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UNIVERSITY OF MICHIGAN

DEPARTMENT OF MATHEMATICS

Qualifying Review Examination in Topology

5 May 2006: Afternoon Session, 2:00-5:00

1. Let X ⊂ IR3 be given as the union of the 2-spheres

S1 = {(x, y, z) : (x − 2)2 + y2 + z2 = 1},

S2 = {(x, y, z) : (x + 2)2 + y2 + z2 = 1}

and the line segments

L1 = {(x, 0, 1) : −2 ≤ x ≤ 2}

and

 L2 = {(x, 0,−1),−2 ≤ x ≤ 2}.

Let Y be the quotient space of Y under the map T which is the antipodal map on the
spheres and interchanges the line segments, i.e.,

T (x, y, z) =



















(4 − x,−y,−z), (x, y, z) ∈ S1,

(−4 − x,−y,−z), (x, y, z) ∈ S2,

(x, 0,−1), (x, y, z) ∈ L1,

(x, 0, 1), (x, y, z) ∈ L2.

Let p : X → Y denote the quotient map.

a) Find π1(X). Take (0,0,1) as base point.
b) Find π1(Y ) . Take p(0, 0, 1) as base point.
c) What is the image of π1(X) in π1(Y )?
d) Find the universal cover of Y .

2. Let A denote the space of 2 × 2 real matrices with determinant 1 and let B denote
the space of 2 × 2 matrices with trace 0.

a) Show that A is a submanifold of IR4.
b) Show that B is a submanifold of IR4.
c) Is A ∩ B a submanifold of IR4? Explain.

3. Prove or disprove the following :
(a) The continuous image of a locally connected space is locally connected.
(b) The quotient of a locally connected space is locally connected.

4. Let X be a closed disk in IR2 with k disjoint open balls removed, k ≥ 0. For which
k is it true that any continuous map f : X → X which is homotopic to the identity neces-
sarily has a fixed point?
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5. Notation: If A ⊂ X we denote by ∂A the boundary of A in X, i.e. ∂A = A∩X − A. If
A ⊂ X and B ⊂ Y and A and B are both closed prove that ∂(A×B) = (∂A×B)∪(A×∂B).
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