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Problems Indicate whether the following statements are true or false.

(1) Given a short exact sequence of R-modules

0→ L→M → N → 0

and given an arbitrary R-module D, then the sequence

0→ L⊗D →M ⊗D → N ⊗D

is always exact.
(2) Let G be a finite group, and name the elements {g1, ..., gn} = G. Then the element N = g1 + ...+ gn

will be in the center of the group ring RG for any ring R.
(3) If M is a finite abelian group then M is naturally a Z-module, and this action of Z on M can be

extended to make M into a Q-module.
(4) For any R-modules L,M,N , we have HomR(L⊕M,N) ∼= HomR(L,N)⊕HomR(M,N).
(5) For any R-modules L,M,N , we have HomR(L×M,N) ∼= HomR(L,N)⊗HomR(M,N).
(6) Let R be a non-commutative ring. For a given left R-modules M and a given right R-module N ,

the set HomR(M,N) cannot always be endowed with a left-R-module structure.
(7) Z/7Z is a projective Z-module.
(8) HomZ(Q, HomZ(Q/Z,Z/pZ)) has cardinality ℵ0.
(9) The localization of Z/6Z at U = {1, 2, 3} is a ring isomorphic to Z/2Z.

(10) The eigenvalues of a symmetric matrix over R are purely real.
(11) Each element of SO(n) represents a bilinear form of signature (n, 0).
(12) (SUPER HARD BONUS PROBLEM - PLEASE DON’T GRADE) GL(n;R) deformation retracts

onto O(n).

1My quiz was tested by Alex Vargo, Feng Zhu, and Sachi Hashimoto. Their feedback was very helpful.



Solutions

(1) FALSE - It is always true that the associated sequence

L⊗D →M ⊗D → N ⊗D → 0

is exact, but it is not always the case that the first map in this sequence is injective. In other words,
the tensor −⊗D is right exact. The functor will be left exact, too, if D happens to be a flat module.

(2) TRUE - It suffices to check that N commutes with a monomial gi ∈ RG. This follows from the fact
that conjugation is an automorphism of a finite group. We have that

giN =

n∑
j=1

gigj =

n∑
j=1

gigjg
−1
i gi =

n∑
j=1

gjgi = Ngi

(3) FALSE - Z/4Z cannot be given a Q-module structure that extends its Z module structure. If this
were the case, then the element 1

2 ∈ Q would act on the element 1 ∈ Z/4Z to produce an element

a = 1
2 · 1 which satisfies a + a = 1 in Z/4Z (for this is what it means to extend the Z-module

structure). No element of Z/4Z has this property.
(4) TRUE - First we exhibit a module homomorphism

Hom(L,N)⊕Hom(M,N)→ Hom(L⊕M,N).

Given a map f : L→ N and a map g : M → N , there is a unique module homomorphism L⊕M → N
given by (`,m) 7→ f(`) + g(m). This is the universal property of direct sums of modules. This

assignment induces a module homomorphism Hom(L,N)⊕Hom(M,N)
Φ−→ Hom(L⊕M,N) given

by (f, g) 7→ [(`,m) 7→ f(`) + g(m)]
The inverse homomorphism to Φ is given by restricting homomorphisms to each factor. Each map

f : L ⊕M → N can be restricted to give maps f |L⊕0 : L → N and f |0⊕M : M → N . The map is
given by f 7→ f |L⊕0 ⊕ f |0⊕M .

(5) FALSE - This is false because the direct sum and the direct product of two modules will give
isomorphic modules, and hence the identity in (4) precludes (5). But it certainly looks convincing.

(6) TRUE - The set HomR(M,N) is always an abelian group under pointwise addition of homomor-
phisms. When R is non-commutative, the following computation shows that HomR(M,N) cannot
be a left R-module. Let f ∈ HomR(M,N) and define the action of the ring element rs on f to be
the map

(rs)f : x 7→ f(x) · (rs) = (f(x) · r) · s ∈ N,
whereas the action of s followed by the action of r would be the map

r(sf) = r(sf : x 7→ f(x) · s) = x 7→ (f(x) · s) · r ∈ N.
Since R is non-commutative, we might not have (f(x) · r) · s = (f(x) · s) · r.

(7) FALSE - It’s not always possible to lift homomorphisms out of Z/7Z. For a counterexample,

start with the natural surjection Z π−→ Z/7Z and apply the functor HomZ(Z/7Z,−) to get a map

Hom(Z/7Z,Z)
π∗

−→ Hom(Z/7Z,Z/7Z). The identity map in Hom(Z/7Z,Z/7Z) is not in the image
of π∗. The reason it is not in the image is because HomZ(Z/7Z,Z) = 0, since every non-zero module
homomorphism must preserve the additive order of the element 1 ∈ Z/7Z, and no elements of Z
have additive order 7. More generally, a finitely generated module is projective if and only if it is a
direct summand of a free module.

(8) FALSE - The key to this problem is to recall the adjointness relation

HomR(M ⊗N,L) ∼= HomR(M,HomR(N,L)).

So to understand HomZ(Q, HomZ(Q/Z,Z/(p))) we first need to understand Q ⊗Z Q/Z. But this
tensor product is the zero module, because each element of the tensor product simplifies as

p

q
⊗
(a
b
modZ

)
=
pb

qb
⊗
(a
b
modZ

)
= b

(
p

qb

)
⊗
(a
b
modZ

)
=

p

qb
⊗ b

(a
b
modZ

)
=

p

qb
⊗ 0 = 0.

Hence we are really asked to compute the cardinality of HomZ(0,Z/(p)), which is 0.
Alternatively, one can compute the cardinality of these hom sets by noting that every element of

Q/Z has finite order.



(9) FALSE - The set U = {1, 2, 3} is not a multiplicative submonoid. So it doesn’t make sense to localize
at U .

(10) TRUE - This follows from the following theorem. If f is a symmetric bilinear form represented
by the matrix A over the field k with char(k) 6= 2, then there is an invertible matrix P such that
P trAP is diagonal. In the case when k = R, the matrix P can be chosen to be orthogonal, meaning
P tr = P−1. In this case, A is similar to a diagonal matrix, and the diagonal entries will be the
eigenvalues of A.

(11) TRUE - Every element A ∈ SO(n) can be diagonalized to the identity matrix, since the columns of
A form an orthonormal basis for Rn. Geometrically, every transformation in SO(n) is a rigid motion
of Rn that preserves orientation.

(12) TRUE - This is just a highfalutin way to re-phrase the Gram-Schmidt orthogonalization theorem.


