
Math 594: Homework 5

Due February 18, 2015

First Exam Feb 20 in class.

1. Representations as modules over the group ring. Fix a group G and a field k. Consider
the k vector space k[G] with basis the elements of G. Define a multiplication on k[G] as the unique
bilinear map k[G]× k[G]→ k[G] satisfying (g, h) = gh for all elements g, h ∈ G.

a). Show that the set k[G] has the structure of a k-algebra; furthermore k[G] is commutative if and
only if G is abelian. This is the group ring of G (over k).

b). Show that k[G] ∼= k ⊗Z Z[G], where Z[G] (as defined on Problem Set 1 of Math 593).

c). Show that every module M over k[G] can be viewed in a natural way as a representation of G.

d). Given any representation V of G over k, show that there is a naturally induced action of the
ring k[G] on the abelian group V , making V into a module over the ring k[G].

e). Using the precise definition of a functor on page 913 of Dummit and Foote, verify that the two
assignments of (c) and (d) define mutually inverse functors from the category of G-representations
on k-vector spaces and k[G]-modules. So these categories are equivalent. 1

f). Show that a representation V is irreducible if and only if the corresponding k[G]-module is
simple.

g). Show that the notion of direct sum is the same in either category: that is, a representation V
decomposes as a direct sum of two sub representations in the category of representations of G if and
only if that decomposition is a decomposition into a direct sum of k[G]-modules, and conversely.

h). Prove that if G is finite and |G| is invertible in k, then every finite dimensional k[G]-module is
semi-simple.

2. Wedderburn’s Theorem. Let G be a finite group. Let V be a finite dimensional representation
over an algebraically closed field k in which the integer |G| is invertible. Recall that there is a unique
decomposition of V as a direct sum of sub-representations Vi where each Vi is a direct sum of ai
irreducible sub-representations Wi. Here the Wi are unique up to isomorphism and Wi and Wj are
not isomorphic if i 6= j.

a). Show that the set of G-representation automorphisms AutGV has a natural group structure.

b). Show that if W is irreducible, and V is the direct sum of a copies of W , then AutGV ∼= GLa(k).
[Don’t forget Schur’s lemma!]

c). Show that the AutGV ∼= AutGV1 × AutGV2 × · · · × AutGVt.
*d). Show that AutGV ∼= GLa1(k)×GLa2(k)× · · · ×GLa1(k).

1This justifies the common abuse of terminology conflating representations and G-modules.
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3. Representations of Abelian groups over C. Let ρ : G → GL(V ) be a finite dimensional
representation of a finite group G over C.

*a). Show that for all g ∈ G, the eigenvalues of ρ(g) are roots of unity. In particular, if V has
dimension one, the image of ρ lies in the subgroup S1 ⊂ C∗ of complex numbers of length one.

*b). Show that each ρ(g) has a basis of eigenvectors. [You essentially did this on Problem set 4.]

c). If G is abelian, show that V has a basis that are eigenvectors for every g ∈ G. [Hint: recall from
a 593 problem set that you showed commuting linear transformations have a common eigenvector.]

d). Give another proof that for finite abelian groups G, every finite dimensional representation
decomposes as a direct sum of one dimensional representations.

4. Let ρ : G→ GL(V ) and η : G→ GL(W ) be finite dimensional representations of a finite group
G over C.

a). Define the tensor product of the representations ρ⊗ η to be the composition

G→ G×G→ GL(V )×GL(W )→ GL(V ⊗W )

g 7→ (g, g) 7→ (ρ(g), η(g)) 7→ ρ(g)⊗ η(g).

Prove that this is a representation.

*b). Prove that χρ⊗η = χρχη.

c). Define the dual of representation ρ as ρ∗ : G → GL(V ∗) where ρ∗(g) = ρ(g−1)∗ with the ∗
indicating the pullback of a linear map under dual. Verify that this is a representation.

*d). Prove that χρ∗ = χρ, the complex conjugate. [Hint: for a root of unity, note that ω−1 = ω.]

e). Define a representation Hom(V,W ) by G → GL(Hom(V,W )) sending g 7→ [φ 7→ gφg−1].
Verify that this is a representation of G. Show that this is isomorphic to V ∗⊗W in the category of
representations of G.

*f). Find a formula for the character of Hom(V,W ) in terms of that of V and W .

5. Compute the character tables for D4 and Q. Does the character table of a representation
determine the group up to isomorphism?

*6. Character Table of S4.

a). List out the conjugacy classes of S4, noting the number of elements in each. Compute the
characters of the trivial and the alternating representations.

b). Compute the characters of the complementary representations in the permutation representation
of S4 to the two found in (b). Which are irreducible? [Use the main theorem.]

c). Find one more irreducible representation by tensoring existing representations.2

d). Use the main theorem to compute the character of the remaining irreducible representation.
What is its dimension?

e). Can you find an explicit representative of the isomorphism class from (d)? [Hint: S4 has a
normal subgroup isomorphic to the Klein 4 group.]

f). Decompose the standard rep of S4 tensored with itself into irreducibles (up to isomorphism).

2You should now know four of the five (isomorphism classes of) irreducible representations of S4.
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