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MORNING

(1) Consider the ring R = Z[X].

(a) Is R a principal ideal domain? (Prove your answer.)
Solution. Suppose that I = (2, X) = (a) for a € Z[X]. a divides 2 and X, hence
a must be £1. Clearly 1 ¢ (2, X) because Z/(2,X) = Z/2Z. Contradiction, so
I is not principal.

(b) Find a prime ideal p such that R/p has 4 elements.
Solution. Take p = (2,X2 + X +1). Then Z/p = Fp[X]/(X2+ X +1) 2 Ty
because X? + X + 1 is irreducible over F,. Now p is a prime ideal because Z/p
is a field.

(c) Show that

M =Z[X]/(X? - 5X —2,4X +2).

is a finitely generated abelian group. Determine its structure.
Solution. (X2 —5X —2,4X +2) = (X2 — X,4X +2).

Z)(X? - X)=2Z[X]/(X) x Z[X]/(X —1) 2 Z x Z.

Using this isomorphism, 4X + 2 coresponds to (2,6) in Z x Z. The ideal in Z X Z
generated by (2,6) contains (2,0) and (0,6). So we have

Z)(X? - X,4X +2) 2 Z x 7./ (2Z x 6Z) = Z/2Z x Z./6.

(2) Suppose that V and W are C-vector spaces of dimension n and m respectively.
a) Suppose that ej,es,...,e, is a basis of V and €7, €},...,¢e* is a dual basis in V*.
1> %2 n
We define a map © : Hom¢(V*, W) - V @ W by

O(g) =D _ e @ ¢(e}).
i=1
Prove that © is a linear isomorphism.
Solution. © is linear:

O\ + pp) = Zez A+ ) (ef) =Y Mei ® dle)) + ples @ 9(e) =
=1

—AZezw +uZez®w A0 () + 1O (1))
=1

for all A\, € (C and ¢, € Homc(V*, W).

Every element z in V @ W can be written in the form z = )"} ; ¢; ® f; for some
fi, foy--., fn € W. There is a unique linear map ¢ € Hom¢(V*, W) such that
plef) = fifori=1,2,...,n. Then O(¢) =Y 1" e, @ ¢(ef) =D 1 e fi ==x.
This shows that © is onto. The uniqueness of ¢ implies that © is injective.
Therefore, © is a linear isomorphism.
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(b) Prove that the map © does not depend on the choice of the bases eq,...,e, (as
long as we choose e7, ..., e}, dual to it).
Solution. There is a unique linear map II : V@ W — Homg(V*, W) such that
(e® f)(g) =g(e)f foralle € V,f € W and g € V*. . For any i and any f € W

we have
(Ooll)(e; ® f) = ZeJ®He,®f Ze] f=ea®f.
j=1
Since such elements e¢; ® f span VQ W, @ oIl equals the identity. Now II clearly
did not depend on the choice of eq,...,e,, therefore, neither does ©.

(c) Suppose that z € V ® W. Show that one can choose a bases e1,...,e, of V and
fl)"'afm OfW such that

r=e1Qfite®fo+ - -+eQfr

for some 7. (You could use for example part (a).)

Solution. If z € VW, then ©71(z) € Homg(V*, W) is a linear map of a certain
rank r. With respect to some bases e7,...,e; and fi,..., fr, of W, the matrix
A of ¢ = ©71(z) is as follows: A;; =1 for i =1,2,...,7 and A;; = 0 for all
other (i,7). We have

Zez®¢ Zez@’fz

(3) For which primes p and posmve integers is every p-Sylow subgroup of the symmetric
group Sym, commutative?
Solution: If n < p?, then there exists an r such that rp < n < (r+1)p. Then n! (the
order of S,) is divisible by p”, but not by p"*!. The order of a p-Sylow subgroup is
p". The group (Z/pZ)" C Sym) C Sym,, is abelian of order p". Hence it is a p-Sylow
group and all p-Sylow groups must be abelian because all of them are conjugate.
Suppose that n > p2. Define

=@ p+i 2p+i - p*—p+i)
fori=1,2,...,p and
=123 - P+l p+2 - )@ -p+l p —p+2 o P
The group generated by o1,...,0p,7 is isomorphic to

G =Z/pLx (Z[pZ)?

Now G is contained in some p-Sylow subgroup of Sym,,. Since G is nonabelian, so is
the p-Sylow group.
(4) Suppose that A is an invertible complex 3 x 3 matrix such that A and A2 are conjugate.

What are the possible Jordan normal forms of A.

Solution:

The eigenvalues of A are nonzero. If A, Ao, A3 are the eigenvalues of A, then so
are A2, A2, /\g. Hence squaring permutes the eigenvalues. This permutation may be a
3-cycle, a 2 cycle and a 1-cycle, or three 1-cycles.

3- cycle )\2 )\2, AQ = Ag, )\3 = Al



Then A§ = A1, so A] = 1 There are two possiblilities

¢ 0 0\ (¢ 0 0
0 ¢ 0f,[0 ¢ o
0 0 ¢/ \o o0 @&

where (7 is a primitive 7-th root of unity.
2-cycle and a 1-cycle: /\% = )\2,)\% = )1 and )\% = A3. So A1 is a third root of
unity and A3 = 1. We get

G 0 0
0 ¢ 0
0 0 1

where (3 is a primive third root of unity.

3 1-cycles: In this case all the eigenvalues are 1. If A is a n X n Jordan block
with eigenvalue 1, then A — I has rank n — 1. But then A> — I = (A —1I)(A + 1) also
has rank n — 1 because A + I is invertible. This means that A2 is also conjugate to a
Jordan block with eigenvalue 1. So any matrix A with eigenvalues all 1 is conjugate
to its square. This gives us the following possible Jordan normal forms:

100 100 1 00
010),[1t10],[1t10],
0 01 0 01 01 1
Let ¢ be a prime power and m an integer. For the field extension Fym /F, we have
the trace map T and the norm map N defined by T'(z) := .7 ' 29 and N(z) :=
H;l_ol z9', respectively. These maps have domain Fgm and codomain F.
(a) Prove that T is onto.
Solution: First proof. There exists a degree m irreducible polynomial g(z) € T, [z]
so that Fym is the splitting field.

Let z1,...,z, be roots of g(z). Choose indices so that z; = :1:(11]_1, for j =
1,2,...,m (this can be done since the root set is an orbit under the Galois group,
which is generated by the Frobenius map). Then the m x m van der Monde
matrix (z]) is nonsingular. It follows that for any nonzero m-tuple (ai,...,am)
in Fy, there exist a k so that ), a;iz¥ # 0. The trace of z¥ is the special
case (a1,---,am) = (1,1,...,1). (Note that ¥, ... z* is a length m orbit of the
Galois group so is the complete set of roots for a degree m irreducible polynomial.
)

Second proof.

The trace is transitive over iterated field extensions, so it suffices to do the case
where m is prime.

If m is unequal to the characteristic, then trace restricted to the prime field is
just multiplication by m so is onto (this observation solves part (c)).

Suppose m = p, the characteristic. We take any scalar ¢ outside the prime
field. Tts minimal polynomial is an irreducible of degree p. We are done if the
coefficient at P! is nonzero. Sometimes it is 0, depending on ¢, but it suffices by



the theory of finite fields to exhibit a degree p irreducible where this coefficient
is nonzero.

Since ¢ — z — 1 has no roots in the ground field, every irreducible divisor has
degree p. Change variables 4y = 2! and deduce that for 1 — y7 ! — y9, every
irreducible divisor has degree p. Therefore, some irreducible divisor of it has
nonzero second-highest coefficient.

Prove that N is onto.

Solution.  The multiplicative group of the larger field is cyclic of order a :=
¢™—1. The norm map raises every element to the power b := 14+g+¢>+---+¢™ 1.
Since bla, the kernel of the norm map restricted to ]qum has order b. The image
therefore has order a/b = g — 1, whence ontoness.

Give necessary and sufficient conditions on ¢ and m which makes the restriction
of T' to [F; onto.

Solution. (m,q) = 1.

Give necessary and sufficient conditions on g and m which makes the restriction
of N to [F; onto.

Solution. (m,q—1) = 1.



AFTERNOON

(1) Suppose that A, B,C € M,(C) are matrices such that A commutes with B and C,
but B and C' do not commute. Prove that the minimum polynomial of A has degree
at most n — 1.

Solution. We deny the conclusion and have that the minimum polynomial of A
has degree n. Then there exists a cyclic vector. An easy argument shows that a linear
transformation which commutes with A is a polynomial in A. If so, B and C' are each
polynomials in A and so commute with each other, contradiction.

(2) (a) Prove that if a group H acts on a set and K is a normal subgroup of H, then H

leaves invariant the set of fixed points of K.

(b) Suppose that the finite group G acts transitively on the set 2. Let P be a p-
Sylow subgroup of G for a prime number p. Prove that N(P), the normalizer of
P, acts transitively on the set of fixed points of P on 2 (when this set of fixed
points is nonempty).

Solution. ~ We use right action. (a) If a is a point fixed by K and g € H,
then (ag)H = a(gH) = a(Hg) = (aH)g = ag, whence ag is fixed by H (b) Let
a,b be points fixed by P. Take g € G so that ag = b. Then g~ ' Pg fixes b. By
Sylow’s theorem applied to the subgroup Stabg(b), there exists h € Stabg(b) so that
P = h~Y (g 'Pg)h = (gh)"'Pgh, whence gh € N(P). Now check that a(gh) =
(ag)h = bh = b.

(3) Let p be a prime and let IF; be a finite field of ¢ = p™ elements.

(a) Prove that if z € GLy(IF;) is a nonidentity element of order a power of p, then
its order is p and its minimal polynomial is (¢ — 1)2. Such an element fixes a
unique 1-dimensional space.

Solution. If zP™ =1, then z satisfies the polynomial *" — 1 = (¢t — 1)P". Since
the minimal polynomial of z has degree at most 2, z satisfies t* — 1 =0, so z
has order p. Its minimal polynomial is therefore (¢ — 1)2.

Since 1 is an eigenvalue, = fixes a 1-space. If x fixes two independent 1-spaces,
z is diagonalizable. Since its minimal polynomial has a repeated factor, this is a
contradiction.

(b) Prove that Q, the set of 1-dimensional subspaces in FZ, has cardinality 1 + gq.
Solution. This is clear by partitioning F2 \ {0} by the relation of linear depen-
dence.

(c) Prove that an element of GLg(F,) fixes exactly one point of 2 if and only if it
has order divisible by p.

Solution. If z € GLy(IF;) has order p, it fixes a unique 1-space, and so does
any abelian subgroup (e.g., cyclic) of GLy(F,) which contains z. (Reason: if y
commutes with z, then y stabilizes the set of points fixed by z: see problem (2)
in the Afternoon Algebra QR Exam.)

Conversely, suppose that = fixes a unique 1-space. Then z has an eigenvalue,
so its (degree 2) characteristic polynomial factorizes (¢t — a)(t — b). Since there
is just one fixed 1-space, a = b since eigenspaces are fixed by z. If the minimal
polynomial of = has degree 1, then z is a scalar, which fixes all 1-spaces. Therefore
z has minimum polynomial (t—a)?. Therefore y := @~ !z has minimal polynomial



(4)

(t — 1)2. Therefore y has order p since it satisfies (# — 1)? = t” — 1. The scalar a
has order k dividing ¢ — 1. Therefore x has order kp.
Let E1, B> be subfields of the algebraic closure F' of the field F. Assume that E;/F
is a finite degree Galois extension for ¢ = 1,2 and that Gal(E;/F) = Dihjy and
Gal(E2/F) = Dihy4. (Here Dihy, is the dihedral group of order 2n.) The compositum
E\E, is the subfield of F generated by E; and E,.
There is a homomorphism of groups

¢ = (r1,72) : Gal(E1 Es/F) — Gal(E1 /F) x Gal(E/F),

where r; is the restriction to the subfield E;/F, for i = 1,2.

(a) Prove that ¢ is a monomorphism.
Solution. An element in Ker(¢) fixes both E; and Es elementwise, hence also
the field they generate.

(b) Prove that |Im(4)| =2-5-7 or 22.5-7.
Solution. From Galois theory, any automorphism of a normal field extension
extends to any normal overextension. Therefore each of 1 and r9 is onto. There-
fore I'm(¢) has order divisible by each of Gal(E;/F) hence also by their least
common multiple.

(c) In case |Im(¢)| =257, prove that Im(¢) is dihedral of order 70.

Solution. Let G = Gal(E1E2/F) and let G; = Gal(E1E2/FE;). Then each Gj is
a normal subgroup of G. Since each r; is onto, we have G1 = Z7 and Gy = Zs.
Since G1NG1 =1, G1Ge = G1 X Gy 2 Zs X Z7 =2 Z3s. A Sylow 2-group of G has
order just 2. Let ¢ be a generator. The restrictions of conjugation by ¢ to each
E; is nontrivial (inversion, in both cases), so conjugation by ¢ inverts the cyclic
group G1G2. Therefore, G = G1G2(t) is dihedral.

Consider the C[X]-modules M; := C[X]/(X% — X?2) and M, := C[X]/(X® — X3). Let

M = M, ®cx) M> be the tensor product of M; and M, as C[X]-modules. Write M

as a finite direct sum of cyclic modules of the form C[X]/((X —a)™),a €C, m e N.

Solution. In general we prove that

ClX]/(p(X)) ®cx) C[X]/(g(X)) = C[X]/(p(X), ¢(X))
for any polynomials p(X) and ¢(X). Consider the homomorphism
¢ : C[X] = C[X]/(p(X)) ®cx) CIX]/(g(X))-
defined by
1) =1®1.

It is easy to see that ¢ is onto because C[X]/(p(X)) ®qx) C[X]/(¢(X)) is spanned
by elements of the form

a(X) ®b(X) = a(X)b(X) - T® T = a(X)b(X)¢(1) = $(a(X)b(X))
Clearly p(X) and ¢(X) lie in its kernel, so ¢ induces a homomorphism
¢ : CIX]/(p(X),q(X)) — CIX]/(p(X)) ®crx] CIX]/(9(X)).

such that ¢(1) =1® 1.
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Conversely, consider the homomorphisms 9 : C[X]/(p(X)) — C[X]/(p(X), ¢(X))
e 1 C[X]/(q(X)) = C[X]/(p(X),q(X)). There is a unique homomorphism

¥ : C1X]/(p(X)) &ix) CIX]/(q(X)) — CIX]/(p(X), ¢(X))
such that ¥(f ® g) = ¥1(f)¥2(g)- In particular,
PART) =91 (I)ye(I) =1-1=1.
Therefore
P(e1) =9¢p(Ie) =1 B
so the composition ¥ o ¢ is equal to the identity and ¢ is injective. Therefore ¢ is a

bijection and an isomorphism of C[X]-modules.
In particular we have

M = M; ®qx] My = C[X]/(X° - X%, X° — X?)
A GCD computation (say using Euclid’s algorithm for polynomials) shows that the

greatest common divisor of X? — X3 and X® — X2 is X* — X2 = X2(X — 1)(X +1).
By the Chinese Remainder Theorem, we have

CIX]/(X?(X —1)(X +1)) 2 CX]/(X?) x C[X]/(X —1) x CX]/(X +1).



