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Very preliminary report!



The Dold-Kan theorem

Let ∆ be the category with

• Objects the finite totally ordered sets.

• Morphisms the weakly order preserving maps.

A representation of ∆ is a functor from ∆ to finite vector spaces.

In other words, for each n ≥ 0 we have a vector space Vn and, for

each f : [m] → [n] a morphism of ∆, we have a map f∗ : Vm → Vn,

obeying (f ◦ g)∗ = f∗ ◦ g∗.

A co-chain complex is a representation of the quiver

• → • → • → · · · where the composition of any two arrows is zero.

Theorem (Dold-Kan) The category of representations of ∆ is

equivalent to the category of co-chain complexes of vector spaces.



A Dold-Kan theorem for FI (Sam-Snowden)

Let FI be the category with

• Objects the finite sets.

• Morphisms the injections.

Let Q̃FI be the quiver with a vertex for every partition, and an

arrow λ → µ if µ/λ is a horizontal strip. We impose the relations:

//
OO ;;✇✇✇✇✇

//
OO

0
==④④④④④

Theorem (Sam-Snowden) The category of representations of FI

is equivalent (in characteristic zero) to the category of

representations of the quiver Q̃FI with the relations above.



The category of finite sets

Let FinSet be the category with objects the finite sets, and

morphisms all maps of finite sets.

We would like to understand representations of FinSet. Why?

• FinSet is the natural combination of ∆ and FI.

• FinSet describes “Uniformly Presented Vector Spaces” (WG).

• FinSet describes configuration spaces of manifolds with two

linearly independent vector fields (Ellenberg and WG).



In search of a Dold-Kan theorem

We seek a quiver Q and a collection of relations ρ such that

representations of FinSet are equivalent to representations of Q

obeying relations ρ. We will be working with representations over a

field κ of characteristic 0.

The simple representations of FinSet will then correspond to the

vertices of Q. Eric Rains (2009) computed that the simple

representations are in bijection with partitions, so we seek a quiver

where the vertices are partitions.



Abstractly, we know there is an answer – in fact, two!

First answer – Morita’s theorem

Let S(λ) be the simple FinSet representations, and let P (λ) be the

indecomposable projectives such that dimHom(P (λ), S(µ)) = δλµ.

Define Q̃ to be the quiver with dimHom(P (µ), P (λ)) arrows

λ → µ. Then the category of FinSet representations is equivalent to

the category of Q̃-modules, subject to the relations that arrows

compose according to

Hom(P (ν), P (µ))×Hom(P (µ), P (λ)) −→ Hom(P (ν), P (λ)).

We’ll write ρ̃ for these relations.



Second answer – erasing some arrows

If an arrow is a composition of shorter arrows, it is redundant to

include it. There is a natural surjection

Hom(P (µ), P (λ))։ Ext1(S(λ), S(µ))∨ (∗)

whose kernel is the span of all Hom
(
P (µ)

6∼=
−→ P (γ)

6∼=
−→ P (λ)

)
.

If we choose sections of (∗) for all (λ, µ), then the images of

Ext1(S(λ), S(µ))∨ will generate κQ̃/ρ̃.

Let κQ to be the quiver with dimExt1(S(λ), S(µ)) arrows λ → µ.

So we can pull our κQ̃/ρ̃-modules back to κQ-modules.

FinSet-representations are equivalent to κQ/ρ-modules for some

relations ρ.

The number of paths λ µ in Q, modulo relations ρ, is equal to

the number of arrows λ → µ in Q̃.



Example: FI

The smaller quiver QFI has arrows λ → µ if µ/λ is a single box.

The relations for QFI are all quadratic:

//
OO

//

OO
//

OO
0

==④④④④④



Summary of this talk

• We understand the S(λ) (Rains) and the P (λ) (new?).

• There is no hope of explicitly computing the arrows for Q̃.

• We understand the arrows for Q!

• We don’t need to make any choices when lifting κQ to κQ̃!

• We don’t understand the relations, but we’ve found some

interesting phenomena.

Big picture This question is tractable, and there is work to do.



We understand the projective modules

Let F (X) be the free vector space on X . For f : X → Y , we have a

map f∗ : F (X) → F (Y ). So F is a FinSet module.

We have a short exact sequence

0 → D → F → 1 → 0

where D(X) = Span(ex1
− ex2

: x1, x2 ∈ X) ⊂ F (X).

For any Schur functor Sλ, we have a FinSet representation SλF .

The representation SλF is always projective. However, it is usually

not an indecomposable projective:

Theorem (S and WG) If λ is not of the form 1k, the inclusion

SλD →֒ SλF is split. The complete list of indecomposable

projectives is

P (λ) =




SλD λ 6= 1k

∧k
F λ = 1k

.



We understand the simple modules

Recall that SλF (X) is, by definition, a certain quotient of

F (X)⊗|λ|, meaning it is spanned by tensors of the form

ex1
⊗ · · · ⊗ ex|λ|

. Let M(λ)(X) be the quotient of F (X)⊗|λ| by the

span of those tensors where two of the xi are equal.

For example, S3F (X) is Sym3(κX), and M(3)(X) is the quotient

of Sym3(κX) where we kill monomials of the form ex1
e2x2

and e3x.

Theorem (Rains 09 built on Putcha 98) If λ is not of the form

1k, the FinSet-representation M(λ) is simple. The complete list of

simple FinSet-representations is

S(λ) =




M(λ) λ 6= 1k

∧k−1
D λ = 1k, k ≥ 2

S(1)(X) = κ for |X | ≥ 1, S(1)(∅) = 0

S(0)(X) = 0 for |X | ≥ 1, S(0)(∅) = κ.



There is no hope of explicitly computing the arrows of Q̃

The quiver Q̃ is nice because its relations are so simple. But the

number of arrows λ → µ is dimHom(P (µ), P (λ)). This turns into

hard problems of combinatorial representation theory.

For example, let Spα be a Specht module, with |α| = a. The

problem is computing the multiplicity of Spα in SλC
a is famously

hard.

For |λ| large, this multiplicity is the dimension of Hom(P (β), P (λ))

where β = (1|λ|−1, α)T . So any simple description of these arrows

solves a famously hard problem.



We do understand the arrows of Q!

Theorem (S and WG) The complete list of arrows λ → µ in Q is

as follows:

• An arrow 1k → 1k+1.

• An arrow (k + 2) → (k).

• If λ/(λ ∩ µ) is two boxes in different columns, and µ/(λ ∩ µ) is

a single box, an arrow λ → µ

• If λ/µ is a single box, then we have max(r− 1, 0) arrows λ → µ

where r is the number of partitions κ ⊂ λ such that λ/κ is two

boxes in different columns, and µ/κ is a single box
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We don’t need to make choices!

I said before that you had to choose a section of

Hom(P (µ), P (λ))։ Ext1(S(λ), S(µ))∨ (∗)

in order to give a surjection κQ → κQ̃/ρ̃.

Theorem (S and WG): For all (λ, µ), either Ext1(S(λ), S(µ))

vanishes or (∗) is an isomorphism.

So FinSet reps are canonically described by representations of Q.



Some questions and speculations

• The quiver Q stabilizes under adding more boxes to the left

column. Do the relations?

• The only partitions mapping to 1k are 1k−1 and 31k−2. The

composition 1k−1 → 1k → 1k+1 vanishes, but 31k−2 → 1k → 1k+1

is nonzero. Is it true that, for any λ 6= 1k−1 and any nonzero

λ 1k, the composition λ 1k → 1k+1 is nonzero?

• Are all relations quadratic?



Our most ambitious goals

1: Compute the relations.

2: Give a theory of “standard monomials” for kQ/ρ.

3: Deduce combinatorial formulas for plethysm!

Thanks!


