
Math 594: Homework 4

Due February 11, 2015

First Exam Feb 20 in class.

1. The Commutator Subgroup. Let G be a group. The commutator subgroup C (also denoted
[G,G]) is the subgroup generated by all elements of the form g−1h−1gh.

a). Prove that C is a normal subgroup of G, and that G/C is abelian (called the abelization of G).

b). Show that [G,G] is contained in any normal subgroup N whose quotient G/N is abelian. State
and prove a universal property for the abelianization map G→ G/[G,G].

c). Prove that if G → H is a group homomorphism, then the commutator subgroup of G is taken
to the commutator subgroup of H. Show that “abelianization” is a functor from groups to abelian
groups.

2. Solvability. Define a (not-necessarily finite) group G to be solvable if G has a normal series
{e} ⊂ G1 ⊂ G2 · · · ⊂ Gt−1 ⊂ Gt = G in which all the quotients are abelian. [Recall that a normal
series means that each Gi is normal in Gi+1.]

a). For a finite group G, show that this definition is equivalent to the definition on problem set 3.

b*). Show that if 1 → A → B → C → 1 is a short exact sequence of groups, then B if solvable if
and only if both A and C are solvable.

c). Show that G is solvable if and only if eventually, the sequence G ⊃ [G,G] ⊃ [[G,G], [G,G]] ⊃ . . .
terminates in the trivial group. This is called the derived series of G.

*d). Which of the following groups are solvable: D4, A4, Q, S4, Bn(k) (the group of upper triangular
n× n matrices over k).

3. Lie algebra. A lie algebra is a vector space g with an alternating bilinear map g × g → g
denoted [x, y] (called “bracket”) which satisfies [x, [y, z]] + [z, [x, y]] + [y, [z, x]] = 0, the “Jacobi
identity.” A map of lie algebras g→ h is a linear map which respects the bracket.

a). Show that gln = Mn×n(k), the space of n × n matrices over k is a lie algebra with the bracket
defined by [A,B] = AB − BA. Show that for any vector space V , the set End(V ) (of linear
transformations from V to itself) has a natural lie algebra structure.

b). Show that the trace map gln → k is a lie algebra map. [Note: there is a unique lie algebra
structure on k: why?].

c). Show that the kernel of lie algebra map is a lie algebra; the kernel of the trace map above is the
lie algebra sln(k). Find an explicit (vector space) basis for sl2(k) and describe the values of bracket
on pairs of elements in your basis.
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d). A representation of a lie algebra g is a vector space V together with a lie algebra map
g→ End(V ). Show that the map ad : g→ Endkg sending each element A ∈ g to the map x 7→ [A, x]
is a lie algebra representation of g.

4. G-invariant Hermitian products. Fix a Hermitian inner product space (V, 〈, 〉). We say that
V is a unitary representation of a group G if V is a representation of G satisfying 〈gx, gy〉 = 〈x, y〉
for all x, y ∈ V and all g ∈ G.

a). Show that V is a unitary representation of G if and only if there is a group homomorphism G→
U(V ) ⊂ GL(V ) where U(V ) consists of the automorphisms of the vector space V which preserve
the Hermitian form. In particular, Cn (with its standard Hermitian inner product) is a unitary

representation of G if and only if there is a group homomorphism G→ Un := {P |PP
tr

= id}.
*b). Show that if V is a complex vector space on which a finite group G admits a representation,
then there exists a Hermitian inner product on V so that the representation is unitary. [Hint: pick
any inner product; then “average” over the elements of the group, similar to the proof of Mashcke’s
theorem in class.]

c). Show that a unitary sub representation of a unitary representation has an orthogonal comple-
ment which is also unitary. Use this to give an alternative prove for Mashcke’s theorem.

*d). Show that every finite subgroup of GLn(C) is conjugate to a subgroup of Un. [Hint: don’t
forget that up to change of basis, all Hermitian inner products look like the standard one.]

e) Show that every matrix of finite order in GLn(C) is diagonalizable. [Hint: spectral theorem.]

f). Show any complex representation of a finite group G → GL(V ) has image consisting of trans-
formations of V which admit a basis of eigenvectors.

6. From the QR.

a) Show that a group of order 140 has a normal subgroup isomorphic to Z35. [Fall 2014]

b) Let G be a simple group of order 360. How many 5-Sylow subgroups does G have? [Sept 2013]

c) Let G be a group of order 110 acting transitively on a set X of cardinality 10. Show that all the
stabilizer subgroups Gx for all x ∈ X are the same (as subgroups of G). [Sept 2012]

d). Recall that SL2(Z) is the group of 2 × 2 integer matrices with determinant one. Show that
the commutator subgroup of SL2(Z) is a proper subgroup. [Hint: One proof uses the isomorphism
SL2(F2) ∼= S3. [May 2014]
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