
Math 631: Problem Set 10

Due Wednesday November 20, 2013

1. Glueing. Let X and Y be topological spaces, with open sets UX and UY respectively. Suppose that
we have a fixed homeomorphism φ : UX → UY . Define the glueing of X and Y along these open
sets to be the topological space Z obtained as the disjoint union of X and Y modulo the equivalence
relation x ≡ y if and only if y = φ(x).

a). Prove that Z has a topology in which there are open sets which can be identified (homeomorphically)
with X and with Y , and that under these identifications UX gets identified with UY . If X and Y are
manifolds and φ is a diffeomorphism, explain why Z is a manifold.

b). If X and and Y are varieties and φ is a regular isomorphism, explain how to define a sheaf of rings
OZ on Z which agrees with the sheaf of regular functions when restricted to X (or to Y ). Show then
that (Z,OZ) is a ringed space, and in fact, abstract variety.

c). Say that Y = X = A1 and UX = UY = A1 \ {0}. Let φ be the isomorphism A1 \ {0} → A1 \ {0}
sending t 7→ t−1. Show that the ringed space (Z,OZ) is isomorphic to P1 with its sheaf of regular
functions.

d). Say that Y = X = A1 and UX = UY = A1 \ {0}. Let φ be the isomorphism A1 \ {0} → A1 \ {0}
sending t 7→ t. Is this also P1 ? Describe the topological space Z. Is it separated?

e). Say X = Y = A2 with coordinates x, t and y, s respectively. Define a glueing isomorphism Ut → Us
sending (x, t) 7→ (xt, 1t ). Show that the resulting glued variety is isomorphic to the blowup of A2 at the
origin.

f). If FX and FY are sheaves (say of rings) on X and Y respectively, such for each open set W ⊂ UY

there is an isomorphism φ∗FY (W )→ FX(φ−1(W )), show that there is a sheaf F on X whose restriction
to the open sets X and Y recovers FX and FY , respectively.

g.) Consider the schemes (see problem 2) X = Y = Speck[t], with open sets UX = UY = Spec k[t, 1t ].
The ring map k[t, 1t ] → k[t, 1t ] sending t 7→ 1

t induces a homemorphism φ : UX → UY . Show that if we
glue these topological spaces together we get a locally ringed space. How does it differ from the space
in c. Compare the sheaves too.

h). For discussion:1 Can we glue more than two open sets? This is not so trivial: just try it for 3.....
How does this problem relate to problems we have done earlier (e.g., the Grassmannian problem).

2. Compute the divisors of the following rational functions:

a). On P1, the rational function f(t) = (t− a1)m1 . . . (t− ar)mr . (Caution!)

b). On P2, the rational function xyz
x3+y3+z3

.

c). On P1 × P1, the rational function s2+t
st7

where s, t are coordinates in the chart U0 × U0.

d). On the elliptic curve V(y2z + x3 − xz2), the rational function φ = x
y . What is the degree of div φ?

1Don’t turn in written work for this!
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3. Structure Sheaf of an affine scheme. Fix a commutative ring R. Recall that the sets Uf of prime
ideals not containing f form a basis for the Zariski topology on Spec R.

a). Show that if we assign the ring R[1/f ] to the open set Uf of Spec R, then whenever Uf ⊃ Ug, there
is a naturally induced ring map R[1/f ]→ R[1/g]. [Hint: Show that gt = fh for some h ∈ R.]

b). For an arbitrary open set U ⊂ Spec R, define a ring R̃(U) to be the inverse limit ring limUf R[ 1f ],
where the inverse limit is taken over the basic open sets Uf contained in U , and the maps in the inverse
limit system are the maps you described in a.2 Show that R̃ is a sheaf on the topological space Spec R.

c). Show that the pair (Spec R, R̃) is a locally ringed space (which means that it is a ringed space whose
stalk at each point is a local ring). This is called an affine scheme. By definition, a scheme is a locally
ringed space which has an open cover by affine schemes.

d). Let R be the coordinate ring of an affine variety V . Compare Spec R and V as topological spaces,
and as ringed spaces. Describe the stalks of R̃ at closed points, and at non-closed points. What about
the stalk at the zero ideal?

e). Draw pictures of the following schemes (assume k is algebraically closed): Spec Q, Spec R, Spec Z,
Spec k[x], Spec k × k, Spec k[x]/x2, Spec k[x, y], Spec k[x, y]/x2, Spec Z[x], Spec R where R is a DVR.

4. a). Describe explicitly the scheme Spec R[x]. For example, there are two different kinds of closed
points: explain.

b).The group G of two elements acts on C[x] by conjugation. Explain why this induces a map of the
topological space Spec C[x], and describe the orbits. Show that inclusion of rings R[x] ⊂ C[x] induces
the quotient map Spec C[x]→ C[x]/G ∼= Spec R[x].

5. Let L be a line in P2. For each open affine set U of P2, define OX on L by OX(U∩L) := OP2/(IL(U))2.
Prove that this uniquely determines a sheaf of rings OX on L. Compute the sections of this sheaf over
the standard affine charts of L. Explain how the ringed space (L,OX) can be interpreted as the closed
points of a certain non-affine scheme, the double line in P2.

6. Scheme theoretic intersection. Let V and W be two closed sub varieties of An. Their scheme
theoretic intersection is the subscheme of An defined by the ideal I(V ) + I(W ) (by definition, this is
the scheme Spec k[x1, . . . , xn]/(I(V ) + I(W ))).

a). Describe the scheme theoretic intersection of V(y−x2) with an arbitrary line. Which lines are special
and why?

b). Show that V and W are disjoint if and only if their scheme theoretic intersection is the empty scheme
(meaning Spec of the zero ring).

c). Prove that the closed points of the scheme theoretic intersection of V and W form the closed set
W ∩ V of An.

7. Let π : Ã2 −→ A2 be the blowup of the affine plane at the origin, and let E denote the exceptional
divisor.

a). Let L be any line through the origin in A2. Compute the pullback divisor π∗(L). In particular, what
is the coefficient of E in π∗(L)?

b). Let C = V(fd + fd+1 + . . . + fn) be an irreducible curve through the origin in the affine plane,
where fi is a homogeneous polynomial of degree i in x and y with lowest term fd not zero. Describe
the pullback divisor π∗(C)–which by definition is div (π∗(f)), were f is the defining equation of C. In
particular, what is the coefficient of E in π∗(C) in terms of the multiplicity of C at the origin in the
sense of Problem set 9?

c). Describe the pullback (as a divisor) of any irreducible curve not passing through the origin. In
particular, what is the coefficient of E in π∗(C)?

2Hint: if basic affine sets Ug cover some affine Spec S, then show the g’s generate the unit ideal and mimic a similar
proof we did in class for regular functions on an affine variety.
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