
Math 631: Problem Set 12

Due Wednesday December 11, 2013

1. Prove that the Picard group of Pn × Pm is isomorphic to Z × Z by using a “bi-degree” mapping from
Div Pn × Pm, analogously to our proof that Pic (Pn) ∼= Z. [Don’t forget that codimension one irreducible
sub varieties are given by one bihomogeneous polynomial.]

2. Let ΩP2 be the sheaf of regular differential forms on P2.

1. Compute the values of this sheaf, and of its exterior powers, on a standard affine chart.

2. Does ΩP2 have any global sections?

3. Choose a rational canonical form η ∈ k(ωP2) and compute its associated divisor.

4. What is the canonical class KP2 of P2?

5. Find a formula for the dimension of the space of H0(P2,OP2(nK)) of global regular 2-forms for all
integers n.

3. The genus of a smooth projective variety X is, by definition, the dimension of the Rieman-Roch space
H0(X,OX(KX)). Compute the genus of Pn × Pm.

4. Genus of Plane Curves.

a) Compute the genus of a smooth irreducible curve X in P2 of degree d, as a function of d.

b). What can you say about the canonical map of X (the one given by the complete linear system |KX |)?

5. Non-Cartier divisors on singular varieties. Let Z be the subvariety V(x, y) of the quadric three-
fold X = V(xw − yz) in affine four space.

1. Show that Z defines a prime divisor of X.

2. Show that Z is locally principal on the open subvariety X −{(0, 0, 0, 0)}, giving an explicit represen-
tative as a Cartier divisor.

3. Show that Z is not locally principal at the origin. (Hint: use the grading.)

4. Show that X is normal by using the following theorem: Any complete intersection whose singular
locus has codimension at least two is normal. (You do not have to prove this fact).

5. Recall that if a variety is factorial, meaning that every local ring is a UFD, then all divisors are
Cartier. Show that X is not factorial by finding a specific local ring and a specific failure of the
unique factorization property.
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6. Ample and Very Ample divisors. A divisor D is very ample if the map to projective space given
by its complete linear system |D| is an embedding in projective space. The divisor D is ample if nD is very
ample for some positive n. Describe the ample and very ample divisors on Pn and on Pn × Pm.

7. Dual Line Bundles. Let π : L→ X be an line bundle on normal algebraic variety.

1. Show that its sheaf of sections L is a locally free OX -module of rank one.

2. Suppose that s : X → L is a global (regular) section, and let D be its zero-set (as a divisor). Prove
that L ∼= OX(D) as sheaves of OX -modules. [Hint: Since D is effective, note that 1 ∈ OX(D)(X).]

3. Prove that two different sections of π produce equivalent divisors.

4. Define the dual of the line bundle π : L → X to be the line bundle whose transition functions
sij ∈ O∗

X(Ui ∩ Uj) are given by the reciprocals of the sij . Explain why the fibers of the dual bundle
are the duals of the fibers of π.

5. Find the space of global sections of the dual of the tautological line bundle (Problem set 11) on Pn.
Compute the associated divisor (class). This is called the hyperplane bundle: why?

8. Ramification and Differentials. Let X be the surface in complex three space A3 defined by an
irreducible polynomial zn − f(x, y). Assume that X is smooth. Consider the projection π : X −→ A2

sending (x, y, z) 7→ (x, y).

1. Compute the degree of π and the branch locus of π. (The branch locus is the subset of A2 where there
fail to be exactly degree π distinct pre-images under π). Prove that the branch locus is a smooth
irreducible curve in A2.)

2. By definition, the ramification locus is the pre image of the branch locus—that is, it is the set of
points in X where sheets “come together”. Give defining equations for the ramification locus in X.

3. Show that dxdy generates ωA2 at every point. Explicitly compute its pullback to π∗(dxdy) to X at
every point, and show that this generates ωX at p ∈ X if and only if p is not in the ramification
locus.

4. Remembering that there is a natural map π∗ : ωA2(U)→ ωX(π−1(U)) for all open U ⊂ A2 given by
pulling back differential forms, describe the ramification locus of π in terms of differential forms.

5. What can go wrong in characteristic p with pulling back differential forms? For example, what
happens here if the field has characteristic p = n?
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