
Math 631: Problem Set 4

Due Friday October 4 , 2013

1. Another look at the function field of a quasi-projective variety. Let W be a quasi-projective
variety. Write W = W ∩ U where W is the closure of W in Pn and U is open in Pn. Recall that the
function field of W , denoted k(W ), can be defined as the fraction field of k[W ∩Ui] for any affine chart of
Pn which intersects W . Show that k(W ) is also naturally isomorphic to the field consisting of fractions
F/G (with the usual equivalence relation for fractions) where F,G are homogeneous of the same degree
in k[X0, . . . , Xn]/I(W ), and G 6= 0.

2. Morphisms of quasi-projective varieties. Let X ⊂ Pn be a quasiprojective variety, and let
φ : X → Pm be a well-defined map of sets. Prove that the following are equivalent:

a). For each x ∈ X, there is an open neighborhood U of x such φ(U) lies in some standard chart
km = Ui ⊂ Pm, and φ restricted to U is a regular map U → Ui.

b). For every x ∈ X, if φ(x) lies in the affine chart Ui and t1, . . . , tm denote the coordinate functionals
on Ui, then each tj ◦ φ is regular in some neighborhood of x.

c). If we represent φ : X → Pm in the form x 7→ [φ0(x) : φ1(x) : . . . : φm(x)], then the ratios φi/φj are
regular functions on φ−1(Uj) for each j = 0, 1, . . .m.

d). For each point x in X, there is a neighborhood of x where φ agrees with (the restriction of) a
polynomial mapping Pn 99K Pm given by m + 1 homogeneous polynomials of the same degree in n + 1
variables, [x0 : . . . : xn] 7→ [F0(x) : . . . : Fm(x)].

3. Projective Equivalence. Two projective varieties X and Y in Pn are projectively equivalent if there
is a linear change of coordinates on Pn that restricts to an isomorphism X → Y .

a). Prove that any two non-singular quadrics in Pn are projectively equivalent (assuming k = k and the
char k 6= 2). (Non-singular here means that the corresponding quadratic form on kn+1 is non-singular,
ie, if the matrix of the associated bi-linear form is invertible.)

b). Give an example of two subvarieties of P2 that are isomorphic but not projectively equivalent.

4. Examples of non-affine varieties.

a) Show that OP1(P1) = k, and use this to prove that P1 is not affine.1

b). Show that the quasi-projective variety A2 − {(0, 0)} is not affine.

5. Intersection of curve and a line. Prove that an irreducible hypersurface (or curve) in P2 of degree
d intersects any line in P2 at most d times. How many times do you expect the curve to meet a “typical”
or “generic” line? What is the maximal number of “points at infinity” that can lie on an algebraic curve
of degree d in k2? Can you give an example in which this maximal number is achieved?

1The same argument shows Pn is not affine for n > 0. Ditto for An − {(0, . . . , 0)} with n > 2.
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6. The “twisted cubic” is, by definition, the image of the Veronese map ν3 of P1 into P3.

a). Describe ν in affine coordinates on some (well-chosen) affine patch, and describe the corresponding
map on coordinate rings.

b). Show that the twisted cubic (call it C) lies on the three “quadric surfaces,” Q0 = V(X0X2 − X2
1 ),

Q1 = V(X0X3 −X1X2), and Q2 = V(X1X3 −X2
2 ); and that C = Q0 ∩Q1 ∩Q2.

c). Show that any two of the quadrics Qi intersect in the union of C and a line.

d). Show that the twisted cubic is the intersection of two hypersurfaces in P3. Do the equations you
found generate the full radical ideal of homogenous polynomials vanishing on C?

7. Every projective variety is defined by Quadrics. Let X be a projective variety in Pn.

a). Show that X can be described as the common zero set of a collection of homogeneous polynomials
having all the same degree.

b). Show that X is isomorphic to a “linear section” of a Veronese n-fold. That is, there is some d such
that X is isomorphic to a variety of the form Vd∩L where L is a linear variety in PN and Vd is the image
of Pn under the Veronese map νd.

c). Show that X is isomorphic to an intersection of quadrics. (A quadric is a hypersurface in projective
space defined by a homogeneous polynomial of degree two.)

8. Compliments of Hypersurfaces are affine. A hypersurface in Pn is a Zariski closed set defined
by a single (homogeneous, non-constant) polynomial. If H is a hypersurface in Pn, show that Pn −H
is affine, meaning isomorphic as to an irreducible affine algebraic set. (Hint: Do the case where H is
hyperplane first, and use the Veronese map to get the general case.)

9. Grassmannians. Fix a vector space V of finite dimension n, over an arbitrary ground field k. Let
Gd(V ) denote the set of all d-dimensional subspaces of V . Thus G1(V ) = P(V ).

a). Explain how the set of linear spaces in P(V ) of dimension d are the points in Gd+1(V ).

b). Fix a basis for V , thereby identifying V with kn. Use this to represent any d-dimensional subspace
W by a d× n matrix of scalars, of full rank d.

c). Prove that two rank d matrices A1 and A2 of size d×n represent the same subspace W if and only if
there exists an element g ∈ GLd(k) such that A1 = gA2. Conclude that the set Gd(V ) can be identified
(as a set) with the the quotient of the set of all full rank d× n matrices by the natural action of GLd on
the left.2

d). Show that Gd(V ) is covered by
(
n
d

)
sets UI , each identified with affine space Ad(n−d) in a natural way.

In the case d = 1, your cover should specialize to the standard affine cover of P(V ). [Hint: The index I
here parametrizes subsets of cardinality d from the set {1, 2, . . . , n}, or choices of d distinct columns of a
d× n matrix.]

e). Let U1 and U2 be two of the sets identified in (d), and let Vi be the subset of Ad(n−d) corresponding
to U1 ∩ U2 under the identifications φi : Ui → Ad(n−d). Prove that Vi is open in Ad(n−d), and explicitly
describe the chart change map φ2 ◦ φ−1

1 : V1 → V2.

f). Explain how Gd(V ) is an abstract variety3 over any field k, a smooth manifold over R, and a complex
manifold over C. What is its dimension?

2If the ground field is, say R, this endows Gd(V ) with a natural structure as a topological space, which agrees with the
Hausdorff topology on P(V ) in the case d = 1.

3Even better, on the next problem set, we will see that Gd(V ) has an embedding into projective space which gives it the
structure of a projective variety.
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