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Professor Karen E. Smith

Definition: A graph is a collection of vertices (or nodes) V and edges E , which connect some of the
vertices. We say that the graph is directed if each edge comes with an orientation; in this case, we call the
edge a “directed edge” or an “arrow”; it points from one vertex to another.1 A labelled (or colored) graph is
a graph whose vertices and/or edges are labeled with some quantities or attributes.

Fix a group G. The Cayley Graph of G with respect to a fixed set of generators S is a directed labeled
graph defined as follows: the set V of vertices is the set of elements of G. Two vertices are connected by
an edge (say, directed from g1 to g2) if there is a generator s ∈ S such that g2 = sg1. That directed edge
(arrow) is labelled by s.

Example. The group Z is generated by the element 1. The associated Cayley graph is the infinite chain
of nodes indexed by the integers, with an arrow pointing from n to n+1 for all n. The arrows are all labeled
by 1. If we instead use the generating set −1, the arrows go the other direction and are labeled −1.

Example. The group Zn is generated by the class of 1. The associated Cayley graph is a circular chain
of n nodes indexed by the integers mod n, connected by arrows all going in the same direction around the
circle.

1. Find the Cayley graphs of the following groups with respect to the given sets of generators.
(1) Z with the generating set S = {2, 3}.
(2) Z2 × Z2 with S = {(1, 0), (0, 1)}.
(3) Z× Z with S = {(1, 0), (0, 1)}.
(4) Z× Zn with S = {(1, 0), (0, 1)}.
(5) Z3 × Z3 with S = {(1, 0), (0, 1)}.
(6) The free group on two generators.
(7) D4 with S = {r 2π
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, x}

(8) D4 with S = {a, x}
(9) S3 with S the set of all adjacent transpositions (12), (23).

(10) S3 with S = {(12), (123)}.
(11) The quaterion group with S = {i, j}.
(12) Any group G with S the full set of all elements in G.

Some Conventions: Some of the edges (or directions on them) in the Cayley graph are typically deleted
because they carry redundant information and clutter the pictures we draw. For example, if e ∈ S, there
would be a looped edge whose head and tail is at the same vertex; we can delete these without losing any
information (just as we can delete e from a generating set). Similarly, if both g and g−1 are in S, then for
every directed edge from a to b labeled by g there is a corresponding directed edge from b to a labeled g−1;
it makes sense to draw only one arrow (say from from a to b labeled g) and interpret it as representing also
the reverse arrow (from b to a labeled g−1). This does not lead to any ambiguity. For the same reason, if
g ∈ S has order 2, there is no loss of generality it writing its edges as undirected edges (why?). With these
conventions, the Cayley graph of S will be the essentially the same as the Cayley graph of the generating set
consisting of S together with all the inverses of element in S, and also the same with or without including
the identity element. It is sometimes convenient to assume that S contains all inverses even though we don’t
draw both an arrow and its inverse arrow. This is a common convention.

1Formally, an edge is simply a set of two vertices; a directed edge is simply an ordered subset of two vertices.



Some Questions to ponder: How do you “see” relations in the Cayley graph? What is the special feature of
a Cayley graph that reveals the abelian property ofG? How do you “see subgroups” generated by subsets of
the original generated set? Having identified such a subgroup, how can you tell whether or not it is normal?
How can you tell the order of an element s ∈ S in terms of the Cayley graph?

Metric Space Structure of a group. Each set S of generators of a group G determines a metric on the
group, called the word metric with respect to S. This is simply the graph metric on the Cayley graph: the
distance between two elements g and h of G is the minimal number of edges dS(g, h) on the Cayley graph
one must travel to get from g to h (ignoring direction). Put differently, it is the smallest number of elements
from the set S (assuming S contains the inverses of all elements of S) needed to write gh−1.

(1) Prove this is a metric on a group G.
(2) What is this metric for (3) above? What about (4)?
(3) Using the example of Z, show that different generating sets give different metrics on G.
(4) Show that none-the-less the metrics are bilipshitz equivalent: If S and T are two different generating

sets for a group G, show that there is a constant δ such that for every two elements g and h in G, we
have dS(g, h) < δdT (g, h) and dT (g, h) < δdS(g, h).

(5) What is the smallest possible δ in the case of the two generating sets for Z you looked at? Can you
describe the best possible (meaning smallest) δ precisely in general?

(6) Recalling that every metric space has an induced structure of a topological space, what does (4)
imply about the induced topological space structure on the group G?

There is a very cool story here which you can understand by pondering yourself (or surfing around
wikipedia, say). Given the Cayley graph Γ of any group with respect to any generating set S, we can
imagine “exhausting Γ” by finite subgraphs Γi. For example, if we start with the Cayley graph of Z with
respect to S = {1}, then we can take Γi to be the set of integers from −i to i. (A collection Xi of subsets
of X is an exhaustion of X if we have Xi ⊂ Xi+1 for all i and

⋃
iXi = X .). You can show easily that Γ is

path connected, but that the sets Γ \ Γi may not be. (What happens in the case of the integers?) It turns out
that as i goes to infinity, the topological spaces Γ \ Γi are approaching some new topological space called
the “end” of Γ. Think about it: for a finite group, this end is always empty. For Z, the end has exactly two
points, corresponding to the different ways your can approach infinity in the Cayley graph of Z. Using the
fact that the metrics are comparable for any choice of generators, a motivated honors math student could
show that, up to homeomorphism, the end of the Cayley graph of any group is independent of the choice of
generating set S. Think about this for Z for the generating sets {2, 3} and {1}. This means we can define
the end of a group to be the end of any of its Cayley graphs, and we have a very cool invariant of a group.
Thinking about this, you should be able to convince yourself of the following facts:

(1) The end of any finite group is empty.
(2) The end of Z is the discrete topology on two points.
(3) The end of Z× Z is the discrete topology on countably many points.
(4) The end of Z× Zn is the discrete topology on two points.
(5) The end of a free group on two elements is a fractal-like space.

This is a very active research area within geometric group theory. For example, people are trying to
understand the rate of growth in the numbers of path components of the sets Γ \ Γi as we approach the end
of a group. The free group shows it can be exponential, and Zn shows it can be polynomial of order n. For
many years, no one know whether there exists groups of “intermediate growth” between these two extremes,
though in 1984 Grigorchuk found examples to show they do. We still do not fully understand what kind
of growth rates are possible and how large the set of groups with particular growth rates is. Maybe “most”
groups have intermediate growth, even though we have trouble finding them, just as “most numbers” are
irrational?


