
Math 594: Homework 8

March 25, 2015

Second Midterm Monday March 30

A. Dummit and Foote 13.6, Exercise 8, 11, 12.

B. Dummit and Foote 13.4, Exercise 5, 6.

C. Let L = Q(i, 4
√

2).

1. Compute the degree of L/Q.

2. Describe all elements of G = Aut(Q(i, 4
√

2)/Q) explicitly.

3. By considering the action of G on the roots of x2 + 1 in L, find a surjective map from G onto
C2 and compute the kernel.

4. Express G as a semi-direct product of Z4 o Z2 where the map from Z2 → Aut(Z4).

5. Prove that G ∼= D4.

6. Find the full lattice of subgroups of G, and give generators for each.

7. Find the corresponding lattice of fixed fields.

8. For each inclusion of fields in your lattice (those not compositions of two inclusions in the
lattice), find the corresponding automorphism group.

D. Let L be the splitting field of x8 − 2 over Q.

1. Show that K8, the splitting field of x8 − 1 over Q, is Q(i,
√

2). [Hint: find ζ8 + ζ78 .]

2. Show that L = Q( 8
√

2, i), and compute the degree over Q.

3. Show that every φ ∈ Aut(L/Q) satisfies and is determined by

φ(
8
√

2) = ζn8
8
√

2, for some 0 ≤ n ≤ 7, and φ(i) = ±i

.

4. Show that Aut(L/Q) is generated by an element of order 2 and and element of order 8;
describe them explicitly,

5. Label the roots of x8 − 2 αi = ζ i8
8
√

2, and describe the map of Aut(L/Q) → S8 given by the
action on these roots explicitly.
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6. Describe the map to S2 given by the action of Aut(L/Q) on the complex roots ζ4 of x4 − 1.
Find the image and the kernel.

7. Express Aut(L/Q) as a semi direct product of Z2 and Z8, describing the map Z2 → Aut(Z8)
explicitly.

E. Let K be a finite field of characteristic p.

1. Show that the Frobenius (p-th power) map of K is a Fp-automorphism of K.

2. Prove that K is a splitting field over its prime field of some (not necessarily irreducible)
polynomial. [Hint: you considered this polynomial on the last problem set.]

3. Prove that K is separable over its prime field. [Hint: Show that K = Q(α) where α satisfies
a (not necessarily irreducible) polynomial with no multiple roots.]

4. Show the Frobenius map has order n in Aut(K/Fp) where n = logp|K|.

5. For a field of order 16, find the lattice of subgroups of Aut(K/F2) and the corresponding
lattice of fixed subfields.
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