
Math 594: Some Test Prep Problems for Exam II

Exam will be Friday April 3

A. A field extension L/k is said to be normal if every irreducible polynomial g(x) ∈ k[x] with at
least one root in L splits completely over L into linear factors.

1. Show that a finite normal extension L/k is a splitting field of a (not-necessarily irreducible)
polynomial over k.

2. Let L/k be a splitting field for g ∈ k[x]. For any irreducible f ∈ k[x] with root α ∈ L, observe
we have inclusion k ⊂ L ⊂ K where K is a splitting field of gf . Show that for any two roots,
α and β, of f in K, [L(α) : L] = [L(β) : L]. [Hint: Use the multiplicativity of degrees.]

3. Show that if L/k is a splitting field for some polynomial over k, then it is normal. Conclude
that: A finite field extension L/k is normal if and only if L is a splitting field for
some polynomial g over k.

B. Let k be an algebraically closed field of of prime characteristic p. Consider the field extension
F = k(xp, yp) ↪→ k(x, y) = L.

1. Find its degree. Is L/F normal?

2. Find its automorphism group G = Aut(L/k). Is L/F Galois?

3. Compute the fixed field of G.

4. Show that each x + cy ∈ L, where c ∈ k generates a proper subextension of L/F , and that
there are infinitely many such distinct intermediate fields. 1.

C. Recall that an irreducible polynomial g(x) ∈ k[x] is separable if it has no repeated roots in any
extension field.2 An extension L/k is separable if each algebraic element α ∈ L has a separable
minimal polynomial over k.

1. Prove that an irreducible polynomial g ∈ k[x] is inseparable if and only if k has characteristic
p > 0 for some p and g(x) = h(xp) for some h ∈ k[x].

2. Prove that if k is finite, every irreducible polynomial g ∈ k[x] is separable.

1There is in fact an infinite sequence of intermediate fields, no two of which are isomorphic; this is the main result
of Piotr Blass’s 1977 UM PhD thesis.

2For non-irreducible polynomials, separability is defined in different ways in the literature, but the concept is not
so important for such polynomials.
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3. Let k ⊂ F ⊂ L be field extensions. Prove that if L/k is separable then both L/F and F/k
are separable. [The converse is also true but you can prove this later.]

D. Let k be a subfield of C containing the p-th roots of unity for some prime p. Let g(x) = xp−a ∈
k[x] be an irreducible polynomial.

1. Prove that L = k[x]/(g(x)) is a Galois extension of k with Galois group cyclic of order p.

2. Conversely, if F/k is a Galois extension of k with Galois group cyclic of order p, then there
exists an a ∈ k such that F ∼= k[x]/(xp − a) as an extension of k. [Hint: If σ is a generator
for the Galois group, consider it as a linear operator on th k-vector space F and consider its
eigenvalues.]

E. Let L/k be a Galois extension with Galois group G. Let F be the set of intermediate fields and
let G be the set of subgroups of the automorphism group. We have the Galois correspondence map
F → G sending F to Aut(L/F ) and its inverse H to LH . Consider the natural action of G on F ,
sending each F to its image under g ∈ G, and the action of G on G by conjugation.

1. Show that these actions correspond under the Galois correspondence. That is: if F ∈ F
corresponds to H ∈ G, show that for all g ∈ G, we have gF in F corresponds to gHg−1 under
the Galois correspondence maps above.

2. If the subgroup H corresponds to the intermediate field F , and H is normal in G, show that
there is a natural group surjection G→ Aut(F/k) given by sending φ 7→ φ|F , whose kernel is
H.

3. Prove that H is normal if and only if LH/k is Galois.

F. For the field extensions L/k we have met so far (in the homework, in class, or in Dummit and
Foote) be sure you can figure out the automorphism group pretty explicitly in terms of generators
and relations and/or number of elements and/or natural maps to known groups (such as permutation
groups). You should be able to do this from elementary principals when possible, without using
big gun theorems. Be sure you can identify whether or not the extension is Galois (using the
definition, or if you use big theorems be sure you can prove them). Be sure you compute the full
lattice of subgroups and subfields (for reasonably sized examples) and can find the orbits of the
Automorphism group when it acts on the set of intermediate fields (see Problem E).

G. Don’t only think of extensions of Q. Don’t forget that your professor likes characteristic p.
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