
Bob LutzMath 593Problem Set 1212/10/14
Quiz.

(a) Q(x,y)⊗Z[x,y] C(x,y, z) ∼= C(x,y).
(b) Any finite domain is a field.
(c) If A and B are commuting complex matrices, then they can be simultaneouslyput in Jordan canonical form.
(d) If f(x) ∈ Z[x] is irreducible over Q, then it is irreducible over Z.
(e) If 0→ Q[x,y]

(x3) → Q[x,y]
(x3,y2) → Q[x,y]

(y2 + 2y + 1) π−Ï 0
is exact, then π has a right inverse.

(f) Suppose that f(x) ∈ R[x] is a monic quadratic, and that part of its graph is

x

f(x)

If f(A) = 0 for some real matrix that is not a multiple of an identity matrix, then
A cannot be diagonalized over R.

(g) A real normal matrix is diagonalizable over R.
(h) The localization Z[x,y, z](x+2y+3z) is Noetherian.
(i) Suppose that R is a commutative ring and M ,N are R-modules. If M ⊗R N isNoetherian, then M and N are Noetherian.
(j) Suppose that R is a commutative ring and M is an R-module. If M is finitelygenerated, then it is Noetherian.

(k) Suppose that R is a commutative ring and M ,N are R-modules. Every submoduleof M ⊗N can be written as M ′ ⊗N ′ for submodules M ′ of M and N ′ of N .
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(a) False. Since Q(x,y) is the fraction field of Z[x,y] and C(x,y, z) is a vector spaceover Q(x,y), it follows that Q(x,y)⊗Z[x,y] C(x,y, z) ∼= C(x,y, z) 6∼= C(x,y).(b) True. Let R be a finite domain, and consider the map x 7Ï rx, where r ∈ R isnonzero. It is easy to see that the kernel is zero, so the map is surjective; since
R is finite, it follows that the map is surjective as well. But this means rx = 1 forsome x ∈ R, so every nonzero element has an inverse.(c) False. Consider

A =

0 1 00 0 10 0 0


and B = A2. We see that A is already in Jordan form, but B is not.(d) False. Consider f(x) = 4. The key here is that f(x) must be primitive over Z toinvoke the Gauss lemma.(e) True. A chnge of coordinate and the Chinese remainder theorem give
Q[x,y]
(x3,y2) ∼= Q[x,y]

(x3) ⊕ Q[x,y]
((y + 1)2) ,

so the sequence splits.(f) True. Since A is not a multiple of an identity matrix and f(x) is monic, it followsthat f(x) is the minimal polynomial of A. The graph indicates that f(x) has adouble root in R, so all eigenvalues of A are contained in R, but together thesefacts imply that A cannot be diagonalized over R (cf. D&F, §12.3, Corollary 25).(g) False. Consider (0 −11 0 ) ,
which is normal but has eigenvalues ±i.(h) True. Since Z is a PID, it is Noetherian, so Hilbert’s basis theorem says that
Z[x,y,y] is Noetherian. Any localization of a Noetherian ring is Noetherian.(i) False. Consider C0(R)⊗C0(R) R ∼= R, where C0(R) acts on R via (f ,x) 7Ï f(0)x.Certainly R is a Noetherian C0(R)-module, but C0(R) is not, since {{f ∈ C0(R) :
f(n) = 0 for n = 0, 1, . . . , r} ⊂ C0(R) : r ∈ Z≥0} is a nonterminating chain ofsubmodules. The key fact is that R is Noetherian and C0(R) is finitely generated.(j) False. Consider k[x1,x2, . . .] as a module over itself. It is cyclic, but not Noetherian,since the submodule (x1,x2, . . .) is not finitely generated.(k) False. Consider R = k, M = k[x] and N = k[y], so that M ⊗R N ∼= k[x,y]. Nowlook at the submodule (x−y). I made this my 11th question because I didn’t reallybother to prove it in detail.

�

2


