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a). The action takes a subset of G to a subset of G, by conjugating all the members of the
set, thus inducing a group map G → AutX . Same for ordered set in Y. The natural
map F : Y → X is induced by ”forgetting” the order. That map respects the G action,
meaning ∀g ∈ G,∀Y ∈ Y , gF (Y )g−1 = F (gY g−1). I.E. Given an ordered set, if we
conjugate and then forget the order, we will get the same set as if we had forgotten the
order first and then applied conjugation.

b). Every g ∈ Stab(A) needs to preserve the order in A so every element of A must be mapped
to itself under conjugation. g ∈ Stab(A) ⇐⇒ ∀a ∈ A, gag−1 = a ⇐⇒ g ∈ C(A). Note
that since the stabilizer is a subgroup we proved that C(A) ≤ G and it is the biggest
subgroup of G in which every element commute with members of A, by construction.

c). Every g ∈ Stab(B) needs to preserve B so every element of B must be mapped to another
element of B by conjugation. g ∈ Stab(B) ⇐⇒ ∀b ∈ B, gbg−1 ∈ B ⇐⇒ gBg−1 =
B ⇐⇒ g ∈ NG(B), Again since the stabilizer is a subgroup NG(B) ≤ G and it is the
biggest in which B is normal by construction. Note that C(B) ≤ NG(B) ≤ G.

d). Let x = (1234) and consider G acting on the set of all 4-cycles by conjugation - well
defined since conjugation preserves cycle-type. Denote A = 〈x〉 so C(A) = Stab(x) under
this action since gxg−1 = x ⇐⇒ g < x > g−1 =< x >. Recall that conjugation has
properties of ”change of basis” on cycles. Thus, we can ignore all the members with
contain ”5” in their unique disjoint cycle decomposition, otherwise that conjugation
would create a cycle with ”5” as one of the members. As a result, reduce the problem to
G = S4. Now, the action is transitive so we have 4!/3=6 as orbit size for each element,
which mean that the #Stab(x) is 4 for each element. As a result C(< x >) =< x >
(recall that A ≤ C(A)).

For the normalizer, by using the same argument, reduce the problem to G = S4. Since
the action preserve cycle type, we construct NG(A) need to add to C(A) all the members
which take x = (1234) to x3 = (4321) and commute with x2 = (13)(24). For example
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y = (13) dose that, so C(A) is a proper subgroup NG(A), and the latter is at least of
order 8 (other possible orders are 12 and 24). However, x, y ∈ NG(A) and notice that
x4 = 1, y2 = 1, yxy−1 = x−1 so < x, y >∼= D4. Since < x, y >≤ NG(A) then 8|#NG(A)⇒
either < x, y >= NG(A) or NG(A) = S4. The latter is false since, for example, (123) does
not commute with x2.

We can derive the same conclusion by thinking of G acting on pairs {a, a−1}, a is a 4-cycle.
This is a transitive action with orbit of size 3, and Stab(x) = NG(A), which results the
same restriction on the order: |NG(A)| = 24/3 = 8.
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(a) The orbit is of size 1 almost by definition. Each element h ∈ Z(G) is in its own orbit
under the conjugation action, since for any g ∈ G we have gh = hg and so ghg−1 = h;
hence, as claimed, Z(G) is a union of disjoint orbits of cardinality 1.

(b) Recall that G is partitioned to disjoint orbits, since the action induces an equivalence
relation on G and those orbits are the equivalent classes. From a), |Z(G)| equals to the
number classes of size one. For any other class A, let g be a representative, and recall
from question 1 that Stab(g) = C(< g >) = C(g). So |A| = |G|/|Stab(g)| = |G : C(g)|.
Now choose representatives for each class and the formula follows.

(c) Suppose G has a trivial center. Thus for any non identity g ∈ G,C(g) is a proper
subgroup and so p divides |G : C(g)|. Now construct the class equation and and apply (
mod p) to get 0 = 1 +

∑
0 = 1. A contradiction.
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(a) Let G act on G by conjugation. For any set A, A ⊂
⋃

x∈A orbit(x). But for normal sub-
groups, if x ∈ N E G then orbit(x) ⊂ N so N ⊃

⋃
x∈N orbit(x). So N =

⋃
x∈N orbit(x).

Choose one representative for each class to get N partitioned into disjoint union of classes.

(b) The reverse direction is easy, Cp is simple, whereas every non-trivial element generate

the entire group. (Reminder: for finite order x ∈ G, a ∈ Z − {0} ⇒ |xa| = |x|
gcd(|x|,a) ,

where |x| = | < x > |). The forward direction: Let G =< x > be simple, but infinite.
So < x2 > is non trivial subgroup and normal since every subgroup of abelian group is
normal. Now Let G be cyclic but simple of order not prime, say |x| = a · b. So, following
previous reminder, |xa| = ab

gcd(ab,a)
= b, thus < xa > is a non trivial subgroup of G.

(c) In A4, as seen in class, 2-sylow is normal. A3 is of order 3!/2 = 3 so simple by b).

(d) same as a).

(e) A5 is of order 60. In S5 With 5 elements, there are 7 cycle types (which are the conjugacy
classes). As A5 E S5, it is the union of some of those classes. Just need to check, using
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one representative, whether the class contains ”even” members or ”odd” members (based
on number of transpositions (ij) decomposing to composition of transpositions). We
include here a combinatorial calculation for each class in order to deduce its size :

• 1,1,1,1,1 of size 1 - only e. Zero transpositions - even.

• 2 ,1,1,1 of size 10 - choose 2 out of 5. representative (12) - odd

• 2, 2, 1 of size 15 - choose 1 out of 5 to be the single cycle, then for a, b, c, d choose b
or c or d to go with a. size=5 · 3 = 15. (12)(34) is even.

• 3, 1,1 of size 20 - choose 3 out of 5, then we have 3!/3 ways to construct a 3-cycle,
so size=10 · 2 = 20. (123)=(12)(23) is even.

• 3, 2 of size 20 - is in one-to-one correspondence with the previous class. (123)(45) =
(12)(23)(45) - odd.

• 4, 1 of size 30 - choose 1 to be left out, then within the 4-cycle we have 4!/4 options,
so size=5 · 6 = 30. (1234)=(12)(23)(34) - odd

• 5 of size 24 - construct a 5-cycle with 5!/5. (12345)=(12)(23)(34)(45) - even

Adding together all the even classes: 24+20+15+1=60.

(f) The possible unions of classes must contain e to form a subgroup, and the total size
cannot be more than 30, which is the biggest divisor of 60, which in not 60. By inspection
the possible unions result possible subgroup sizes of: 16,21,25, none of which divides 60.
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(a) G acts on the p-Sylow’s by conjugation. The action is transitive from Sylow-II. So by
counting formula we get |G| = pam = |stab(P )| · |orbit(P )|. Since the stab is a subgroup
of G containing P (Every set is contained in its normalizer) then |Stab(P )| = bpa, b|m,
and |orbit(P )| = sp. So we have mpa = bpa · sp ⇒ b · sp = m .

(b) Suppose a p-group H acts on a set X. By the orbit-stabilizer theorem, the cardinality of
each orbit divides a power of p, and hence is a power of p (possibly 1 = p0.) The fixed
points of the action correspond precisely to the orbits of size 1. The remaining orbits
have sizes divisible by p, and so, since |X| is the sum of the orbit cardinalities, |X| is
equal to the number of fixed points modulo p.

(c) The Sylow p-subgroup P acts on the set of sp Sylow p-subgroups by left-multiplication.
Say that a Sylow p-group Q is a fixed point. so ∀p ∈ P, pQ ⊂ Q ⇒ P ⊂ Q ⇒ P = Q
where the last deduction is done by considering the equal sizes of both subgroups. So the
only fixed point of this action is P itself, so by (b) we have sp ≡ 1 modulo p.
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(a) We induce on the order of the group |P | = pn, or more precisely on the exponent n.
For n ≤ 1 P ∼= Cp so the decomposition is trivial. If P is abelian, then it has normal
subgroups of any order. Choose one of order pn−1 so the quotient is abelian and we are
done by induction.

If P is not abelian, we know from #2(c) P has a nontrivial center Z := Z(P ) E P . Both
Z and P/Z are p-groups of smaller order (by Lagrange’s theorem) and so inductively
are solvable. We now show that any extension of a solvable group by a solvable group is
solvable.

Now let P/Z D Γ1 D . . . D 1 be a composition series for P/Z. The point is that each Γi

in this series has the form Pi/Z where Pi is a normal subgroup of Pi−1 and the quotients
Pi−1/Pi and Γi−1/Γi are isomorphic. [Indeed, take Pi to be the kernel of the natural
surjection Pi−1 → Pi−1/Z = Γi−1; then the first isomorphism theorem gives Γi = Pi−1/Pi

and the third Pi−1/Pi
∼= Γi−1/Γi.]

Now splice together the composition series for Z and P/Z as follows:

P D P1 D P2 . . . D Pt = Z D Q1 D Q2 . . . D Qr D 1,

where Z D Q1 . . . D 1 is a composition series for Z. Since P/Z and Z are solvable, all
quotients are abelian. Hence P is solvable, as claimed.

[Alternative argument if you know the commutator: If G is not abelian, we have a non
trivial center, however proper. Denote C as the commutator subgroup of G which is
not trivial by assumption. Look at all the non-trivial proper normal subgroup N s.t.
C E N E G, and choose one of maximal order (This is not empty because C is such N).
Thus, by the 4th iso theorem G/N is simple, and it is abelian since it factors out the
commutator. ]

(b) True for Cpa as mentioned before. Now any abelian group (Z-module) we can decompose
using the prime power decomposition to

∏m
1 Cpai , From here we can construct a subgroup

of any prime power. For pn write n as n = b1 + b2 + ... + bm, 0 ≤ bi ≤ ai, and create a
subgroup Bi of order pbi ≤ Cpai

. Now
∏m

1 Bi is the required subgroup. (In fact, enough
to show for n = (a1 − 1) + a2 + a3 + ... + am)

(c) Again, by induction on n as |G| = pn. For n = 1 we have nothing to show. Let it be true
for order of Pm,m < n. Now for the non trivial proper center Z, say |Z| = pb, b < n. So
|G/Z| = pn−b. By induction, has a subgroup of order pn−b−1. By the 4th iso theorem,
that subgroup correspond to subgroup of G containing N with order as pn−b−1+b = pn−1.

(d) Use the c) for the P-sylow of G.
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(a) See Sept2014, morning.q1. The argument may be improved there in my opinion by noting
that a group of order 15 must be cyclic, but there is no member of order 15 in A6. Why?
In S6 every permutation can be decomposed to disjoint cycles. The LCM of their length
determine its order. Now there is no way to create 2 disjoint 3-cycle and 5-cycle in S6.

(b) may 2014 moninig, q1. The argument may be improved there in my opinion: in order
to map (a, b) 7→ (a′, b′) do the following. Use any g s.t. g : a 7→ a′ and h s.t. h : b 7→ b′.
From the GCD condition, exists x,y s.t. xn+ ym = 1. so the group member gymhxn does
the job:

on A :hxn stabilizes and gym = g1−xn = g · g−xn.
Similarly on B.

(c) The 7-Sylow is normal by usual argumentation: s7 ≡ 1 modulo 7 and s7 | 12, so s7 = 1.
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