
Math 631: Problem Set 8

Due Monday November 4, 2013

1. A family of elliptic curves. For λ ∈ k, let Cλ denote the plane projective cubic curve defined by
x3 + y3 + z3 + λ(x+ y + z)3. Construct a family1 of varieties parametrized by the affine line whose members
are exactly the Cλ. Explicitly describe the locus of points in your parameter space A1 parametrizing those Cλ
that are smooth.

2. Singular set of Projective Varieties. Let V ⊂ Pn be a projective variety and let Ṽ ⊂ kn+1 be the
affine cone over it.

a). Prove that V is smooth if and only if Ṽ has (at worst) an isolated singular point at the origin.

b). Prove that Ṽ is always singular at the origin unless V is a linear variety in Pn.

c). If the homogeneous ideal of V is generated by homogeneous polynomials F1, F2, . . . , Fm and V has codi-
mension c, show that Sing V = V ∩ V(c× c minors ∂Fi

∂xj
).

3. Universal Hypersurface. Consider the variety X defined by the bihomogeneous polynomial
∑
aIx

I in
P(Symd(V ∗))×P(V ), where xI denotes xi10 . . . x

in
n for x0, . . . , xn coordinates for P(V ) and aI the corresponding

coordinates on P(Symd(V ∗)).

a). Explain how this allows us to think of the set of hypersurfaces in P(V ) as a family in the technical sense
of the word, parametrized by P(Symd(V ∗)).

b). Prove that X is an irreducible projective variety by considering one of the two obvious projections.

c). Consider the subset Σ ⊂ X consisting of pairs (H, p) ∈ P(Symd(V ∗))×P(V ) where p is a singular point
on the hypersurface in P(V ) corresponding to H. Prove that Σ is a proper closed subset of X by giving some
explicit defining equations.

d). What is the geometric significance of the image of Σ under the projection to P(Symd(V ∗))? Can the
image of Σ be all of P(Symd(V ∗))?

4. Bertini’s Theorem. a). Let V = V(F ) be a smooth irreducible hypersurface in Pn, not contained in any
hyperplane Pn−1. Prove that a hyperplane section V ∩H is smooth at p if and only if the hyperplane H is
not tangent to V at p.

b). Prove that the set of smooth hyperplane sections of V is parametrized by a non-empty Zariski open
subset of the variety of hyperplanes in Pn. (This is called Bertini’s theorem, and is true even if V is not a
hypersurface.)

5. Separating Points and Tangent Vectors. A morphism φ of varieties separates points if it is one-to-one;
It separates tangent vectors at p if the induced map dpφ of tangent spaces is injective.

a). Which of the following morphisms separates points? Where does each separate tangent vectors? (Assuming
the characteristic is not 2 or 3).

φ : A1 → A2 sending t 7→ (t, t2).

1in the technical sense of a surjective morphism of varieties

1



φ : A1 → A2, sending t 7→ (t2, t3).

φ : A1 → A2, sending t 7→ (t2 − 1, t(t2 − 1)). (Hint: p 4 of Shaf).

b). For all three examples above, draw pictures of the image curves and discuss the geometric intuition of
separating points and tangent vectors. Note from this exercise that a bijective regular map need not be
an isomorphism! 2

6. Multiple Points. Let X be an irreducible hypersurface. The multiplicity of a point P on X is the unique
integer r such that a local defining equation for X at P is in mr

P \m
r+1
P , where mP ⊂ OPn,P is the maximal

ideal of germs of regular functions on Pn vanishing at P .

a). Prove that P is a smooth point of X if and only if it is a point of multiplicity 1.

b). Show that a line through a multiplicity r point P must intersect X at P with multiplicity ≥ r.

c). Now assume the hypersurface X has degree d. Show all points on X have multiplicity ≤ d.

d). Show that X has a multiplicity d point P if and only if X is a cone with vertex at P (meaning that every
line through P meets X only at P or lies on X).

e). Show that if X has a multiplicity d − 1 point and is not a cone with vertex at P , then X is birationally
equivalent to Pn−1.3

7. Gauss Map. Let X be a smooth irreducible projective variety of dimension d in P(V ) = Pn. Define a
map ρ : X → Gd+1(V ) sending the point p to the projective tangent space to X at p.

a). Explain why there is a natural identification of Gd+1(V ) with Gn−d(V
∗).

b). Prove that ρ is a morphism of varieties. What is going on when two points have the same image under ρ?

c). Let X = V(xd + yd + zd) in P2. Compute ρ explicitly. What is the dimension of the image4? Compute
the image explicitly in the cases where d = 1, 2, and 3.

8. The Tangent Cone. a). Read page 95 of Shafarevich (section II 1.5). Accept the fact5 that the tangent
cone of any variety at p has the same dimension as V at p. Show that if p is a smooth point of V, then the
tangent cone to V at p agrees with the tangent space to V at p.

b). Prove that if V is a plane curve, then the tangent cone to V is a union of lines, and find the tangent cones
at the origin for each of the plane curves below. Sketch each curve and its tangent cone.

y2 − x2 − x3 = 0, xy − y4 = 0.

c). How do you expect the (complex points of the) curve defined by the equation x3y − y3x− xy17 + πy203 to
look in a tiny ε-neighborhood of the origin (using the Eucliean topology)? What about x2y+xy2−x4−y4 = 0?

d). Fix a finite set of scalars {m1, . . . ,mk}. Show that there exists an irreducible plane curve C passing through
a point p which has k branches passing through p with slopes m1, . . . ,mk, respectively.

e). Find the tangent cone to the curve V(x3 − y2) at the origin. Why would it be better to think of this as a
“scheme”? What scheme should it be?

2Under some fairly weak assumptions, bijective regular morphisms are isomorphisms. “Zariski’s Main theorem” says that if
φ : V → W is a bijective regular map of affine irreducible varieties over an algebraically closed field of characteristic zero, and W
is normal (meaning its coordinate ring is integrally closed in its fraction field), then φ is an isomorphism. See Hartshorne, page
280.

3This shows that there are hypersurfaces of arbitrarily large degree that are birationally equivalent to projective space (that is,
they are rational). However, a smooth hypersurface of degree d > n in Pn is never rational. Whether or not a smooth hypersurface
of degree 3 ≤ d ≤ n can be rational is mostly an open question.

4The image is called the dual curve.
5Prove it for extra credit.
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