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Abstract

In this elementary talk, we introduce basics about rational lattices
and give examples. Some lattices are really good ones, notably the
E8-lattice in dimension 8 and the Leech lattice in dimension 24. Both
have remarkable finite isometry groups and give sphere packings of
remarkably high minimum norms and high packing densities. Gen-
eralizations to higher dimensions have been considered, for example
extremal lattices. A few months ago, a rank 72 extremal lattice was
found, with nice connections to the Leech lattice (hint: 72 = 3 times
24).

1 Introduction

Basics on rational lattices and finite groups may be found in my new book
[3]. I got my first copy in the mail just hours before the Math Club Talk!

A rational lattice is a free abelian group L of finite rank, together with
a symmetric rational valued bilinear form. In other words, L ∼= Z⊕ · · · ⊕ Z
and there is a bilinear function f : L×L→ Q which is symmetric: f(x, y) =
f(y, x) for all x, y ∈ L.

The image Im(f) is therefore of the form Z · q, where q is a rational
number. If Im(f) ≤ Z, we call L an integral lattice. An additional property
of interest is evenness: f(x, x) ∈ 2Z for all z ∈ L.
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Example 1.1. (a) Zn; this lattice is integral and odd.
(b) The Dn lattice, Dn := {(x1, . . . , xn) ∈ Zn |

∑
i xi ∈ 2Z}. This lattice

is integral and even.

In this talk, we assume that lattices are positive definite: (x, x) > 0 if
x 6= 0. Then can put L inside Rn, usual Euclidean space so that its bilinear
form is just the usual dot product of vectors.

Example 1.2. L = Z-span of u := (
√

2, 0), v := (−1
2

√
2, 1

2

√
6); this lattice

is integral and even. It is called the A2-lattice.

Notation 1.3. We call x ·x the norm of the vector x and µ(L) := min{x ·x |
x ∈ L, x 6= 0}, the minimum norm of the lattice L.

2 The dual lattice and Gram matrix

If L is a rank n rational lattice in Rn, the dual lattice is L∗ := {x ∈ Rn |
x · y ∈ Z for all y ∈ L}.

If x1, . . . , xn ∈ Rn, the Gram matrix is (xi · xj)n×n. A Gram matrix of a
lattice is the Gram matrix for a basis of that lattice. The determinant of a
lattice is the determinant of any Gram matrix.

For an integral lattice L, L ≤ L∗ and the finite abelian group D(L) :=
L∗/L is called the discriminant group. It is a direct sum of cyclic groups of
orders the Smith invariants of a Gram matrix.

Unimodular lattice means a lattice of determinant 1. A integral lattice is
unimodular if and only if it equals its dual lattice.

Take a basis of L: n row vectors v1, . . . , vn in Euclidean space. If A is a
matrix whose rows are v1, . . . , vn, then AAt = G, a Gram matrix. The par-
allelopiped spanned by v1, . . . , vn has volume det(A). So det(G) = det(A)2,
the square of the volume. A nice way to test this formula is to study the
A2-lattice mentioned above.

3 A comparison of a lattice and finite index

overlattice

Suppose that L contains sublattice M with finite index. There exists a basis
v1, . . . , vn of L and positive integers d1, . . . , dn so that d1v1, . . . , dnvn is a
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basis of M . If D is the diagonal matrix with d1, d2, . . . down the diagonal,
then we have a relation of Gram matrices GM = DGLD and det(M) = |L :
M |2det(L).

4 Unimodular positive definite integral lat-

tices

Let n be any positive integer. In rank n, there is an obvious example of
unimodular lattice, namely Zn, whose Gram matrix is In.

In ranks 1 through 7, that is all there is. In rank 8, there is a surprise,
the E8-lattice. It is even, unlike the Zn. One may observe that the mini-
mum norm in E8 is 2, which is higher than the minimum norm of the other
unimodular lattice Z8.

Theorem 4.1. Let L be an integral lattice of rank n ≤ 8 which is unimodular.
Then L ∼= Zn or n = 8 and L ∼= E8.

The first proof was due to Mordell. For an elementary proof and a history
of proofs, see [2] (the proof here could be done in an undergraduate seminar).

E8-lattice construction 1. TakeM , theD8-lattice. SoM = {(x1, . . . , x8) ∈
Z8 |

∑
i xi ∈ 2Z}. The slightly larger lattice M +Z · (1

2
, 1
2
, . . . , 1

2
) is E8. This

is the standard model of E8.

E8-lattice construction 2. This takes some coding theory. Let H be
the Hamming code with parameters [8, 4, 4]. This is a 4-dimensional subspace
of F8

2. Besides the vectors (08) and (18), all vectors have weight 4 ( look like
(1, 1, 1, 1, 0, 0, 0, 0), after reordering indices). One may take H to be the space
with basis

(1, 1, 1, 1, 0, 0, 0, 0), (1, 1, 0, 0, 1, 1, 0, 0), (1, 0, 1, 0, 1, 0, 1, 0), (1, 1, 1, 1, 1, 1, 1, 1).

We take eight vectors αi, i = 1, . . . , 8 in R8 such that αi · αj = 2δij. If
c ∈ H is a codeword, let αc be the sum of the αi, where c gets coefficient 1
at index i, e.g. if c = (1, 1, 0, 0, 1, 1, 0, 0), αc + α1 + α2 + α5 + α6.

We take the Z-span of αi, i = 1, . . . , 8 and all 1
2
αc, c ∈ H. This is an even,

integral lattice (use the fact that if c, c′ are codewords, then c ·c′ os 0 mod 2).
This contains the Z-span of αi, i = 1, . . . , 8 with index 16, so is unimodular.
Because of the uniqueness theorem for E8 (above), this lattice is isometric to
the standard model of E8.
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5 Properties of E8

It is one of the root lattices which come up in the theory of finite dimensional
simple Lie algebras over the complex numbers. It corresponds to the largest
exceptional Lie algebra (which in fact contains copies of all the exceptional
Lie algebras).

The root lattice E8 has 240 minimal vectors, having norm 2. They have
shapes (±12, 06) (22

(
8
2

)
= 112 of these) and (±1

2

8
) with evenly many negative

signs (27 = 128 of these).
The root lattice E8 has a large group of isometries (orthogonal transfor-

mations which take the lattice to itself). The group O(E8) is generated by
reflections and has order 21435527.

6 Unimodular integral lattices in dimensions

higher than 8

An even unimodular lattice exists in dimensions only divisible by 8.
Odd unimodular lattices exist in all dimensions, e.g., Zn.

6.1 Even lattices in dimension 16

Witt’s classification: E8 ⊥ E8 and HS16.

6.2 Even lattices in dimension 24

There are exactly 24 isometry types, classified by Niemeier in 1968.
There is one special one, Λ = the Leech lattice, discovered by John Leech

in the mid 1960s in his study of sphere packings. It has minimum norm 4
whereas the others have minimum norm 2. The number of minimal vectors
is 196560. The Leech lattice has very large isometry group and displays rich
combinatorics.

Leech lattice construction 1. Use the binary [24,12,8] Golay code
to extend a sublattice

√
2D24 upward. This is like the E8-construction 1 but

with a twist.

Leech lattice construction 2. Use a “polarization”. Take two copies
M,N of the E8 lattice in R8 so that M ∩ N ∼=

√
2E8. Then form L =
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{(w + x,w + y, w + z) | w ∈ M,x, y, z ∈ N, x + y + x ∈ M ∩ N}. This is
an even, unimodular lattice of rank 24 with minimum norm 4. If you grant
the existence of a polarization, the last statement is an easy exercise. In a
sense, this is the easiest existence proof of a rootless rank 24 even unimodular
lattice.

Any such choice of M,N gives the same lattice, up to isometry.
The isometry groupO(Λ) is fantastic. It is a group of order 22239547211·13·23 ∼

8× 1018, also named ·0 or Co0, after John Conway. The group is equal to its
commutator subgroup and its quotient by {±1} is simple.

This group and the Leech lattice are extremely rich in combinatorics,
number theory and group theory. Among the subquotients of O(Λ) are twelve
of the twenty six sporadic simple groups and many simple classical and alter-
nating groups. One can see a few famous graphs as configurations of lattice
vectors. The Leech lattice is a module for Z[1

2
(−1 +

√
−3)] and other rings

of algebraic integers.

6.3 Even lattices in dimension 32

There are at least 107 isometry types. Billions of these have minimum norm
4.

6.4 Unimodular odd lattices

Classifications of such are found in [9]. I mention a 12-dimensional example,
HS12, which is spanned by the D12 lattice and (1

2
, . . . , 1

2
). Its smallest norms

are 2 and 3.

7 Sphere Packing

Sphere packing: The standard packing problem is this. In Rn, how to arrange
spheres of equal radius to fill space as densely as possible.

In R3, this was solved by Hales about ten years ago.
For dimension 8, this was solved by Cohn and Kumar: spheres centered

at E8-lattice points give the densest packing, about 0.25367
For dimension 24, Cohn and Kumar proved that the Leech lattice gives

the densest lattice packing (i.e. the centers must form a lattice in our sense).
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They are close to a proof that the densest packing (not necessarily lattice
packing) is the Leech lattice packing, about 0.0019310

In dimensions through mid 20s, there are some results (see articles of
Leech), but the best packings occur in dimensions 8 and 24.

8 Extremal Lattices

Mallows, C. L.; Odlyzko, A. M.; Sloane proved that if L is even, unimodular
and rank(L) = n, then µ(L) ≤ 2(1 + b n

24
c).

Definition 8.1. An even unimodular lattice L of rank n is extremal if µ(L) =
2(1 + b n

24
c).

The same authors proved that there is a bound n0 (an estimate is a few
thousand) so that an extremal lattice satisfies n ≤ n0 . Therefore there are
just finitely many extremal lattices.

Extremal lattices were known to exist in dimensions divisible by 8 through
80, except for 72, until August 2010, when Gabrielle Nebi constructed one
[?], using a program I described [4]. Here is a short version of the story.

Think of Leech construction 2 using a polarization of E8-lattices (I de-
scribed this above). Now consider polarization of Leech lattice. I took two
copies M,N of the Leech lattice in R24 so that M ∩N ∼=

√
2Leech. Then I

formed L = {(w+ x,w+ y, w+ z) | w ∈M,x, y, z ∈ N, x+ y+ x ∈M ∩N}.
This is an even, unimodular lattice of rank 72 with minimum norm 6 or 8.

There are many inequivalent polarizations of the Leech lattice. Nebe in-
vestigated several including ones I suggested, which gave minimum norms 6.
She then picked a good one which gave minimum norm 8 and thereby estab-
lished existence of a rank 72 extremal lattice! She made use of arithmetic
involving lattices over Z[1

2
(1 +

√
−7] to give a good polarization.

Here is Gabi’s email to me (published with her permission).

Subject: Extremal even unimodular lattice in Dimension 72

Date: Aug 12, 2010 9:03 am

Dear Bob,
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thanks for believing in the existence of such a lattice and

that your construction in JNT 2010 should work.

Indeed you are right (though I still can’t believe it, and will doublecheck

everything).

The attached file is just a draft, a more detailed paper will follow soon.

Regards

Gabi

--

---

Prof. Dr. Gabriele Nebe

Lehrstuhl D fuer Mathematik

RWTH Aachen

Templergraben 64

52062 Aachen

Germany

Tel. ++49 241 80 94545

email: nebe@math.rwth-aachen.de

URL: http://www.math.rwth-aachen.de/~Gabriele.Nebe/index.html.en

9 Coda

During the Math Club talk, I was asked about going another step, using this
rank 72 lattice to build unimodular lattices of rank 216 = 3 · 72 (there are
many choices of polarizations). In each case, the minimum norm would be
at most 16 (in above notation, take w = 0, x = 0 y = −z 6= 0), whereas
the Mallows-Odlyzko-Sloane bound 2(1 + b n

24
c) gives 2(1 + 9) = 20 at rank

216. Therefore, none of these lattices has a chance to be extremal. We
may still enjoy their beauty and all the mathematics which went into their
construction!

Possibly there are no extremal lattices beyond dimension 80 (or a little
more) and these new lattices give the highest minimum norms in dimension
216. Time may tell.
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