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Monday December 10. We discussed rational differential forms, included p-forms. We
proved that the space of rational differential forms on any variety X is of dimension N (=
the dimension of X) over k(X). Indeed, a basis is du1, . . . , duN where the u1, . . . , uN are a
separating transcendence basis for k(X) over k. In particular, the p-forms form a vector space
of dimension

(
N
p

)
over k(X). The canonical rational forms are the N -forms. They form a

one-dimensional k(X)-space. For example, on P2, the form d(x/z) ∧ d(y/z) is a rational
canonical form. It is also represented by −1/t3ds ∧ dt where s = x/y and t = z/y. So we
see that it has a pole of order 3 along the line L = V(z) in P2 and no other zeros or poles.
Its divisor is thus −3L. We formally defined the divisor of a rational canonical form and
showed that they form a class (the point is that div (f ω)= div f+ div (ω) for all f ∈ k(X)
and all rational canonical forms ω.). The usefulness is of this idea is now that we have a
canonical, god given divisor class to associate to any X , so we have a god-given (canonical)
map to projective space. Any two isomorphic varieties will have the same canonical map to
projective space, differing by just a projective change of coordinates on the target space. So,
we can compare varieties better. This is used in the classification of varieties. We will say
more about this in 632; Shararevich does a lot of it, which you should be able to understand
by now. Read: Shafarevich III §6. Thanks for a great class!

Friday December 7. We discussed what is a section of a vector bundle, a notion that makes
sense in any “geometric” category including algebraic varieties. You should review this Math
591 material if you don’t know it. We then started talking about differential forms (ditto).
A differential form on a variety is an assignment, to each x ∈ X , of some covector at x,
that is, a linear functional on the tangent space to X at x. We have already encountered the
example of df , where f is a regular function on X , which is an example of a regular differ-
ential form, assigning to x the linear functional dxf . Note that since covectors can be added
and multiplied by scalars, differential forms can be added together, as well as multiplied by
functions on X , since a differential form is a covector at each point and a function is a scalar
at each point. That is, the differential forms on X are a module over the ring of functions (to
k) on X . We say that a differential form φ is regular if for every x ∈ X , there is an open
neighborhood U where the form agrees with one of the form f1dg1 + f2dg2 + · · · + ftdgt,
for some fi and gi regular functions on U . Note that the regular differential forms on U form
a OX(U)-module, denoted ΩX(U). That is, ΩX is a sheaf of OX-modules. We checked that
if X = An, then ΩX is the free OX-module generated by dx1, . . . , dxn. More generally, if
V is a closed set of An with defining ideal generated by g1, . . . , gt, then the (restrictions of)
the forms dx1, . . . , dxn still generate but we have relations generated by dg1, . . . , dgt. For
example, the variety V = V(y− x2) is generated by dx and dy modulo dy− 2xdx. Since dy
can be expressed in terms of dx, then, ΩV can be generated by dx as a k[V ]-module. Indeed,



it is free of rank one. In general, if X is smooth, the sheaf ΩX is locally free of rank equal
to the dimension of X . We then checked that there are no non-zero regular differential
forms on P1. For example, if φ were a regular differential form on P1, then it would agree
with some g(t)dt on U0 and with some f(s)ds on U1, where s = 1/t. So, on the intersec-
tion, g(t)dt = f(1/t)d(1/t) = −f(1/t)/t2dt. But this means t2g(t) = −f(1/t), impossible
unless f = g = 0, since both f and g are polynomials. We then began talking about ratio-
nal differential forms, which are equivalence classes of regular differential forms on open
sets (equivalence being of course that they agree on the intersection). For example dt is a
rational differential form on P1, which could also be represented by −1

s2
ds. The divisor of a

rational differential form on a smooth curve makes sense, and is called a canonical divisor.
The canonical divisors form a linear equivalence class called the canonical class and denoted
KX . For example on P1, the divisor of dt is−2p∞ since dt = −1

s2
ds has no zero and a pole of

order 2 at p∞ = [1 : 0]. As an exercise, compute the divisor associated to the rational differ-
ential form (s2− t2)d(s2) and check that it also has degree −2 (hence is linearly equivalent).
Note that if X is normal of dimension n, then we instead look at the n-forms. More on that
monday. Read Shafarevich, section §5 of III.

Wednesday December 5. We discussed the following theorem: Let X be a normal variety.
There is a one-one correspondence between the set of rational maps from X to PN (up to
choice of coordinates on PN ) and the set of Fixed-component-free linear systems on X of
dimension N . The correspondence takes a rational map φ to the pull-back of the hyperplane
linear system of Pn, and conversely, takes a linear system to the map given by a basis for the
corresponding Riemann-Roch space. The locus of indeterminacy of φ is the base locus of the
corresponding linear system.

For example, the complete linear system of degree d hypersurfaces on PN corresponds to
the dth Veronese map. The linear system of lines through a point p in P2 corresponds to the
projection from p-map. The blowing-up of a point p in P2 is a map π whose corresponding
linear system is the collection of divisors which are birational transforms of lines on P2 which
miss p and divisors which are birational transforms of lines through p PLUS E, the excep-
tional divisor. We saw that even if a linear system has fixed component, it still gives a rational
map, but that the rational map we get is the same as the rational map of the corresponding
“lowest terms” divisor. For example, on P2, the linear system of “cubics containing a fixed
line L” gives the same rational map as the linear system of all conics. Indeed, any such cubic
C3 is of the form C2 +L for some unique conic C2, so the linear systems are “the same up to
adding L.” For homework: Prove this theorem. ALSO READ Shafarevich Chapter III, §5
on differentials.

Monday December 3. We studied many examples of complete linear systems |D| and the
(non-uniquely determined, but unique up to natural vector-space isomorphism) correspond-
ing Riemann-Roch spaces L(D). We looked explicitly at the map P(L(D)) → |D| sending
f 7→ D+ div f . We also defined a linear system as a subset of divisors of some complete
linear system |D| corresponding to some subvector space of L(D). For example, the set of



all lines in P2 passing through a point is an (incomplete) linear system. We defined the Base
Locus of a linear system V to be the set of points in the supports of all divisors D ∈ V . For
example, the base locus of the linear system of lines through p is exactly p, whereas the linear
system of conics in P2 is base-point-free. The fixed-components of a linear system are the
prime divisors in the base locus. An example of a linear system with fixed components is
the linear system of conics which contain a fixed line L. This a (projective) two-dimensional
linear system which is bijective with the base-point-free linear system of all lines in P2 (the
bijection takes a line ` to the conic ` + L.). We looked at several examples of maps from X
to projective space: the pull-back of the hyperplane linear system then gives a linear system
on X . Next time we will state and prove a fundamental theorem saying that a map to rational
map projective space is essentially the same as a linear system (without fixed components),
and that the map is regular if and only if the linear system is base-point-free. Keep reading.
Expect a quiz soon.

Friday November 30. Let X be a normal variety. We proved that if D and D′ are linearly
equivalent, then their Riemann-Roch spaces are naturally isomorphic (not EQUAL!). The
proof is easy: if D′ = D+ div f , then “multiplication by f” sends each g ∈ L(D) to
fg ∈ L(D′) [Check this is an isomorphism!]. We saw also that we can think of the Riemann-
Roch space as a sheaf on X: for each open set U of X , the divisor “D∩U” is a divisor on U ,
so we can assign to U the Riemann-Roch space of the pair (U,D ∩ U ). We denote this sheaf
OX(D). It is a sheaf of OX-modules. You will prove on the homework that if D is Cartier,
then OX(D) is a locally free OX-module of rank 1. [Hint: if D is div φi on Ui, then show
that OX(D)(Ui) is the OX(Ui)-submodule of k(X) generated by φ−1i .]

Now, for any divisor D, the complete linear system of D is the set of effective divisors
linearly equivalent to D. We denote this set |D|. For example, on P2 if C is a conic and L is
a line, then the complete linear system |C − L| is the set of all lines in P2. We saw that there
is a natural map

L(D) \ {0} → |D|
sending f 7→ div f + D. This map induces a surjective map P(L(D)) → |D| which is
bijective if X is projective. To see that last statement: Suppose that f and g map to the same
effective divisor div f + D = div g + D. Then div (f/g) = 0, so f/g is regular (and non-
vanishing) onX . So ifX is projective, f/g is a scalar, so f and g determine the same element
of P(L(D)). Keep reading and computing examples. We will have quiz soon, maybe monday
maybe wednesday, on simple computations and definitions related to Cartier divisors, Picard
group, class group, Riemann-Roch spaces, complete linear systems, pull-back etc.]

Wednesday November 28. We proved the following Theorem: A regular map φ : X → Y
of varieties induces a functorial “pullback” homomorphism φ∗ : Pic(Y ) → Pic(X) of
Picard groups. The point was the following Moving Lemma: if X is any variety, x is a
point on X and D is any Cartier divisor, then there exists a linearly equivalent Cartier divisor
D′ such that x /∈ Supp D′. To prove the theorem, now, we define the pullback of the class
of D on Y to be φ∗D′ where D′ is any divisor linearly equivalent to D whose support does



not contain the image of φ. (The moving lemma ensures D′ exists). It is then a simple matter
to check that the class of φ∗D′ depends only on the class of D′, and that the group operation
is preserved. (Do it!). We then started talking about the so-called Riemann-Roch space of a
divisor D on a normal variety X . This is the k-vector subspace L(D) of k(X) consisting of
(0 and) the set of all non-zero rational functions f satisfying div f + D is effective. Indeed,
this set is a module over the ring OX(X) of all regular functions on X . To check this, we
used the fact that the “order of vanishing” νDi

along any prime divisor is a valuation. (Check
it now yourself!). We computed a few examples: the divisor 2p where p is the origin in A1

has Riemann-Roch space 1
t2
k[t] (hence is infinite dimensional). The Riemann-Roch space

p + q where p = [0 : 1] and q = [1 : 0] on P1 is the three-dimensional space over k spanned
by x

y
, y
x
, and 1. Try a few yourself! Read: Shafarevich: III, §1.

Monday November 26. We carefully discussed pulling back a Cartier D under any mor-
phism whose image is not contained in the support of D. We saw some examples. For exam-
ple, we pulled the hyperplane H = V(X0) in P3 back under the Veronese map ν : P1 → P3

sending [s : t] 7→ [s3 : s2t : st2 : t3]. We saw that ν∗H = 3p where p = [0 : 1] in P1.
Please read these sections carefully in Shafarevich! Please get your proposed paper topic and
references to me by midnight tonight. Papers are due December 21. The last homework set
is due the last day of class.

Wednesday November 21. We introduced the idea of a locally principal divisor. First, note
that if U is an open set of a normal variety X and φ is any non-zero rational function on X
(hence on U ), we can compute the “divisor of zeros and poles on U”, divUφ. Essentially, this
is divXφ ∩ U , which looks like divXφ with the divisors which do not meet U thrown out.
The theorem we discussed last time guarantees that φ is regular on U if and only if divUφ is
effective.

Let X be a smooth variety, and D =
∑
kiDi a divisor on X . At each x ∈ X , we can

find a neighborhood Ux and regular functions πi on Ux such that Di is the zero set of the
regular function πi on Ux. This means that D ∩ Ux = divUxπ

k1
1 π

k2
2 . . . πktt . In other words, D

is locally a principal divisor. Note that X is covered by open sets Ux on which D is locally
principal. This is precisely what we mean by a locally principal or Cartier divisor. On
an arbitrary X there may be divisors which are not locally principal—that is, Weil divisors
which are not Cartier. A locally principal divisor D is one for which there exists a cover of
X be open sets on which D is principal. Often, the definition is given in terms of just these
open sets and rational functions which give local defining equations. There is a very good
explanation in Shafarevich, so I won’t repeat it here. Read: Shaf III §1.1, 1.2, 1.3, 1.4. Be
sure to have your paper topic and references ready for Monday, or be committed to an oral
exam.

Monday November 19. Let X be a variety non-singular in codimension one. Each non-
zero rational function φ ∈ k(X) determines a divisor div φ, its “divisor of zeroes and poles”∑

D νD(φ)D. The map k(X)∗ → Div X sending φ to div φ is a group homomorphism.



The image is called the group of principal divisors, and the cokernel is the Divisor Class
Group Cl(X). We proved that Cl(Pn) is isomorphic to Z, and generated by the class of
a hyperplane. Indeed, we defined surjective group homomorphism called the “degree map”
from Div (Pn) to Z whose kernel is exactly the subgroup of principal divisors. Indeed, for
an irreducible divisor D on Pn, the degree map sends D to the degree of the (unique up to
scalar multiple) homogeneous polynomial defining D, and the degree of a general divisor
is then defined in the obvious way to make this a group map. The Class group of An is
zero, since every divisor is principal. We then stated and proved an Important Theorem:
If X is a normal variety and φ is a non-zero rational function on X , then φ is regular
if and only if div φ is effective. It is obvious that a regular function has no poles, but it
is perhaps not so obvious that having no poles implies the function is regular–indeed, this
requires the extra assumption of normality. Be sure to internalize this important theorem,
even if you don’t understand the proof. Shararevich gives a proof valid only for smooth X
(Please read it!). We gave a proof for any normalX , by basically just reducing it to a standard
exercise in a commutative algebra. Recall that a domain is normal if it is integrally closed
in its fraction field. By definition, a variety X is a normal if all its local rings (at points, or
equivalently, at all subvarieties) are normal domains; equivalently, X is normal if it admits
some (equivalently, if every) affine open cover whose coordinate rings are normal domains.
Now, an important theorem is that a domainR is normal if and only if it is the intersection (in
its fraction field) of all its localizations at height one primes. Now if φ is a rational function
on X such that div(φ) is effective, then in particular, νD(φ) ≥ 0, so φ is in OD,X for every
prime divisor D on X . In particular, intersection all suchOD,X for D intersecting some fixed
open affine U of X , we see that φ is in the localization of OX(U) at any height one prime.
Since U is normal, this means φ ∈ OX(U) by the just-stated commutative algebra theorem.
Read: Shafarevich on Normalization II, §5.1, 5.2, 5.3, and the section on divisors III §1.1
and locally principal divisors III §1.2

Friday November 16. We discussed how to rigorously define the “order of vanishing of
a non-zero rational function φ ∈ k(X) along a prime divisor D.” This will be an integer
denoted νD(φ). For this, we must assume that X is non-singular in codimension one—
meaning that the singular set has codimension two or higher; the point of this assumption is
that every prime divisor meets the smooth locus of X . First we do the following special case:
assume X is affine, D is defined by the regular function π, and φ is regular. Now “φ vanishes
along D” if and only if φ ∈ (π). There is a unique k such that φ ∈ (πk) but not (πk+1).
This k is the order of vanishing of φ along D, denoted νD(φ). Note that νD(φ) is zero means
that φ doesn’t vanish along D—that is, that D is not in the zero set of φ (of course, φ might
vanish at some points of D, but not at all of them; for example, the function y − x on A2

has order of vanishing zero along the x-axis; we say “y− x does not vanish along the x-axis:
even though it happens to vanish at the one point (0, 0), it certainly doesn’t vanish at most
of the points on the x-axis). The function νD as we have defined it has following properties:
1.) νD(φψ) = νD(φ) + νD(ψ); 2) νD(φ + ψ) ≥ min{νD(φ), νD(ψ)}. We can now define
νD(φ/ψ) = νD(φ)− νD(ψ); the first of these properties guarantees that this does not depend



on the choice of representative for the rational function. Now, for the general case: given a
rational function φ on X , we choose any open affine U which is smooth, which intersects D,
and on which D is principal. This puts us in the case we’ve already treated, so we can define
νD(φ) as above, using U instead of X as our ambient variety. We checked that this does not
depend on the choice of U by showing that when U ′ ⊂ U , we have νUD(φ) = νU

′
D (φ). We

gave two alternative definitions of νD. The one which is not in Shafarevich is this. The ring
OD,X is a discrete valuation ring: indeed, since OD,X is the localization of OX(U) where U
is any affine neighborhood meeting D at the prime ideal corresponding to D, we can take U
sufficiently small so that the ideal of D is principal on U . In this case, the order of vanishing
νD is the usual valuation of the fraction field of the DVR OD,X . That is, for φ ∈ k(X) \ {0},
νD(φ) is the unique integer k such that φ = uπk, where u is a unit and π is a generator for
the maximal ideal of the DVR (also called a uniformizing parameter). READ: Shafarevich
III, §1.1. Also, the section on Normal varieties II §5. Also: figure the definition of νD and
divisor-related words for a quiz monday.

Wednesday November 14. We began talking about divisors. A prime divisor on a variety
X is a closed irreducible subvariety of codimension one on X . A divisor is a formal Z-linear
combination of prime divisors. The set of all divisors on X forms a free abelian group (infin-
itely generated) on the prime divisors, denoted Div X . An effective divisor is one in which
all coefficients are non-negative. The support of a divisor is the union of the codimension
one sub varieties appearing with non-zero coefficient. A typical source of divisors are the
divisors of zeros and poles of a rational function. For example, if φ ∈ k(A1) is a rational
function, then writing it as f/g where f and g are polynomials in one variable x factored into
linear factors, the divisor is the formal sum of the roots of f (with coefficient corresponding
to the multiplicity of that root) MINUS the roots of g (counted with their multiplicities). For
a different example, on A2, the rational function x2/y(x − y2)7 has corresponding divisor
2L1 − L2 − 7C where L1 is the y-axis, L2 is the x-axis, and C is the parabola V(x − y2).
Note that the “zeros” and ”poles” of a rational function, in this context, should be viewed as
prime divisors, not points! For example, the zeros of x2/y(x − y2)7 is the prime divisor L1

counted with multiplicity 2, and the poles are the line L1 and the parabola C (counted with
multiplicity 7). By contrast, the point (0, 0) is neither a zero nor a pole!!! A divisor which is
the divisor of zeros and poles for some rational function on a variety X is called a principal
divisor. All divisors on An are principal, but this is not true on an arbitrary X . We say that
a variety X is smooth is codimension one if the singular set of X has codimension two or
more; for example all smooth varieties are smooth in codimension one. If X is smooth in
codimension one, then for any non-zero φ ∈ (X), we can define an order of vanishing along
a prime divisor D, νD(φ) as follows: pick any open affine neighbor U which intersects D
non-trivially, which is smooth, and on which D is principal, say defined by the irreducible
regular function π. Then write φ = f/g where f, g ∈ OX(U) = k[U ]. Now, the order of
vanishing of f along D is the highest integer k such that f ∈ (πk), and likewise for g. The
order of vanishing for φ is then the difference of the order of vanishing for f and for g along
D. Note that this is non-negative if and only if φ is regular in a neighbor which intersects D.



This allows us to define a group homomorphism

k(X)∗ → Div X φ 7→
∑
D

νD(φ)D.

Here, k(X)∗ denotes the multiplicative group of non-zero rational functions. One needs to
check that this sum is finite (DO IT!) and preserves the group structure. The image of this
map is the subgroup of principal divisors. The quotient is called the divisor class group.
READ: Shafarevich, III, §1 on Divisors. Shafarevich is quite good on this topic!.

Monday November 12. The blowup of the origin in An can be interpreted as the graph of
the rational map An 99K Pn−1 sending (x1, . . . , xn) 7→ [x1 : · · · : xn] (meaning the closure
in An × Pn−1 of the graph of any representing regular map), together with the projection
to the source. Let V be an affine variety and f0, . . . , fr be non-zero regular functions on it.
We defined the blowup of V along the ideal (f0, . . . , fr) to be the graph Ṽ of the rational
map V 99K Pr sending x to [f0(x) : . . . , fr(x)], together with the projection π : Ṽ → V
onto the source V . Like the graph of any rational map, the projection to the source is an
isomorphism over the domain of definition (which in this case is a dense open set containing
V \ V(f0, . . . , fr). ) The blowup of V along I depends only on I and not on the partic-
ular choice of generators—if we graph the rational map corresponding to a different set of
generators, the two graphs will be isomorphic by an isomorphism which commutes with the
projections to the source V . We also call this “blowing up V along the subscheme defined by
the ideal” I . If I is radical, we call it “blowing up V along the subvariety defined by the ideal”
I . For example, if we blow up z-axis in in A3, we get a smooth three dimensional subvariety
of A3 × P1 such that the projection onto A3 is a birational regular map. This projection is an
isomorphism over the compliment of the z-axis in A3. Over each point in the z-axis is a copy
of P1, which we can think of as the collection of lines normal to the z-axis. Caution: Blow-
ing up can turn smooth varieties into singular ones! For example, the blowup of A2 along the
ideal (x2, y2) is the subvariety of A2 × P1 defined by x2v − y2u, which is easily checked to
be singular. Hironaka’s Famous Theorem on desingularization says that, given an affine
variety V over a field of characteristic zero, there exists an ideal such that the blow up Ṽ of
V along that ideal is smooth. Thus the projection π : Ṽ → V is a projective birational map
surjecting onto V such that Ṽ is smooth. Hironaka proved even more: we can do this so that
π is an isomorphism over smooth set of V , and the preimage of the singular set is the union
of a bunch of smooth codimension one subvarieties of Ṽ crossing transversely. BEWARE:
there are many desingularizations of a given variety (unless it has dimension one), so we can
only speak of “A desingularization” not “THE desingularization.” Be sure you understand
the main ideas of desingularization: read Shafarevich II, §4. We will likely have a quiz on
this reading and/or other things related to blowing up. Also start thinking about your final
paper. By the monday after thanksgiving, you should have decided either oral exam or the
topic of your final paper, with a list of sources.



Friday November 9. We talked about blowing up a point of An. Choosing coordinates
appropriately, we need only blow up the origin. Let B ⊂ An × Pn−1 be the set of pairs
(p, `) ∈ An × Pn−1 where p lies on `. Since the point (x1, . . . , xn) lies on the line [y1 : · · · :
yn] if and only if the vectors (x1, . . . , xn) and (y1, . . . , yn) span the same one dimensional
subspace, B is the closed set defined by the vanishing of the 2 × 2 minors of the matrix(
x1 . . . xn
y1 . . . yn

)
, where x1, . . . , xn are the coordinates on An and [y1 : · · · : yn] are the

homogeneous coordinates on Pn−1. The variety B, together with the projection π : B → An

onto the first factor is called the blow up of An at the origin. We saw that π is a birational
equivalence, which is an isomorphism over An \ {0}; however, the fiber over the origin is the
entire Pn−1 of directions through the origin in An. So blowing up is a birational equivalence.
Intuitively, blowing up An at the origin is “surgery” on it: we remove the origin and replace
it by all “directions at the origin,” leaving everything else untouched. We proved that B
is a smooth variety (obviously of dimension n). We did so be checking that in each chart
Ui = An × Ui ∼= An × An−1, the variety B ∩ Ui is isomorphic to An. [Check, for example:
the map An → B ∩ Un sending (t1, . . . , tn) 7→ ((t1tn, t2tn, . . . , tn−1tn, tn); [t1 : . . . tn−1 : 1])
is an isomorphism.] The reason blowing up is useful is it is used to prove the following
Field’s medal winning theorem of Hironaka on Resolution of Singularities: Fix a ground
field of characteristic zero and an affine variety V ⊂ An. Then there exists a smooth variety
Ṽ , which is closed in some An × PM (for some, possibly very large M ), such that projection
onto the first factor induces a birational equivalence π : Ṽ → V with V . That is, no matter
how singular V may be, we can always find a smooth variety projecting onto it! Even
better, we can do this so that π is an isomorphism over V \ SingV . So Ṽ looks just like V
except at the singular set of V . We studied a couple of examples where the blowup of the
origin was good enough to resolve singularities: namely the “nodal curve” V(y2 − x2 − x3)
and the cone V(x2 + y2 − z2). READ AND DISCUSS: Invitation Chapter 7. It is really
worth spending time to understand what blowing up means!

Wednesday November 7. We proved the theorem that a rational map from a smooth variety
to a projective one always has locus of indeterminacy of codimension 2 or more. We also
considered following example. Let X be a smooth quadric hypersurface in Pd+1. Then
projection from any point p on X is a rational map πp : X 99K Pd. In fact, we saw that it is a
birational equivalence so that any smooth quadric hypersurface of dimension d is birationally
equivalent to Pd. The theorem on locus of indeterminacy tells us that when d = 1, this is in
fact an isomorphism: the point p corresponds to the unique point at infinity on P1. However,
we saw that it never is an isomorphism for d > 1, because the point p corresponds, somehow,
to all the directions we can go to infinity in Pd—that is, the map is indeterminate at p. We
then defined the image of a rational map to be the closure of the image of any representing
regular map. We defined the graph of a rational map φ : X 99K Y to be the closure Γφ in
X × Y of the graph ΓφU of any representing regular map φU → Y . We noted that the graph
Γφ is birationally equivalent to X . We studied the example of the rational map A2 99K P1

sending (x, y) to [x : y]. We saw that its graph is the closed subset of A2 × P1 consisting of



pairs {(p, `) | p ∈ `}, which is the closed subset B defined by the vanishing of xv−yu where
(x, y) are coordinates for A2 and [u : v] are coordinates for P1. You have studied this before
in the homework: it is the “blow-up of the affine plane at the origin”. Read: Chapter 7 of
“An Invitation,” page 81 in Harris, and Shafarevich II §4.1, 4.2.

Monday November 5. We discussed rational maps, which again we emphasized are not
maps but rather equivalence classes of regular maps defined on dense open subsets of the
source. The domain of definition of a rational map φ : X 99K Y is the set of points p
for which the rational map has a representative φU : U → Y where p ∈ U . The domain
of definition is always open; its complement is the locus of indeterminacy. We observed
that you cannot necessary compose two rational maps because image of the first could be
contained in the indeterminacy locus of the second. However, you can compose two dominant
rational maps. The study of the category of algebraic varieties with dominant rational maps
is the subject of birational algebraic geometry. We discussed the theorem that a rational map
from a smooth variety to a projective one always has a locus of indeterminacy of codimension
two or more. This has the important consequence that every rational map of a smooth curve
to a projective variety is regular. In particular, any rational map between smooth projective
curves is regular. So two curves are birationally equivalent if and only if they are isomorphic.
This is false in higher dimension: P2 is birationally equivalent to P1 × P1.

Friday November 2. We discussed the Theorem: If Y is a codimension one subvariety of
a smooth variety X , then the ideal sheaf IY is locally principal in OX . We observed that
this is equivalent to: If Y is a codimension one subvariety of a smooth variety X , then the
stalk Ip,Y is principal in the local ring Op,X at each point p ∈ X . The proof proceeds in
two steps. First, the local ringOp,X is a UFD. This is a general commutative algebra theorem
(that every regular local ring is UFD) which in our setting (the local ring of a variety at a
smooth point), is somewhat more straightforward to prove. Indeed, it reduces to checking
that the completion Ôp,X is a UFD, but since the completion is a power series ring, we can
use the Math 593 fact (and induction) that if A is a UFD, so is A[[x]]. Now for Step 2, we
again observe a general algebraic fact: any height one ideal in a UFD is principal. In our
case, we can see this by taking any regular function h in the prime ideal Ip,Y . Without loss of
generality, we can assume h is irreducible (otherwise, factor h into irreducibles; because Ip,Y
is prime, some irreducible factor must also be in Ip,Y .) Now, we claim that Ip,Y is generated
by h. If not, we have the proper inclusions of closed sets Y ∩ U ⊂ V(h) ⊂ U on some
sufficiently small open affine set containing p on which h is regular, and so Y can not have
codimension one. This completes the proof.

Our next topic is rational maps. A rational map φ : X 99K Y is an equivalence class
of regular maps φU : U → Y where U ⊂ X is a dense open set. We consider two such
regular maps to be equivalent if they agree on the intersection U ∩ U ′ of their domains. For
example, A2 99K P1 sending (x, y) 7→ [x : y] is a rational map. It is represented by Ux → P1

sending (x, y) 7→ [1 : y/x], and also by Uy → P1 sending (x, y) 7→ [x/y : 1] (as well as



many other possible regular maps). Read: Shafarevich I §3.3 on rational maps, and II §3.1
on codimension one subvarieties.

Wednesday October 31. We took Quiz 6. We reviewed the idea of local parameters,
observing that if u1, . . . , ud are local parameters at a smooth point p on a variety V (of
dimension d), then there is an obvious inclusion k[u1, . . . , ud] ⊂ Op,V . Here there are no
relations on the ui, since if there were, those same relations would hold in Op,V , and so the
dimension of the local ring would be less than d. In particular, note that local parameters
always for a transcendence basis for k(V )/k. Now, if we complete k[u1, . . . , ud] and Op,V
at the maximal ideal generated by the ui, we induce an isomorphism k[[u1, . . . , ud]] ∼= Ôp,V .
So another way to think of a smooth point on a variety is that it is a point such that the
completion of the local ring at that point is a power series ring. The power series “variables”
can be taken to be any set of local parameters at p.

We then discussed the philosophy of “geometric objects” (schemes) associated to the in-
clusions of rings

k[x1, . . . , xd] ⊂ k[x1, . . . , xd][
1

x1 + 1
] ⊂ k[x1, . . . , xd]m ⊂ k[[x1, . . . , xd]],

where m is the maximal ideal of the origin (that is, generated by the xi). Intuitively, we think
of each of these rings as “rings of functions on some geometric object cooked up from the
affine d-space (and a point on it).” The first ring is the ring of all regular functions on Ad.
The second ring is the ring of regular functions on some particular Zariski open set (in this
case, Ux1+1) of the origin. The third ring is the ring of functions which are regular on some
sufficiently small unspecified Zarsiki open set of the origin (whose domain of definition is
not fixed, but could depend on the regular function). Geometrically, we imagine the passage
from one ring to the next in the chain as the passage from all of Ad to some (relatively large)
open set containing the origin, then to some “arbitrarily small” (but still Zariski) open set of
the origin. Finally, the fourth ring k[[x1, . . . , xd]] contains “functions” like ex1 which are not
regular at all. We imagine these to correspond to the functions on some “even smaller” arbi-
trary open set of the origin. After all, if there are “more functions” allowed, we may have to
pass to an even smaller sets to make them regular. Indeed, we think of the ring k[[x1, . . . , xd]]
as the functions on an “analytic” open set (or an “étale” open set) of the origin. This is only
meant to be philosphy at this point, not precise mathematics. The idea is this: the Nullen-
stellsatz says that an affine variety is “the same as” the ring of regular functions on it. So
for more general rings (not necessarily reduced f.g. algebras over k), we will try to imagine
them as the “rings of functions” on “geometric objects” called affine schemes. To make this
precise, we are really doing algebra—studying the rings that is—and the “geometric objects”
are just intuitive holdovers of our understanding of varieties.

Enough philosophy! We then moved on the following Theorem: If Y is a codimension
one subvariety of a smooth variety X , then Y is locally defined by one regular function in
a neighborhood of each point. Precisely this means: for each point p ∈ Y , there is an open
affine neighborhood U of p in X such that the ideal of the closed subvariety Y ∩ U in the



coordinate ring OX(U) affine variety U is principal. Sheaves provide a convenient language
for talking about such “local” properties. Definition: For any closed subset W ⊂ V of any
variety V , the ideal sheaf of W is the sheaf of ideals IW contained in the sheaf of rings OV
defined as follows: on an open set U ,

IW (U) = {φ ∈ OV (U) |φ(p) = 0 ∀p ∈ W ∩ U}.

It is easy to verify that this is a sheaf. [Do it!]. We can then state our theorem as follows:
Theorem: If Y is a codimension one subvariety of a variety X , then its ideal sheaf IY is
locally principal in OX . Caution: Even if X is affine, the ideal IY may be only locally
principal. READ: Shafarevich II §3.1, 3.2.

Monday October 29. Let p be a smooth point on a variety V of dimension d, and
let m denote the maximal ideal of the local ring Op,V of functions regular at p. We de-
fined local parameters at the smooth point p to be any regular functions u1, . . . , ud ∈ m
whose images in m/m2 form a basis for this vector space. For example, the functions
{x1 − λ1, . . . , xd − λd} are local parameters for Ad at p = (λ1, . . . , λd). Remembering the
isomorphism dp : m/m2 → (TpV )∗, we see that u1, . . . , ud are local parameters at p if and
only their differentials dpu1, . . . , dpud span (TpV )∗. Equivalently, u1, . . . , ud are local pa-
rameters at p if and only the linear functionals dpu1, . . . , dpud simultaneously vanish only on
the zero-vector space of Tp(V ). By Nakayama’s Lemma, the definition of local parameters
can be rephrased equivalently as follows: the functions u1, . . . , ud are local parameters at p
if and only if they generate the maximal ideal m of the local ring of V at p. Local parame-
ters in algebraic geometry are analogous to “local coordinates” for a manifold in differential
topology. Note that even if V is not smooth at p, Nakayama’s Lemma ensures that a basis for
m/m2 lifts to a generating set for the maximal ideal m of the local ring at p—the difference
is that there will be more than d = dimV of them if V is not smooth at p. (The dimen-
sion of m/m2, or equivalently, the minimal number of generators for the local ring at p, is
called the embedding dimension of V at p.) In another example, we considered the point
p = (1, 0) on the “circle” V(x2 + y2− 1). We saw that y is a local parameter but that x− 1 is
not. Indeed, dp(x − 1) vanishes on Tp(V ) where as dpy is a basis for the (one-dimensional)
cotangent space. We proved the following theorem: if u1, . . . , ud are local parameters for
the smooth point p on V , then each of the closed subvarieties V(ui1 , . . . , uit) of V is smooth
at p of codimension t. Furthermore, our proof showed that the intersection of the tangent
spaces TpV(ui1)∩ · · ·∩TpV(uit) as subspaces of TpV will have codimension t. In particular,
the hypersurfaces V(ui1), . . . ,V(uit) defined by regular parameters intersect tranversely at
p. Read: Shafarevich II §2, 2.1,2.2, 2.3. Expect a quiz next time on the definition of local
parameters and the related material from the reading, including the definition of transversal
in 2.1. I posted a practice quiz.

Friday October 26. We defined the Zariski tangent space to a variety V at a point p to
be the k-dual of the vector space m/m2 where m is the maximal ideal of the local ring to
V at p. This is justified by the computation last time, in which we show in the affine case



that this vector space is naturally isomorphic to (TpV )∗. We also reviewed this local ring,
noting that it is the subring OpV of k(V ) of functions regular at p, and its maximal ideal is
the subset of regular functions vanishing at p. In practice, we can computeOpV by localizing
the coordinate ring of any affine chart at the maximal ideal of p—this doesn’t depend on the
choice of chart. The importance of defining the Zariski tangent space as (m/m2)∗ is twofold:
first of all, now it is clear that it doesn’t depend on choices of affine charts. Second, we can
even talk of the Zariski tangent space of any local ring! This means we can “do geometry”
even in Z or even more exotic rings. Theorem: For any local ring (R,m), the dimension of
m/m2 (over R/m) is at least the Krull dimension of R. In particular, for varieties we have:
the tangent space of V at p has dimension at least dimension of V . [Please read the proof
in Shafarevich!] The points at which equality holds are called smooth points; the others are
singular. We then proved that the set of singular points of V is closed. For an affine variety
V ⊂ An whose ideal is generated by f1, . . . , fr, we proved that the singular set is

SingV = V ∩ V(c× c minors of


∂f1
∂x1

∂f1
∂x2

. . . ∂f1
∂xn

∂f2
∂x1

∂f2
∂x2

. . . ∂f2
∂xn

...
... . . .

...
∂fr
∂x1

∂fr
∂x2

. . . ∂fr
∂xn

).

It is not obvious that this is a proper subset, but you will prove so in Homework 8. We then
computed an example: The singular set of V(x2 + y2 − z2) is defined by the 1× 1 minors of
the 1× 3 Jacobian matrix [2x 2y − 2z ], whence Sing V = V(x, y, z) = {(0, 0, 0)}.

Wednesday October 24. We took Quiz 5. Then we discussed a more intrinsic way to think
about the tangent space to a variety V at a point p = (λ1, . . . , λn). First note that the differ-
ential dp : k[x1, . . . , xn] → k[x1, . . . , xn] sending g 7→ dpg =

∑n
i=1(∂g/∂xi)p(xi − λi) is a

k-derivation. This means that it is a k-linear map which satisfies the Leibnitz rule: dp(fg) =
f(p)dpg+g(p)dp(f). The image of dp consists of k-linear forms in (x1−λ1), . . . , (xn−λn),
which is to say, the image is contained in (in fact equal to) the degree one part of the polyno-
mial ring k[y1, . . . , yn] = k[x1 − λ1, . . . , xn − λn] (which is just k[x1, . . . , xn] of course, but
with a different grading so that xi − λi is considered homogeneous of degree one.) Thus, it
is natural to think of the image of dp as the space of linear functionals on TpAn (by which we
mean the vector space kn with “origin moved to p”). We observed that in fact, it is easy to
see (CHECK IT!) we have a surjective linear map

dp : mp → (TpAn)∗

whose kernel is m2
p. In other words, (TpAn)∗ is naturally isomorphic to mp/m

2
p where mp is

the ideal of functions vanishing at p. Similarly, we saw that if p ∈ V ⊂ An is a closed subset
defined by f1, . . . , fd, then this isomorphism induces (by restriction) an isomorphism

dp : mp/m
2
p → (TpV )∗



defined by g = G|V 7→ [dpG|(TpV ) : TpV → k]. Since we defined this map by choosing a rep-
resentative G which restricts to g, we need to check this map is well-defined. This is just un-
raveling ideas. Recall that TpV is the linear variety V(dpf1, . . . , dpfr). So to check this map
is well-defined, we only need to verify that if G ∈ (f1, . . . , fr), then dpG ∈ (dpf1, . . . , dpfr),
for then it follows that two functions which restrict to the same function on V produce two
linear functions on TpAn which restrict to the same linear functional on TpV . This follows
easily by the Leibnitz rule (check it!). This is nice, because now we have given a definition of
(co)-tangent space which depends only on local ring of V at p, and so is independent of any
choices of affine charts, generators for ideals, etc. It also has an obvious vector space structure
(which agrees with our intuition of “a linear variety with origin at p” under the isomorphism
dp. READ: Shafarevich Chapter II, Section 1.4. Be sure you understand m/m2—-why it is
a vector space, why it depends only on the local ring, and why it is very natural to think of it
as “linear functionals on the tangent space”. This is nicely explained in Shafarevich, so read!

Monday October 22. We defined the intersection multiplicity (`, V )p at a point p of a
line ` and an affine algebraic set V . See Shafarevich pp 85-86. We defined the line to be
tangent to V at p if this intersection multiplicity is at least 2. We then defined the tangent
space TpV of V at p to be the set of all points in the ambient affine space which lie on
lies tangent to V at p. We saw that if V is defined by polynomials F1, . . . , Fr (generating
I(V )), then TpV is the linear variety defined by the linear parts of the Fi around p. That is:
TpV = V(dpF1, . . . , dpFr) where dpFi =

∑n
i=1

∂F
∂xi |p

(xi − λi) where p = (λ1, . . . , λn). We
stated the theorem that the tangent space at p always has dimension at least the dimension of
the variety a p (which we will prove next time), and defined a point to be a smooth point of p
if equality holds. READ: Shafarevich Chapter II, Section 1.1, 1.2, 1.3. We will have a quiz
on computing the tangent space!

Friday October 19. We continued the discussion from last time on the question: which
surfaces in P3 contain lines? The case of cubic surfaces remained to be analyzed. In this
case, the dimension of the incidence correspondence X (consisting of pairs (X, `) such that
the line ` lies on the cubic surface X) has dimension 19, same as the dimension of the space
of all cubic surfaces P(Sym3(k4)∗). So the projection X → P(Sym3(k4)∗) could either be
surjective with zero-dimensional “generic fiber,” OR not surjective, in which case all (non-
empty) fibers have dimension at least one. We saw that the specific surface V(x30 − x1x2x3)
has only three lines, the lines V(x0, xi). So, we must be in the case where the projection has
some finite (zero dimensional) fiber, and so it is surjective. Thus every cubic surface contains
at least one line, and the generic cubic surface contains finitely many lines. [In fact, though
we can’t yet prove it, the generic cubic surface contains exactly 27 distinct lines, a neat fact
of classical geometry.] The plan today was to get started on tangent spaces but since we were
having so much fun with cubic surfaces, we only got to a brief “big picture”. The idea will be
to associate a vector space TpV to each point p on a variety V , which is somehow a “linear
approximation” of V at p. The assignment is functorial: if f : V → W is a regular map
sending p to q, then there is a linear map dpf : TpV → TqW . READ: Shafarevich, the first



2 sections of next chapter, on the local ring, tangent spaces and smoothness. Also, look at the
chapter in Invitation on this topic.

Wednesday October 17. We reviewed dimension, and discussed the following theorem:
if X → Y is a surjective regular map of varieties, with dimension X = n and dimension
Y = m, THEN 1). n ≥ m; 2). The dimension of every component of every fiber is at least
n −m; 3). The subset of points of Y whose fiber has dimension exactly n −m is an open
dense set of Y . One useful corollary: if the fibers of a surjective regular map of projective
algebraic sets X → Y are all irreducible of the same dimension and Y is irreducible, then so
is X irreducible. We studied examples illustrating this theorem. In particular, we defined a
family to be any surjective regular map X → B; here B is the base (or parameter space), the
fibers are the members, and X is the “total space” of the family. One important example is
the universal hyperplane family. Let H denote the subvariety of Pn × (Pn)∗ consisting of
pairs (p,H) where p ∈ H . This is a closed set defined by the bi-homogeneous polynomial
A0X0 + A1X1 + · · · + AnXn, where [X0 : . . . , Xn] are the homogeneous coordinates on
Pn and [A0 : . . . , An] are the homogeneous coordinates on (Pn)∗. Then the projection of H
onto (Pn)∗ is the universal hyperplane family. Its fibers are the various hyperplanes in Pn.
Here the base has dimension n and the fibers all have dimension n − 1, confirming that the
total space has dimension 2n− 1. Note that we can project instead onto Pn, and then we get
the family of hyperplanes though given points. (WHY?). We noted the important point that
the dimension of fibers definitely can jump above the “generic fiber dimension” n−m. For
example, the blowup map B → A2 from the last problem set has zero dimensional fibers on
the open set A2 \ {(0, 0)} but the dimension of the fiber over the origin “jumps” to 1. We
then began an interesting application: does a surface of degree d in P3 contain a line? We
looked at the incidence correspondence X = {(X, `) | ` ⊂ X} ⊂ P(Symd(k4)∗)×Gr(2, 4).
We computed explicitly the fibers of the projection to the grassmannian, which all were all
isomorphic to linear spaces of codimension d + 1 in P(Symd(k4)∗). By the corollary, X is
thus irreducible and its dimension is P(Symd(k4)∗)− (d+ 1) + 4 = P(Symd(k4)∗)− d+ 3.
Thus the projection onto the other factor P(Symd(k4)∗) can not be surjective if d > 3. In
algebraic geometry jargon: The generic surface of degree four or more contains NO line. It
turns out (more next time) that the other projection is surjective for d = 3, which means every
cubic surface contains at least one line. READ AND REREAD: Shafarevich on dimension,
including the proofs of the theorems stated without proof today (they will not be proved in
class). You may also want to get looking at the next few sections—especially on the tangent
space.

Friday October 12. We continued discussing dimension. We first computed explicitly the
dimension of the variety V of 2× 2 matrices with determininant zero, by finding a transcen-
dence basis for k(V ) over k. We saw k[V ] ∼= k[x, y, z, w]/(xy − zw) and that the subring
generated by z, w, and t = x − y is a polynomial ring over which the element x is integral
(as it satisfies x2− tx− zw. Hence z, w, t is a transcendence basis for k(V ) (and even better,
k[z, w, t] ⊂ k[V ] is a Noether normalization), so that the dimension is three. The main point



today was to prove that a hyperplane section of a projective variety X has dimension ex-
actly one less than X , unless X is contained in the hyperplane. We proved this by noting that
for any closed set X in Pn, a (non-empty) open subset of hyperplanes in Pn will not contain
any component ofX . Thus, we can take a sequence of hyperplane sectionsX∩H1∩· · ·∩Ht

and each time drop the dimension by at least one. If the dimension drops by two at any step,
then after d = dimX intersections, the closed set X ∩H1 ∩ · · · ∩Hd is empty. But then pro-
jecting from the linear space H1 ∩ · · · ∩Hd, the projection map X → Pd−1 gives a finite map
from X to a closed subset of Pd−1. But then dim X is at most d− 1, a contradiction. READ:
shafarevich, all of Section 6 on dimension. [Correction: The suggestion of Inna–that x, y, z
is a transcendence basis for k(V ) over k— was correct (sorry Inna!), though I mistakenly
said it wasn’t because I was really looking for a more useful kind of transcendence basis
which also exists–namely one which also gives a Noether normalization. To prove Inna’s
claim, note that k(V ) is algebraic over k(x, y, z) since w satisfies w − (xy)/z = 0. But
this monic polynomial doesn’t have coefficients in the ring k[x, y, z], and indeed, k[V ] is not
integral over k[x, y, z], as we checked in class. So the transcendence basis z, w, t “has better
properties than” the transcendence basis x, y, z, since also at the ring level, the extension is
integral. ]

Wednesday October 10. We reviewed the idea of the function field of a quasiprojective
variety, and then defined the dimension to be the transcendence degree of the function field
over the base field. We saw that this is the same as the Krull dimension of the coordinate
ring of any of the affine charts. We saw also that the dimension of a projective variety V is
the number d such that V admits a finite mapping to Pd. We can construct such a map as a
series of projections from points not on V , until the image of V is all of Pd. We are following
Shafarevich here pretty closely, so I refer you to READ Section 6 on Dimension rather than
typing a lot here.

Monday October 8. We proved the following Theorem: A regular map from a projective
variety V is always closed. That is, if φ : V → X is regular and V is projective, then the
image of any closed set is closed. There is no restriction on the target X , but the projective
assumption on the source is crucial. Indeed, the projection A2 → A1 to the x coordinate gives
a counterexample, as the hyperbola V(xy− 1) is sent to an open, not closed, set of the target.
The notion of a graph was an important part of the proof: the graph Γφ = {(x, φ(x)) |x ∈
X} of any regular map φ : X → Y is always closed in X × Y . Using this (and some
point set topology), we showed the Theorem follows from the following related Theorem:
The projection map Pn × Am → Am is closed. The proof of this is quite interesting:
basically, it reduces to a linear algebraic statement in the graded pieces of the homogeneous
polynomial ring k[X0, . . . , Xn]—at the end of the day, the image was given by the vanishing
of certain minors (again!). I gave the exact same proof as what is in Shafarevich, so please
see Section 5.2 for the details. Read: Shafarevich 5.3 and 5.4 on finite maps and Noether
normalization.



Friday October 5. We briefly discussed function fields and transcendence degree. Be sure
to review the (prerequisite) notion of transcendence degree from basic field theory; it looks
like it will be reviewed in 614 on October 8 according to Hochster’s on-line lecture notes.
We then discussed parameter spaces some more. An important philosophical point is this:
natural families of varieties tend to form (or be parametrized by) varieties; the sub-loci where
something “degenerate” or “bad” happens tend to be closed subsets of the parameter spaces.
For example, we proved that the set of degenerate conics in P(k3) is closed in the set of all
conics: it is parameterized by a hypersurface of degree 3 in the parameter space of all conics
P(Sym2(k3)∗). (Its equation is the determinant of the 3 × 3 matrix of the corresponding
bilinear form to the “general conic” Ax2 + Bxy + Cy2 + Dxz + Eyz + Fz2.) We then
saw that the set of all hypersurfaces in Pn of degree d is parametrized by the projective space
P(Symd(kn+1)∗), whose dimension is

(
n+d
n

)
−1. The subset of non-irreducible hypersurfaces

(meaning: those whose equations factor) is a proper closed subset. To see this, we noted for
that this subset can be decomposed into d−1

2
“pieces” Xi, consisting of those which factor

into a degree i times a degree (d− i) homogenous polynomial. Then we observed that Xi is
the image of the natural “multiplication” map

P(Symi(kn+1)∗)× P(Symd−i(kn+1)∗)→ P(Symd(kn+1)∗)

sending (F,G) 7→ FG. It is easy to check that this map is regular, and not surjective. Now,
thatXi is closed follows from the following Important Theorem: If V is a projective variety
and φ : V → Y is a regular map to any quasi-projective variety, then φ takes closed sets of
V to closed sets of Y . This means that the subset of P(Symd(kn+1)∗) corresponding to the
non-irreducible hypersurfaces is a closed set consisting of the componentsX1, X2, . . . , X d−1

2
.

Read: Shafarevich 5.3 on finite maps. Be sure to review any missing or weak commutative
algebra related to integral extensions of rings.

Wednesday October 3. We took Quiz 4. We then discussed an example of a parameter
(moduli) space: the space of conics in P2. A conic in P2 is given by a single homogenous
polynomial of degree two in k[X, Y, Z], uniquely defined up to scalar multiple. The set of all
conics in P(k3) is thus naturally identified with P(Sym2(k3)∗) (which is a P5), via the map
V(AX2 + BXY + CY 2 + DXZ + EY Z + FZ2) 7→ [A : B : C : D : E : F ]. What
is really fascinating about algebraic geometry is that nearly all of the naturally occurring
subsets of conics we might like to study turn out to be algebraic subsets of this P5. For
example, the degenerate conics are a proper closed set (isomorphic to P2 × P2), thus in a
sense, they are a “really small subset” of the set of all conics, a ”general” or ”typical” conic
is non-degenerate. There are two types of degenerate conics: pairs of lines (this is the case
where the equation of the conic factors into two linear forms), and the more special situation
of double lines where the two lines are the same (the case where the two linear forms are the
same up to scalar multiple). Again, the special case of double lines is a Zariski closed subset
(isomorphic to P2) of the variety of degenerate conics. As another example, we showed that
the set of conics through a fixed point p (denote this Cp) is a hyperplane in the space of all
conics (thus, it is a four dimensional family parametrized by a P4). So also, the space of



conics through 2 different points is a linear space of codimension two in the P5 of all conics,
and so on. We noted the famous fact that “Five points determine a conic,” meaning that these
five hyperplanes Cp1 , Cp2 , Cp3 , Cp4 , Cp5 intersect, typically, in a unique point. In class, I was
somewhat imprecise about what “typically” means here. Here is an exact statement, which
you should be prepared to prove on a quiz monday: Given any 5 distinct points in P2

with the property that no four of them are on the same line, then there is one and only one
conic (which is degenerate if and only if three points are collinear) passing through these
five points. (Hint: if no 4 are on a line, then you can choose coordinates wisely so that
three of the points are [1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1].) Read: Shafarevich 5.2. Also, you
are starting to get the tools you need to skim around Joe Harris’s book, which has tons of
beautiful examples and intuition. You should start doing this!

Monday October 1. We answered the question: if X and Y are quasi-projective, can we
put a quasi-projective variety structure on the set X × Y ? This is not obvious, for example,
even for P1 × P1, which is certainly not P2 (make sure you see why!). However, we showed
that the map Pn × Pm → Pmn+m+n sending a pair ([X0 : · · · : Xn], [Y0 : · · · : Ym] to the
one-dimenional space spanned by the entries of the matrix [X0, . . . , Xn]tr[Y0, . . . , Ym] will
identify Pn × Pm with a projective algebraic set, in such a way that it is an isomorphism on
local charts. This is the Segre map, a well-defined map from the set Pn × Pm to the (projec-
tivized) set of rank one matrices of size (m + 1)(n + 1). The projections back to Pn (resp,
Pm) are given by projecting onto any column (resp row), which of course all define the same
one-dimensional subspace of Pn (resp, Pm) because in a rank one matrix, the columns (rows)
are scalar multiples of eachother. This allows us to define a Zariski topology on any product
X×Y of quasi-projective varieties: just pull back the topology from the corresponding set in
Pn×Pm.We also noted that the closed sets in Pn×Pm are given by common vanishing sets of
bihomogeneous polynomials in the variables X0, . . . , Xn and Y0, . . . , Yn. Read: Shafarevich
5.1, 5.2 on products and on the image of a closed set. Please expect a quiz on the Segre map
in class next time.

Friday Sept 28. We looked some more at regular functions and regular mappings of quasi-
projective varieties. A mapping φ : X → Pn is a regular morphism if, for every x ∈ X , we
can find an open set U of a chart of X which maps into a chart of Pn such that φ restricts
to an regular map there. We defined isomorphism, and showed that Veronese map is an
isomorphism onto its image (in particular, the twisted cubic is isomorphic to P1.) We saw
that for a hypersurface V in Pn, given by an irreducible degree d homogenous polynomial,
projection from a point not on V gives a surjective regular map to Pn−1, which is “typically”
d-to1. So every degree d hypersurface is a “d-fold branched cover” of P−1.

Wednesday Sept 26. We took Quiz 3. If you did poorly, you can make your own, similar
quiz problem and turn it in. We then defined a quasi-projective variety as an irreducible
topological space which is the intersection of an open set and closed set in Pn (with its Zariski
topology of course). Concretely, a quasi-projective variety is the intersection of an open set



and an irreducible projective algebraic set in Pn. Main examples include irreducible affine
algebraic sets, irreducible projective algebraic sets, and open subsets of either of these. The
professor went off on a tangent about the concept of “quasi-projective varieties,” mentioning
that when most mathematicians (including large subcultures of algebraic geometers) say “va-
riety” they have in mind a quasi-projective variety, and that these are the varieties that arise
“in real life” (including algebraic groups like On or GLn, Grassmannians and flag varieties,
character varieties, etc). Abstract varieties can and do arise, although typically an algebraic
geometer would then immediately try to show it is, a posteriori, quasi-projective. In addition
to the helpful fact that quasi-projective varieties can be defined by finitely many equations in
“global (homogeneous) coordinates,” it also gives us a way to “compactify”—- by taking the
projective closure. My favorite example is the moduli space of compact Riemann surfaces,
or equivalently, of smooth projective varieties of dimension one over C. This variety, usually
called Mg, is a topological space with a cover by open sets which can be identified with
affine varieties (an “abstract variety”) whose points parametrize the (isomorphism classes of)
compact Riemann surfaces, that is, whose points are in 1-1 correspondence with these ob-
jects. But in deep work, Delign and Mumford showed that Mg is in fact quasi-projective,
and even showed how to interpret the projective closure as some type of moduli space itself.
The points “at the boundary” turn out to be some kind of degenerate Riemann surfaces. This
is a very rich subarea of research in modern algebraic geometry.

Returning to the actual curriculum, we then defined a regular function on (an open set of)
a quasi-projective variety W as a function φ : U → k with the property that for every point
p of U , there exists an open affine neighborhood p ∈ U ′ ⊂ U such that φ|U ′ is regular on U ′.
Equivalently, φ is regular on U if and only if φ is regular on each U ∩Ui, where the Ui are the
standard cover of Pn (note thatU∩Ui will be an open set of an affine algebraic set, so we know
what “regular” means there). The advantage of the first definition is that it makes sense even
for abstract varieties and doesn’t refer to explicit coordinates. The advantage of the second,
is that it is a practical way to actually check and “see” what’s happening. Assignment:
Be sure you understand why these definitions are equivalent! Read Shafarevich I §4 on
quasi-projective varieties. [Addendum: One exercise stated in class was incorrect. Here is a
correct version: If a projective algebraic set V is irreducible, then each affine chart V ∩ Ui is
irreducible. The converse is true under the additional assumption that V is connected (as a
topological space). Thanks to Weichen Gu for raising this issue.]

Monday Sept 24. We considered several examples of mappings of projective algebraic sets.
The first was the Veronese mapping νd : P1 → Pd sending [x : y] to [xd : xd−1y : · · · :
xyd−1 : yd]. We saw that this is well-defined as a map of sets, and that, locally in charts, it
is given by coordinate-wise regular functions (ie, regular mappings). In particular, the case
d = 3 is the twisted cubic, which you have met in the homework in local charts. The second
example was the map φ : V → P1, where V = V(XZ − Y 2) ⊂ P2, sending [X : Y : Z]
to [X : Y ] if X 6= 0 or [Y : Z] if Z 6= 0. Again, we checked it was well-defined, and
looked at it in local charts, where it turned out to be a regular map in each. For example,
in the chart UX , which maps to the chart U1 of P1, it sends a point (t, s) on the parabola to



its first coordinate, t. The third example we considered was the “projection from a point p
in Pn to a hyperplane”. This is the map πp which sends any point q in Pn (except p) to the
intersection of the unique line in through p and q with H . If we choose coordinates so that
p = [1 : 0 : · · · : 0] is the origin in U0 and H = V(X0) is the hyperplane at infinity, this
projects each point q ∈ U0 = kn to the point at infinity given by the direction through the
origin towards q. That is, [1 : x1 : x2 : · · · : xn] 7→ [x1 : x2 : · · · : xn]. Note that this
map sends the open set U0 ∩ U1 of Pn into the open set of Pn−1 where the first coordinate
is not zero; in this local coordinates, the map is written (t1, . . . , tn) 7→ (t2/t1, . . . , tn/t1),
hence is regular on the open set U0 ∩ U1. Looking in another chart, for example, in the case
n = 2, in UY , p = [1 : 0 : 0] is at infinity (in the direction corresponding to the horizontal
axis or the vector (1, 0)), and H is the z-axis in the xz-plane Uy = k2. In this chart, the
map πp will this will look like the “projection in the horizontal direction” (s, t) 7→ t to the
z-axis on the local charts Uz → U1 ⊂ P1. Note that in all three examples, these maps are
given by regular functions in the coordinates. These are three examples of regular maps of
algebraic varieties, a concept will we formally define next time. Assignment: Make sure you
understand these maps well!!! Using them as a guide, try to write down a definition of regular
map. Keep reading Shafarevich. Also, since I forgot to give the quiz in class, I will post it on
the web-page so you can study it in advance. I may give it next time, so be prepared!

Friday Sept 21. We studied the projective algebraic sets in Pn, observing that each is
defined by finitely many homogeneous polynomials in k[X0, . . . , Xn], and that any homoge-
nous ideal with the same radical will define the same set. We defined the homogeneous
ideal of a projective algebraic set in Pn to be the ideal in k[X0, . . . , Xn] generated by the
homogeneous polynomials vanishing at all points of V . Like in the affine situation, this is a
radical ideal, and V = V(I(V )). The Projective Nullstellsatz says that (if k is algebraically
closed), then V and I are mutually inverse bijections between the set of projective algebraic
subsets of Pn and the set of radical homogeneous ideals of k[X0, . . . , xn] except the “irrele-
vant ideal” (X0, . . . , X0). We saw that the projective algebraic sets form the closed sets of a
topology on Pn, and that this topology, when restricted to any of the standard affine charts Ui,
becomes the Zariski topology there. Thus Pn is an example of an (irreducible) topological
space with a cover by open sets (“charts”), each of which is identified with an affine algebraic
set (in this case, An). This is the first main example of a (non-affine) algebraic variety. If the
projective algebraic set V was defined by some homogeneous polynomials Fi(X0, . . . , Xn),
then the affine algebraic set V ∩Ui is defined by the “dehomogenized polynomials” obtained
by substituting Xi = 1. Thus the projective set V = (X2 + Y 2−Z2) ⊂ P2 is covered by the
charts UX , where it is a ”hyperbola” defined by 1 + y2 − z2, and UZ , where it is a ”circle”
defined by x2 + y2 = 1. We then defined the projective closure of an affine algebraic set
to be the closure, in Pn, of the affine algebraic set V considered in the chart kn = U0. For
example, the projective closure of the “hyperbola” V(xy − 1) is the conic V(XY − Z2) in
P2. We defined the homogenenization of a polynomial, and made the cautionary remark
that in general, the projective closure of an affine algebraic set V is not always defined by
just the homogenizations of a set of polynomials defining V . Assignment: Read Invitation,



all of Chap 3, and Shaf I, §4. Also, make sure you understand why the projective closure of
the twisted curve {(t, t2, t3) | t ∈ k} ⊂ k3 is not defined by the homogenizations of the two
polynomials z− xy, y− x2 defining it. Compute explicitly what projective variety is defined
by the homogenizations of these two polynomials and describe the points at infinity on it.
What are its components?

Wednesday Sept 19. We took a quiz. The median was 5/10. [If you feel you bombed it,
you can make up what you feel is an analagous quiz testing the same material, and turn that
in to me Friday. I will average the scores.] We then spent most of the class discussing the
intuition of projective space. You should think of Pn as being the “usual geometry” in kn, but
with exactly one point “added at infinity” for each “direction” in kn. For example, the real
projective plane is the usual high school plane, but with one point added “at infinity” in each
(unoriented) direction. So parallel lines in the usual euclidean plane always meet at infinity
at the unique point corresponding to their common slope. We then defined a projective
algebraic subset of Pn. First we observed that a polynomial in k[X0, . . . , Xn] never defines
a function on Pnk , unless it is a constant function. Even the word “coordinate function” makes
no sense in Pn, since the homogeneous coordinates are defined only up to scalar multiples
(unless you are working in a specific local chart of course). However, if F is homogeneous
of degree d, then it is easy to check that F (tX0, . . . , tXn) = tdF (X0, . . . , Xn), so it does
make to sense to ask whether or not a homogeneous polynomial vanishes at a point of Pn.
That is, a point lies in zero set of a homogeneous polynomial if and only if the entire line
through that point and the origin is in the zero set. So, a projective algebraic set can be defined
as the common zero set, in Pn of a collection of homogeneous polynomials. Assignment:
Continue mastering the intuition of projective space through discussion with your colleagues.
Possible discussion questions: do any two lines in P3 meet? What about a line and a plane
in P3? If we take a curve in k2 of degree d, how many points “at infinity” do we expect on
that curve in P2? Prove that two lines in kn with the same direction vector (a1, . . . , an) meet
at infinity when we view kn as one of the standard charts of Pn. In homogenous coordinates,
show that they meet at [0 : a1 : · · · : an] if we embed kn as U0.

Monday Sept 17. We discussed the intuition of projective space. By definition Pnk is the set
of one dimensional subspaces of the vector space kn+1, or more geometrically speaking, the
set of lines through the origin in kn+1. We discussed homogeneous coordinates, the “standard
cover” by n+1 copies of kn+1, the ways in which Pn can be viewed as a “compactification” or
”completion” of kn, obtained by adding “points at infinity” corresponding to each particular
direction. We saw that Pn can be viewed as equivalence classes of point in kn+1 \ {0}, where
two points are equivalent if they lie on the same line through the origin. As such, if k = R or
C, projective space has a natural quotient topology. Exercise: Show that with this topology,
PnR is a smooth manifold, and PnC is a complex manifold. When we do this, you will see
that the chart transition mappings are in fact regular functions between (open subsets of) the
affine charts. This is our first glimpse at a non-affine variety—projective space Pnk can be
thought of as copies of kn glued together by homeomorphisms that are regular maps in the



coordinates. This means that the “algebraic geometry is not lost” when changing from one
chart to another, and we can study subsets of Pn which are algebraic sets in each chart. That
is our next big topic. Assignment: It is very important to develop a good intuition for
projective space. Read Invitation 3.1, 3.2. Talk to people about it! In addition showing
projective space is a manifold, do the following exercise with a friend: show that every
two lines in P2 meet in a unique point.

Friday Sept 14. We began by observing that a bijective regular map is not necessarily an
isomorphism. The regular map t 7→ (t2, t3) from k to the “cusp” V(y2 − x3) is bijective (its
inverse sends (x, y) to y/x if x 6= 0 and (0, 0) to 0). But it is not an isomorphism, since the
induced map of coordinate rings is not an isomorphism. We then talked about the Zariski
topology on an affine algebraic set, whose closed sets are just the sub-affine algebraic sets.
Hilbert’s Nullstellensatz is valid for affine algebraic sets V : if k is algebraically closed, then
the closed subsets of V are in one-one-correspondence with the radical ideals in the coordi-
nate ring k[V ]. We then introduced rational functions. Fix an algebraic set V . Assume V
is irreducible, that is, that k[V ] is a domain. The function field on V is the fraction field of
k[V ], denoted k(V ). An element φ ∈ k(V ) is regular at p ∈ V if φ can be represented by a
fraction f/g where f, g ∈ k[V ] and g(p) 6= 0. We showed that the domain of definition of
a rational function φ, that is, the locus points in V where φ is regular, is open. We defined the
sheaf of regular functions on V to be the sheaf OV which assigns to each non-empty open
set U ⊂ V the ring OV (U) of rational functions on V regular at every point of U . Finally,
we showed that a rational function on an affine irreducible algebraic set V is regular at every
point of V if and only if it is a regular function. That is, thatOV (V ) = k[V ], so (fortunately!)
there is no ambiguity in the meaning of “regular function” on V .

Wednesday Sept 12. We defined a regular map of affine algebraic sets V → W as any
map which agrees with (the restriction of) a coordinate-wise polynomial mapping on the
ambient spaces. An isomorphism of affine algebraic sets is a regular map φ : V → W
for which there exists a regular inverse ψ : W → V (so ψ is also regular and both ψ ◦ φ
and φ ◦ ψ are the identity maps). Every regular map φ : V → W induces a k-algebra
homomorphism: φ∗ : k[W ] → k[V ] sending a regular function g on W to the composition
g◦φ. [Be sure you see why φ∗(g) really is a regular function on V , and that φ∗ is a k-algebraic
homomorphism!] The assignment of each affine algebraic set V to its coordinate ring k[V ]
and each regular map φ to its pullback φ∗ is a contravariant functor from the category of
affine algebraic sets (with regular morphisms) to the category of finitely generated reduced
k-algebras (with k-algebra homomorphisms). Hilbert’s Nullstellensatz can be interpreted
as saying that when k = k̄, this functor is an anti-equivalence of categories. To prove this,
we need to first construct for each algebra R, a corresponding algebraic set whose coordinate
ring is (isomorphic to) R; and second, for each algebra map f : R→ S, we need to construct
a regular map of the corresponding algebraic sets whose pullback is f . Given a finitely
generated reduced k algebra R, fix a k-algebra presentation R = k[x1, . . . , xn]/I . Because
R is reduced, I is radical. Let V = V(I) ⊂ kn. Then the coordinate ring of R is isomorphic



to k[x1, . . . , xn]/I(V ). By the Nullstellensatz (when k = k̄), we know that I = I(V(I)) so
that we recover R as (isomorphic to) the coordinate ring of V . Likewise, what is the regular
map induced by a k-algebra homomorphism f : R → S? If we write R = k[y1, . . . , ym]/I
and S = k[x1, . . . , xn]/J , then f is described by specifying the images of the generators yi.
The map f sends each generator yi to the equivalence class (modulo J) of some polynomial
fi ∈ k[x1, . . . , xn]. Now consider the polynomial map

kn → km, (x1, . . . , xn) 7→ (f1(x), f2(x), . . . , fm(x)).

Let φ be the restiction of this map to V . It is now easy to check (do it!) that the image of
φ is in W , so that we can view φ as a regular map V → W , and that φ∗ = f . Reading:
Shafarevich 3.1, 3.2.

Monday Sept 10. An algebraic set is irreducible if it cannot be written as a union of
two proper algebraic subsets. An algebraic set V(I) is irreducible if and only if the radical of
I is prime. (Make sure you can prove this without using the Nullstellensatz!). Every affine
algebraic set decomposes uniquely as a union of finitely many irreducible algebraic sets,
called the irreducible components of V . For example, V(xy, xz) has two components: the
x-axis V(y, z) and the y − z-plane V(x). The components of an algebraic set V = V(I) are
defined by the minimal primes of I . [Any radical ideal I in a Noetherian ring is an irredundant
intersection of finitely many prime ideals in one and only way; these “prime components” are
the ideals corresponding to the components of V(I) .] So under the Nullstellensatz, whereas
maximal ideals correspond to points, the prime ideals correspond to irreducible algebraic
sets. We then defined a regular function on an algebraic set V , which is any function which
agrees with the restriction (to V ) of a polynomial on the ambient kn. The set of all regular
functions on V naturally forms a ring, the coordinate ring of V , denoted k[V ]. For example,
the coordinate ring of kn is k[x1, . . . , xn]. Some caution is in order when thinking of regular
functions: the function 1

y
is regular on the hyperbola V(xy − 1) because on that hyperbola,

it agrees with the polynomial x. Homework due Friday! Read Shafarevich 2.3. This
includes definition of regular map, or morphism of affine algebraic sets, which is needed
for the homework. You are encouraged (but not required) to write up the homework in pairs.
In this case, you make a two-week commitment with ONE other person, work together on
the problems (or at least agree on the solutions), then only one of the two students will write
up all the problems, with the other student in the pair taking this responsibility the following
week.

[A remark on the meaning of “polynomial function:” A polynomial is an element of the
ring k[x1, . . . , xn]. Every such polynomial determines a function—a polynomial function—
on kn in the obvious way. However, if k is a finite field, such as Fp, notice that there are
different polynomials which define the same function on kn. For example, xp−x defines the
zero function on Fp, although it is obviously not the zero-polynomial. However, this never
happens if k is infinite: show (without using the Nullstellensatz!) that if k is any infinite
field, then two polynomials f and g in k[x1, . . . , xn] define the same function on kn if and
only if they are the same polynomial. Since we are dealing with algebraically closed fields in



Math 631, the words “polynomial function” and “polynomial” are synonymous. (Be sure you
can prove that an algebraically closed field is infinite: the proof is similar to the proof that
there are infinitely prime numbers.) In algebraic geometry, we generally view a polynomial
f ∈ k[x1, . . . , xn], not simply as a function on kn, but also as function on k̄n (or indeed, on
Ln where L is any field extension of k). This is familiar from high school, where the function
x2 + 1 for example, which is in Q[x], is usually considered as a function on R or even C,
as in the phrase “the roots of x2 + 1 are ±i.” So when the term “polynomial function” is
used in algebraic geometry, we are always thinking of a polynomial as an element of the ring
k[x1, . . . , xn].

Friday Sept 7. We took a quiz. We then discussed Hilbert’s Nullstellensatz: if k is
algebraically closed, there is a one-to-one order reversing correspondence between radical
ideals in k[x1, . . . , xn] and affine algebraic subsets of kn. The correspondence sends a radical
ideal I to the algebraic set V(I); Its inverse sends each algebraic set V to the ideal I(V ) of all
polynomials vanishing at every point in V . We call this the ideal of V and showed it is the
largest ideal which defines V . We saw that in general, even if k is not algebraically closed,
we have V(I(V )) = V , and also that I ⊂ I(V(I)). To prove the Nullstellensatz, the point is
to show that when k is algebraically closed, then for any ideal I ⊂ k[x1, . . . , xn] , we have
I(V(I)) ⊂ Rad I. This is proved in Math 614; for a reference see pages 42-44 of Milne’s
notes, or Section 4.5 of Eisenbud’s “Commutative algebra with a view towards algebraic
geometry.” The Nullstellensatz always fails when k is not algebraically closed. Indeed, even
in one variable, any non-constant polynomial f defines the empty algebraic set, whereas the
ideal of the empty set is the whole polynomial ring. For another example, note that both
radical ideals (x2 + y2) and (x, y) define the origin in R2.

Wednesday Sept 5. We introduced an affine algebraic subset of kn, where k is any
field. This is the common zero set, in kn, of any collection of polynomials in k[x, . . . , xn].
We proved Hilbert’s Basis Theorem: any such affine algebraic set is defined, in fact, by
a finite set of polynomials. [More precisely, we reduced the proof to the following algebra
(prerequisite) fact: if R is Noetherian, so is R[x].] We then introduced the Zariski topology
on kn, whose closed sets are the affine algebraic subsets. We saw that the Zariski topology
on k1 is simply the co-finite topology, and more generally, the (non-empty) open sets in the
Zariski topology on, say Rn, are huge: in fact, dense. Assignment: Familiarize yourself with
the course webpage. Start reading Shafarevich Chapter I, Sections 2.1, 2.2, and ”Invitation”
the first two chapters. Another good source is the 631 notes by retired UM professor Jim
Milne, first three sections (click around the internet; you’ll find them). Get started on the first
problem set, due Friday Sept 14. Make sure you can fill in all details of the first lecture.


