
Math 631: Problem Set 9

Due Monday November 12, 2012

1. Rational Varieties. A variety is rational if it is birationally equivalent to some projective space. Which
of the following varieties is rational? A4,P3× P1,A1,V(x3− y2) in A2, V(x3− y2) in A5, the twisted cubic
in P3, P2, the affine cone over the segre surface in P3, the grassmannian of lines in P3, V(zy2+x3+xz2+z3)
in P2, a smooth quadric1 in Pn (for n ≥ 2), A3 blown up at 17 points, V(y2 + x3 + x+ 1) in A2, a variety
V whose function field is a degree seven algebraic extension of k(x).

2. Transverse intersection. a). Let {Wi}ti=1 be a finite set of subspaces of a finite dimensional vector
space V . Show that codim (

⋂t
i=1Wi) ≤

∑t
i+1 codimWi. We say that the Wi intersect transversely if

equality holds. Draw some pictures and ponder the meaning! For example: if t > n, what happens? if
t = 2, what typically happens? what else can you say?

b). Show that if W ⊂ V is an inclusion of varieties, then there is an injective linear map TpW ⊂ TpV for
any p ∈W .

c). Let Wi be a finite collection of closed subvarieties of a smooth variety V , all containing a point P .
Show that codim (

⋂t
i=1 TpWi) ≤

∑t
i+1 codimWi. We say that the Wi intersect tranversely if equality holds.

Show that subvarieties of a smooth variety V intersect transversely at P if and only if each is smooth at
P and their tangent spaces at P intersect transversely as subspaces of TPV .

d). Let u1, . . . , ud be parameters at a smooth point P of a variety V , and let Wi be closed subsets in
a neighborhood of P defined by the vanishing of disjoint subsets of the uj . Show that the Wi intersect
transversely at P .

3. Multiple Points. Let X be an irreducible hypersurface in Pn. The multiplicity of a point p on X is
the unique integer r such that a local defining equation for X at p is in mr

P \m
r+1
P , where mP ⊂ Op,Pn is

the maximal ideal of germs of regular functions on Pn vanishing at p.

a). Prove that p is a smooth point of X if and only if it is a point of multiplicity 1.

b). Show that a line through a multiplicity r point p must intersect X at p with multiplicity ≥ r.

c). Now assume the hypersurface X has degree d. Show all points on X have multiplicity ≤ d.

d). Show that X has a multiplicity d point p if and only if X is a cone with vertex at p (meaning that
every line through p meets X only at p or lies on X).

e). Show that if X has a multiplicity d−1 point p (but is not a cone with vertex at p), then X is birationally
equivalent to Pn−1. [This shows that there are rational hypersurfaces of arbitrarily large degree. However,
a smooth hypersurface of degree d > n in Pn is never rational. Whether or not a smooth hypersurface of
degree 3 ≤ d ≤ n can be rational is mostly an open question.] 2

1Project from a point on it.
2Hint: project from p.
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4. Separating Points and Tangent Vectors. A morphism φ of varieties separates points if it is
one-to-one, and separates tangent vectors at p if the induced map dpφ of tangent spaces is injective.

a). Which of the following morphisms separates points? Where does each separate tangent vectors?
(Assuming the characteristic is not 2 or 3).

φ : A1 → A2 sending t 7→ (t, t2).

φ : A1 → A2, sending t 7→ (t2, t3).

φ : A1 → A2, sending t 7→ (t2 − 1, t(t2 − 1)). (Hint: p 4 of Shaf).

b). For all three examples above, draw pictures of the image curves and discuss the geometric intuition of
separating points and tangent vectors. Note from this exercise that a bijective regular map need not
be an isomorphism! 3

5. Affine Schemes. Let R be any commutative ring. Let Spec(R) denote the set of all prime ideals of
R, and mSpec(R) denote the set of maximal ideals of R. (These are called the prime spectrum and the
maximal spectrum of R, respectively).

a). Show that Spec R is a topological space with closed sets V(I) = {P | P ⊃ I}, where I is any ideal of
R, and that the sets Uf = {P | f /∈ P} form a basis.

b). Show the inclusion of sets mSpec(R) ⊂ Spec R induces an homeomorphism between mSpec(R) (with
induced subspace topology) and the subspace of closed points in Spec R.

c). Let R be the coordinate ring of an affine variety X. Show that X is homeomorphic to mSpec R.

d). Describe Spec R explicitly for the rings R = C[x], C[x, y] and R[x]. Compare to mSpec R in all cases.

6. Morphisms of affine schemes. Show that every ring homomorphism φ : R→ S induces a continuous
map Spec S → Spec R sending P to φ−1(P ).

7. Reduction to Prime Characteristic. a). Show that Spec Z has one dense point and all other
points are closed. The dense point is called the generic point of Spec Z.

b). Consider the inclusion Z ↪→ Z[X,Y, Z]/(x3 +y3 +z3). Think of the induced map on Spectra as a family
of schemes parametrized by Z, whose members are the fibers. Compute the fiber over each closed point,
and compare to generic fiber , that is, the fiber over the dense point.4

c). Most of the members of this family are nice and similar to eachother, but there is a closed set of “bad
members”. Find such a closed set and explain how is it bad and/or different from the others (there may
be more than one way do to this for an arbitrary family, though in this case, there is one “obvious” thing
to look at). Is the generic member of the family (ie, the generic fiber) in the good set or the bad set?
Why is it called the generic member, whereas the usual meaning of generic is “typical” or “general” or
“unspecified member of some dense open set”?

3Under some fairly weak assumptions, bijective regular morphisms are isomorphisms. “Zariski’s Main theorem” says that if
φ : V →W is a bijective regular map of affine irreducible varieties over an algebraically closed field of characteristic zero, and
W is normal (meaning its coordinate ring is integrally closed in its fraction field), then φ is an isomorphism. See Hartshorne,
page 280.

4This is the beginning of a very powerful technique called ”reduction to prime characteristic.”
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