
Math 594: Homework 7

Due March 16, 2015

1. Constructible numbers. Remember with straightedge and compass, we can construct:1

• A line through any two constructed points.

• A circle though any constructed point with center at any constructed point.

• A line perpendicular to any constructed line and through any constructed point.

• A line parallel to any constructed line and through any constructed point.

• A line segment of the same length as any constructed segment, but on a constructed line and
with one endpoint any constructed point on that line.

• A triangle similar to a constructed triangle, with one side some constructed segment.

a). Show that the set of real numbers λ for which a segment of length |λ| can be constructed is a
field (subfield of R).

b). Construct a Cartesian coordinate system having the property that a point P is constructible if
and only if its coordinates are constructible.

c). Show that if A and B are two points in the Cartesian plane with coordinates in some field k,
then the line (respectively, each of the two circles) determined by A and B has an equation with
coefficients in k. [We say such a point/line/circle is defined over k.]

d). Show that if ` and `′ are two lines defined over k, then their intersection point is defined over k.

e). Show that if C and ` (respectively C ′) are a circle and line (resp. two circles) defined over k,
then their intersection points are defined over a quadratic extension field of k.

f). Starting with Zeus’s two points and Athena’s two tools (hence the coordinate system from b),
and points P1, . . . , Pt already constructed, let k be the smallest subfield of R containing all their
coordinates. Show that any single point constructed from these has coordinates in a quadratic
extension of k.

g). Show that if θ is a constructible number, then the degree of Q ⊂ Q(θ) is a power of two.

h). Show that π is not a constructible number. Conclude that we can not “square the circle”; that
is, we can not construct a square with area the same as a given constructed circle.

i). Show that 21/3 and
√
π are not constructible. Conclude that we cannot “double the cube” nor

“square the circle” with ruler and compass.

1the first two items being essentially definitions of lines and circles, and the others following from the ax-
ioms/theorems of Euclidean geometry.
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j). Prove the triple angle formula: cos(3θ) = 4cos3(θ) − 3cos(θ). [Hint: A good general technique
for deriving multi-angle trig formulas is to write the linear transformation “rotation through θ” as
a 2× 2 matrix. Then cube this matrix to get a matrix representing “rotation through 3θ”.]

k). Prove that we cannot trisect an angle of measure π/3. Thus we cannot “trisect angles;” meaning
that given a constructed angle, we can not (necessarily) construct an angle of measure exactly one
third the given one. Of course, some angles can be trisected; find one. Prove that we cannot
construct a regular nine-gon.

2. Algebraic Closure.2 Fix a field F . Let S be the set of all monic non-constant f ∈ F [x].

a). Let R be free the commutative F -algebra on the set S; that is R is an (infinite) polynomial ring
in the variables xf where f ∈ S. Let I be the ideal of R generated by the elements f(xf ). Show
that I is a proper ideal. [Hint: if not, write 1 as a combination of finitely many polynomials f(xf ),
call them f1, . . . , ft; look for a contradiction in a finite extension field.]

b). Let M be any maximal ideal of R containing I. Show that F ⊂ K = R/M, and that every
polynomial over F has a root in K1.

c). Show that there is an extension K of F which is algebraically closed. [Caution: K1 might not
be; but we can build K2 in which all polynomials over K1 split. Repeat.]

d). Show that for any extension F ⊂ K, the set of elements in K algebraic over F forms an
intermediate field. Prove that every field F admits an algebraic closure F .

e). Show that any two algebraic closures of F are isomorphic as extensions of F .

3. Cyclotomic Extensions. Consider the polynomial xn−1 over Q. Let Kn be its splitting field.

a). Show that the set µn of roots (in Q) of xn− 1 is a cyclic group of order n under multiplication.
Any generator is called a primitive n-th root of unity.

b). Show that µd ⊂ µn if and only if d|n.

c). Define the d-th cyclotomic polynomial to be Φd = Πζ primitive ∈µd(x− ζ). Show that xn− 1 is the
product of the cyclotomic polynomials Φd where d ranges through all divisors of n. In particular,
show that n =

∑
d|n φ(d) where φ is the Euler φ-function.

d). For n = 1, . . . , 8, write out the factorization from c explicitly.

e). Prove that Φn ∈ Z[x]. [Hint: Use induction on n, together with (c) and Gauss’s Lemma.]

f). For p prime, prove that Φp ∈ Q[x] is irreducible. [Hint: First show Φp(x) is irreducible if and
only if Φp(x+ 1) is irreducible.] [It is also true that Φn is irreducible for all n—you might want to
think about why but I will walk you through this on the next problem set.]

4. Compute the degree of the splitting field of xp − a over Q, where a is not a p-th power.

5. From the QR.

a). (May 2014) Let p be a prime. How many elements of Fpn are of the form xp − x for some
x ∈ Fpn?

b) (May 2014) Compute the trace of multiplication by 1 +
√

2 on Q(
√

2,
√

3).

c) (Sept 2013) Show that there is no injective homomorphism from Sn+1 to Sn × Sn.

d) (Sept 2013) Let R be a ring (not necessarily commutative). Assume that |R×| is odd and divisible
by 5. Show that |R×| is divisible by 15.

2This problem uses Zorn’s Lemma and the Axiom of Choice, which are logically equivalent.
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