
Math 594: Characters

Professor Karen E Smith

Work over the ground field C. Let G be a finite group, and let V (more accurately, ρ : G→
GL(V )) be a representation of G. The character χρ of the representation is the function

G→ k g 7→ trace(ρ(g)).

I. Make sure you can justify the following:

1. The character is a class function on G: that is, χ takes the same value on all elements
of each conjugacy class of G.

2. χ(e) = dimV .

3. χV1⊕V2 = χV1 + χV2 , if V1 and V2 are two G-representations.

II. Complete the following Character Table for S3:

S3 1 (12) (13) (23) (123) (132)

χtriv
χalt
χstand

What do you notice about the (hermitian) dot product of the rows of the character table?

III. What are the irreducible representations for C3? For the Klein 4-group? Record them
in character tables:

C3 1 z z2

χtriv
χ1

χ2

K 1 x y xy

χtriv
χ1

χ2

χ3

What do you notice about the (Hermitian) dot product of the character functions?
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IV. For the tetrahedral group T (isomorphic to A4):

1. Show that there are four conjugacy classes in T . [Don’t forget about the class formula!]

2. Recall that T has a quotient T/K of order 3. Show that each representation of T/K
induces a representation of T , and use this to fill in some rows of the character table.1

3. Use the main theorem to show that there are exactly four irreducible representations
of T , of dimensions 1, 1, 1, and 3.

4. You have found 3 of the four irreducible representations: compute the character of the
remaining one using the main theorem.

5. You have met three-dimensional representations of T before: the tautological repre-
sentation of T and the restriction of the standard representation of S4 to A4

∼= T .
Compute the characters of these. Use the main theorem to check whether they irre-
ducible and/or isomorphic? [Hint: The standard representation can be computed from
I 3. The tautological is best computed by chosing the basis v1 − v2, v2 − v3, v3 − v4 for
C4 where the vi are the (vector) vertices of the tetrahedron in R3.]

Classes of T 1

#elements in each class 1

χtriv
χ1

χ2

χ3

V. Compute character tables for both D4 and Q. This gives a counterexample to what
naively posed conjecture?

Reading: Artin’s Algebra 10.4, Dummit and Foote: 18.3.

Theorem 1 (The Main Theorem) Let G be a finite group, C the complex vector space of all class
functions on G. Define a Hermitian inner product on C by 〈φ, ψ〉 = 1

|G|
∑

g∈G φ(g)ψ(g). Then the

set of characters of the (isomorphism classes of) complex irreducible representations for G forms an
orthonormal basis for C. Furthermore, the sum of the squares of the dimensions of the (isomorphism
classes of complex) irreducible representations is |G|.

1Since the character takes the same value on every element in a conjugacy class, it is pointless to write
out its value for all elements. Instead, we record only the common value for each class in the character
table, and indicate how many elements are in each class. This information is needed when computing the
Hermitian inner product, which recall, is (a normalization of) the standard Hermitian product on the entire
C|G|.
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