
Math 631: Problem Set 3

Due Friday September 27, 2013

1. Homogeneous ideals. Recall that an ideal in a polynomial ring k[X0, . . . , Xn] is said to be
homogeneous if it can be generated by homogeneous elements. Assume that k is infinite.

a). Consider the action of the multiplicative group k∗ = k \ {0} on k[X0, . . . , Xn] by k-algebra au-
tomorphisms, where λ ∈ k∗ acts on each xi by multiplication. Show that an ideal I is homogeneous
if and only if I is fixed (set-wise) by this action.

b). Prove that I is homogeneous if and only if, for all f ∈ I, each homogeneous component of
f is in I. (For example, the homogenous components of the polynomial xy + z2 − πz17 are the
homogeneous polynomials xy + z2 and −πz17.)

c). Let I and J be homogeneous ideals of k[X0, . . . , Xn]. Show that I + J , IJ , I ∩ J , and
√
I are

all homogeneous.

2. Projective algebraic sets. a). Show that Pn has the structure of a topological space whose
closed sets are the projective algebraic subsets of Pn. This is called the Zariski topology on Pn.

b). Show that the Zariski topology on Pn can be interpreted as the quotient topology on the
(Zariski) topological space kn+1 \ {0} modulo the action of k∗ on kn+1 (minus the origin) by scalar
multiplication.

c). Show that the Zariski topology on Pn induces (via the subspace topology) the Zariski topology
in each of the standard charts Ui, under the usual identification of Ui with kn.

d). State (be careful!) a projective version of Hilbert’s Nullenstellensatz and show how it follows
from the affine version.

3. Prove that a locally closed set in Pn is irreducible if and only if it can be written as the
intersection of an open set in Pn with an irreducible projective variety in Pn. Is a locally closed set
in Pn irreducible if and only if its intersection with each standard chart Ui irreducible? [Actually,
this has nothing to do with algebraic geometry: a locally closed set in any topological space is
irreducible if and only if it can be written as the intersection of an open set with an irreducible
closed set.]

4. Fix an irreducible (affine) algebraic set V over k = k̄.

a). Show that every non-empty open subset of V is dense in V .

b). For any non-empty open set U of V , prove that OV (U) and OV (V ) have the same fraction
field. Thus the fraction field of OV (U) is independent of the choice of U .

c). Let U be a dense open set of V . Consider the set S(U) of equivalence classes of pairs (U, f)
where U is a dense open set in U and f : U → k is a regular function, and two pairs (U, f) and
(U ′, g) are equivalent if and only if f and g restrict to the same function on U ∩U ′. Find a natural
field structure on the set S(U). This is called the field of rational functions on U . Now find a
natural field map k(V )→ S(U), and prove that it is an isomorphism (of field extensions of k).
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d). Let V now be any quasi-projective variety (i.e., irreducible locally closed set of projective
space). Define the rational function field k(V ) to be the function field of any non-empty affine
chart V ∩ Ui. Explain why this is well-defined. [This is true also for abstract varieties: think it
through why!]

5. Prove that the set Pn
R has the structure of a smooth manifold by glueing together n+ 1 copies

of Rn along some open subset given by smooth mappings (you may assume the calculus fact that
rational functions, when defined, are smooth).

6. a). Prove that a line L and a hyperplane H in Pn always intersect in exactly one point (unless
the line lies in the hyperplane). Viewing the line in an affine chart kn (the ”finite part” U0)
as parametrized by b + mt where b,m ∈ kn and t is a parameter, explicitly find homogeneous
coordinates for the point of L at infinity.

b). Given a d plane and an e-plane in Pn, find a sufficient condition on (d, e, n) so that these linear
spaces always intersect. If this condition is satisfied, and the two planes are “sufficiently generic,”
what do you expect for the intersection. Why?1

7. Projection from a linear space. Let Λ and L be two disjoint linear subvarieties in P(V ),
and assume that dim Λ + dimL = dimP(V )− 1.

a). For any point x ∈ P(V ) − Λ, show that there is a unique linear space in P(V ) of dimension
dim Λ + 1 containing both Λ and x. Show that this linear space intersects L in precisely one point,
call it πΛ,L(x).

b). Express πΛ,L explicitly in coordinates2 and prove that it is regular on Pn − Λ.

c). Show that πΛ,L is the composition of a sequence of projections from points.

d). Let X ⊂ P(V ) be any quasiprojective variety disjoint from Λ. Show that (up to projective
equivalence), the image of X under πΛ,L does not depend on the choice of L. That is, show there
is a linear change of coordinate in V which fixes Λ and takes πΛ,L(X) isomorphically to πΛ,L′(X).
For this reason, we usually just say πΛ,L is the projection from Λ, and write πΛ.

e). Now fix L and consider the different projections πΛ,L as Λ varies. Does the image πΛ,L(X)
depend on the choice of Λ? Prove or give a counterexample.

8. The local ring at a point. Let V be an irreducible (quasi-projective) variety over k = k. Fix
a point x ∈ V , and consider the subset Ox,V of k(V ) consisting of those rational functions on V
regular at x.

a). Prove that Ox,V is a local ring with unique maximal ideal consisting of regular functions which
vanish at x.

b). Suppose the rational function φ is regular at x, so that φ ∈ Ox,V . Prove that the value of φ at
x is equal to the residue class of φ modulo mx.

c) Read the definition of stalk of a sheaf on page 61 of Hartshorne. Show that Ox,V is the stalk of
OV at the point x ∈ V .

1We will make ideas like this more precise soon: “sufficiently generic” means that the objects we are looking at
are parametrized by some variety, and that there is a dense open set of objects which are ”sufficiently generic”. For
example, for d ≤ n, a sufficiently generic d × n matrix has rank d. The set of matrices which are not sufficiently
generic with respect to this statement are parametrized by the Zariski closed subset of kd×n defined by the vanishing
of the d× d minors.

2Please choose coordinates wisely!
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