
Math 594: An Example— Braid Groups

Professor Karen E Smith

Imagine you are holding two wooden boards, one on the left and one on the right, each having
n pegs. Informally, an n-braid is a system of n pieces of string, each connecting exactly one
left peg to exactly one right peg (and vice versa). Two such configurations of strings are
considered the same braid if, by pulling or adjusting the strings (without cutting), one can
be deformed into the other. For example, the braids represented by the diagrams1

are the same: the crossings on the right are inessential, removed by tightening the strands.

On the other hand, the strands can go over or under other strands in an essential way,
determining different braids:

Here, there is no way to pull or deform without cutting to change the fact that traveling left
to right from peg one to peg two, we go over in the first braid and under in the second.

A braid cannot be knotted or have (essential) self-crossings: the diagram of strings below
does not represent a braid:

Here are three more examples of 4-braids, all different:

[Technically, a braid is a homotopy class; feel free to ignore this or to work it out if you know some
topology.]

1All graphics are created by Axel Boldt.
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Discussion Questions.

1. Fix n. Show that the set of n-braids has a natural group structure whose composition is defined
by composition. For example:

composed with produces

Describe explicitly what is the identity braid, and the inverse braid of an arbitrary braid. Draw
pictures. The group of n-braids is called the Braid Group Bn.

2. Describe the braid groups Bn for n = 1 and n = 2 explicitly. Find an explicit isomorphism
between B2 and the additive group of integers. Describe generators for B2.

3. Describe the cyclic subgroup of B4 generated by a braid of the form

Characterize n such that Bn is finite.

4. Find two non-commuting elements of B3. Characterize n such that Bn abelian.

5. Show that if n > m > 1, then there are many (in fact, infinitely many) subgroups of Bn

isomorphic to Bm. Some are more natural than others, how? Are any of these normal?

6. Find a natural surjective homomorphism Bn → Sn. Use this to give slick justification of your
characterization of abelian braid groups in (4).

7. Find a natural normal index n! subgroup of Bn. Describe its members explicitly in terms of
boards and pegs and strands.

8. Find an explicit exact sequence 0 → Z → B2 → {±1} → 1 (in terms of strands and pegs).
Explicitly interpret the cosets of Z in B2 as braids with certain features.

9. Show that the Braid group B3 is generated by two braids σ1 and σ2, mapping onto the trans-
positions (12) and (23) respectively under the natural map described in (6). Show that σi can
be chosen so that the relation σ1σ2σ1 = σ2σ1σ2 is satisfied, and that this is relation generates all
others.

10. Show that Bn has a presentation with generators σ1, . . . , σn−1 and relations σiσi+1σi =
σi+1σiσi+1 for 1 ≤ i ≤ n− 2 and σiσj = σjσi for |i− j| ≥ 2.
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