
Math 594: Homework 2

Due January 26, 2014

1. Semi-direct Products. a). Let G be a group, N a normal subgroup and A an arbitrary
subgroup of G. Prove that NA is a subgroup of G, where NA is the set of products {na : a ∈
A, n ∈ N}.
b). With A and N as above, show that there is a surjective group homomorphism N oγ A →
NA, where γ : A → AutGrp(N) is the group map sending a 7→ γa, the conjugation action by a.
Furthermore, the map is an isomorphism if and only if N ∩ A = {e}.
c). Conversely, show that if N and A are arbitrary groups (not assumed to be in a given G) and
φ : A → AutGrp(N) is any group homomorphism, then N oφ A is a group containing subgroups
(isomorphic to) N and H, in which N is normal and N ∩H is trivial.

d). With N and A as in (c), let G = N oφ A, and identify A and N with their images in G. Show
that conjugation on N by elements of A is the same as the action of A on N given by φ.

*e) Let G be a group, let M and N be normal subgroups, M 6= N , with G/M and G/N simple.
Then G/(M ∩N) = G/M ×G/N and we have M/(M ∩N) ∼= G/N and N/(M ∩N) ∼= G/M .

2. Examples of Semidirect Products. a). Let H be a cyclic group of order n and K a
two-element group. Consider the semi direct product of H and K given by the automorphism
K → AutH sending a generator of K to the inversion automorphism x 7→ x−1 of H. Prove that it
is isomorphic to Dn.

b). Show that the orthogonal group On(R) is isomorphic to the semi-direct product of SOn(R) and
the cyclic group of order two. Is it a direct product? [Hint: find a group map {±1} → Aut(SOn(R)).]

*c). Let E be the group of rigid isometries of the plane. Show that E is a semi-direct product of
the isometries fixing a given base point (called the origin), and the additive group of translations.
Is this a direct product? [What is the corresponding actions of O2(R) on R2 which preserves the
group structure.]

3. Splitting of Sequences. A short exact sequence of group 1 → A → G
π→ B → 1 is split if

there is a group map B
φ→ G such that πφ is the identity map on B.

a). Show that G is a semi-direct product of N and H if and only if there is a split exact sequence
1→ N → G

π→ H → 1.

b). Show that the quaternion group Q is not a semi-direct product of any two subgroups, even
though there is an exact sequence 1 → A → Q

π→ B → 1 in which A and B are (isomorphic to)
subgroups of Q.

4. The Heisenberg group. Fix a ground field k. Consider the subset of 3 × 3 matrices of the
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form

 1 a b
0 1 c
0 0 1

 .

a). Prove that matrices of this form constitute a subgroup (called the Heisenberg group) of GL3(k).
Find an explicit formula the composition of two element, and for the inverse of a given element.

b). Prove that the subset of elements in the Heisenberg group of the form

 1 0 b
0 1 c
0 0 1

 forms a

subgroup H isomorphic to the abelian group k2. Is it normal?

c). Prove that the subset of elements in the Heisenberg group of the form

 1 a 0
0 1 0
0 0 1

 forms a

subgroup K isomorphic to the abelian group k. Is it normal?

*d). Prove that the Heisenberg group is isomorphic to the semi direct product of k2 oφ k, and
describe explicitly the group map φ : k → Aut(k2). Express this as a split exact sequence of groups
(describe the group homomorphisms explicitly).

e). Prove the Heisenberg group H(F2) is isomorphic to D4, the symmetry group of the square.
[Note that this is a different way to decompose D4 as a semi direct product than in 2a.]

f). For any prime p, give an example of a non-abelian group of order p3.

5. Sylow Subgroups. Let G be a finite group. A p-Sylow subgroup is a group of order pm, where
pm is the largest power of p dividing |G|.
a). For each p, show that Dq has a p-Sylow subgroup, where q is odd.

b). Prove the upper triangular matrices with 1s on the diagonal are a p-Sylow subgroup in GLn(Fp).

*6. The first and second Sylow Theorems. Fix a finite group G and subgroup H of order ptn.

a). Suppose that G has a p-Sylow group P . Show that when H acts on the set of cosets G/P by
(left) multiplication, some orbit has cardinality not divisible by p. Call this orbit X.

b). Show that the stabilizer in H of a point in X has order divisible by pt.

c). Show that the stabilizer in H of a point in X is conjugate (in G) to a subgroup of P ; deduce
its order is a p-th power.

d). Prove that if G has a p-Sylow subgroup, so does every subgroup of G.

e). Show that a group of order n embeds in GLn(Fp).
e). Conclude Sylow I: for every p, every finite group has a p-Sylow subgroup.

f). Conclude Sylow II: any two p-Sylow subgroups of G are conjugate.

7. The Alternating group. Identify Sn with the subgroup of permutation matrices of GLn(k).
The sign of a permutation is its determinant; sign one permutations are called even, sign -1 odd.

a). Show that the even permutations form a normal subgroup of Sn (the alternating group An).

*b). Write a permutation σ as a composition of t transpositions. Using the fact that the determinant
is an alternating n-linear form on kn, show that σ is even if and only t is even.

c). Prove that Sn is a semi-direct product of An and a cyclic group of order two.
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