diagonals of a cube.]

c). Prove that the rotational symmetry groups of a dodecahedron and icosahedron are isomorphic,
and that they have order 60. [Hint: Consider orbits and stabilizers of some natural action.]

d). How do your answers change if we consider symmetries in O3(R) instead? Describe what
is going on geometrically. Describe also algebraically, by consider quotient groups and/or exact
sequences of groups.
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*5. Converse to Lagrange is false. Prove that the symmetry group of the oriented tetrahedron
(4a above) contains no subgroup of order six. [Hint: if H ⊂ T is order six, show that H contains
all elements of order three in T , by considering the cosets of H in T .]

6. Group Rings. Fix a group G. Let Z[G] denote the group ring of G. [Recall that as an additive
abelian group, the group ring Z[G] is the free abelian group on the elements of G; you showed in
Math 593 that a multiplication can then be (uniquely) defined by setting the product of g and h
to be the composition of g and h in G.]

a) Show that the group of units (Z[G])∗ of Z[G] contains G.

*b). Compute the group of units for the group ring of the cyclic group of order two.

c). Show that if G is abelian, then G is a normal subgroup of (Z[G])∗.

7. Normalizers and Centralizers. Fix a group G and let X be the set of subsets of G.

a). Show that there is a natural action of G on X induced by conjugation.

b). Define the centralizer Z(x) of an element x ∈ G is the stabilizer of the one-element set {x} for
the natural conjugation action on X. Prove that the centralizer Z(x) is the largest subgroup of G
which contains x in its center.

c). Define the normalizer of subset S ⊂ G to the stabilizer of S under the natural conjugation
action on X. If S is a subgroup, prove that NG(S) is the largest subgroup of G in which S is
normal.

d). For a subgroup S ⊂ G, show that the number of conjugate subgroups is [G : NG(S)].

*e). Let G be the group of n×n matrices over a field k. Show that the normalizer of the subgroup
of diagonal matrices is the group of generalized permutation matrices (matrices with exactly one
non-zero entry in each column/row).

8. Automorphism groups of groups. Let G be a group.

a). Show that the set AutGp(G) has a natural group structure.

b). Show that the map G → AutGp(G) sending g 7→ γg where γg denotes “conjugation by g” is a
homomorphism. The image of this map is called the group of inner automorphisms.

c). Show that φ ◦ γg ◦ φ−1 = γφ(g). Deduce that that group of inner automorphisms is normal in
Aut(G).

d). Show that automorphism preserve the order of elements in G.

*e). Prove that the automorphism group of a group of prime order p is a cyclic group of order p−1.

*f). Prove that the automorphism group of the quarternion group Q is isomorphic to S4. [Hint:
Decorate the faces of a cube as follows: fix any vertex, then write the letters i, j, k alphabetically
counterclockwise on the adjacent faces “right-handed orientation”; then write −i,−j,−k on the
opposite faces. The cube encodes the multiplication in Q as follows: the product of two elements
x, y (other than 1,−1) in Q is the label on the their face around the vertex v where x and y appear
in right-handed order (moving from x to y around v goes counterclockwise). Show that symmetries
of the cube correspond to group automorphisms of Q.]
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