UNIVERSITY OF MICHIGAN
DEPARTMENT OF MATHEMATICS
Solutions to January 2005 Algebra QR exams

Morning

(1) Let v be a nonzero integer n x 1 column vector, and define the matrix B := vv”.
Determine the elementary divisors (Smith invariants) of B.
Solution. Since B has rank 1, the last n — 1 elementary divisors are 0. The
first nonzero elementary divisor is just the gcd of the entries of B, which is the
square of the ged of the entries of v.

(2) Consider the polynomial
f(X)=X"+rX%*+s € QX]

and let K be its splitting field over Q.

(a) Show that the the degree of the extension K : Q is either 1, 2, 4 or 8.

(b) Show that f(X) is irreducible if and only if 72 — 4s is not a square (of
an element in Q), and either s is not a square or s is a square and both
2\/s —r and —24/s — r are not squares.

(¢) Compute Gal(K : Q) if r =s=—1.

Solution. Let oy, as be the roots of g(X) = X2 +rX + s. Choose 31, B2 such
that 82 = oy and 2 = ap. The roots of f(X) are 31, —B1, B2, —o.
(a) Let us write [M : L] for the degree of a field extension M : L. We have

[K : Q] = [Q(ﬁl, 52) : Q] = [Q(ﬁl,ﬁz) : Q(ﬁl)] : [Q(ﬁl; 041) : Q(Oél)] : [Q(Oél) : Q]

and each of [Q(B1, F2) : Q(51)], [Q(B1, 1) : Q(a1)], [Q(cv1) : Q] is equal to 1 or
2. (Note that 85 = as € Qo) € Q(f1).)

(b) If s? — 4r is a square then g(X) = X2+ rX + s factors, so f(X) = g(X?)
factors nontrivially as well. Suppose that b is a square and 2d — r is a square
where d? = s, say 2d — r = u?. Then we can write

fX)=X"+rX"+s=(X>+d)’ — (cX)’ = (X®+ X +d)(X* - cX +d).

Conversely, assume that f(X) factors. If f(X) factors into a linear and a
degree 3 polynomial, then f(X) has a rational root. But then S3; or f is
rational and f(X) has at least 2 rational roots (namely +3; or +05). Therefore,
if f(X) is not irreducible, it factors into 2 quadratic polynomials, say f(X) =
f1(X) f2(X).Without loss of generality we assume f;(3;) = 0.

If the other root of fi1(X) is —fi, then (51)(—51) = —a; € Q. This implies

that s2 — 4r is a square.
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Suppose that the other root of fi(X) is . Then d := (182 € Q and
d2 = (ﬂ1ﬂ2)2 = (X109 = S. Let ¢ = 51 +,32 S Q Then fl(X) = X2 —cX + d.
Now f5(X) has roots —3;, —3» and hence it is equal to X% + cX + d. We have

fX)=X"+7rX’+ 5= (X’ +cX +d)(X* - cX +d).

From this follows that r = 2d — ¢?, so 2d — r = ¢? is a square. (The case where
the other root of fi(X) is —f, reduces to this case after relabeling the roots.)

(c) From part (b) we know that f(X) is irreducible and a; ¢ Q. The
polynomial g(X) = X?—X —1 has a positive and a negative root, hence f(X) =
g(X?) has two real roots and two complex (non-real) roots. Assume that 8;, —f;
are the real roots. If 81 € Q(ay) = Q(B?) then by the transitive Galois group
action 8, € Q(f7) = Q(av) and K = Q(cv;). This is a contradiction because
f(X) is irreducible and Q(1) : Q is only a quadratic extension. Therefore
Q(f1) # Q1) and [Q(B1) : Q] = 4. Since [, is complex we have [K : Q] =
[Q(B1, B2) : Q] = 8. The Galois group has 8 elements and must be isomorphic
to a (and therefore every) 2-Sylow subgroup of the symmetric group Sy. (For
example take {e, (12)(34), (13)(24), (14)(23), (12), (34), (1324), (1423)}.) O

Let G be a finite solvable group. (a) Suppose that K is a minimal normal
subgroup of GG. Prove that K is an elementary abelian p-group, for some prime,
p, i.e. a direct product of cyclic groups of order p. (b) Suppose that M is a
maximal subgroup of G. Prove that |G : M| is a power of a prime.

Solution.

(a) Since K is not the identity and is solvable, the commutator subgroup
K’ is proper in K. The commutator subgroup of K is characteristic, hence is
normal in G. Since K is minimal normal, K’ is the identity. Therefore, K is
abelian. Each of its Sylow groups is characteristic. Therefore K is an abelian
p-group, for some prime p. The subgroup generated by p-th powers is proper
and is characteristic, so is 1.

(b) Let K be a minimal normal subgroup.

Suppose K is not contained in M. Then G = KM and so |G| = |M||K :
K N M|. Since |G| = |[M||G : M|, we get |G : M| = |K : KN M|. Since
|K : KN M| divides | K|, it is a power of p. The result follows.

Suppose that K is contained in M. Then we apply induction to the maximal
subgroup M/K of G/K.
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(4) Let K be a field. Suppose that V' is a finite dimensional K-vector and A:V —
V is an endomorphism. A vector v € V is called cyclic (for A) if V' is spanned
by v, Av, A%v, .. ..

(a) Show that if there exists a cyclic vector for A, then the minimum polyno-
mial and the characteristic polynomial of A are the same.

(b) Suppose there exists a cyclic vector and B : V' — V is an endomorphism
which commutes with A (i.e., AB = BA). Show that there exists a poly-
nomial p € K[X] such that B = p(A).

Solution. Let n = dimV and v € V be a cyclic vector. Then v, Av, A%v, ..., A"ty
is a basis of V.

(a) Suppose that p(X) is the minimum polynomial and ¢(X) is the charac-
teristic polynomial of A. If the degree of p(X) is smaller than n, then p(A)v # 0
because v, Av, ..., A" 1y are independent. So deg(p(X)) > n = deg(q(X)). It
follows that p(x) = ¢(x).

(b) We can write

n—1
By = E o; A"
i=0

with ag,...,q,_1 € K. We claim that B = Z?:_Ol A'. Tt suffices to verify this
on the basis elements:

n—1 n—1
B(Aly) = A'By = A7) " Ay = () A")(Alv)
=0 =0

forj=0,1,...,n—1.
O

(5) Let G be a nonabelian simple group and let G, G5, G3 be isomorphic copies of
G.
(a) Prove that the complete set of normal subgroups of Gy x G5 is
{]—: Gl: GQ: Gl X G?}
(We identify G; with {(x,1) € G; X Ga|z € G4}, etc. )
(b) Now assume that G is finite. Let ¢ be a monomorphism of groups,
QOZG1XG2—>G1XG2XG3.

Prove that there exist indices ¢ and 7, not necessarily distinct, so that
o(Gi) = Gj.

Solution. (a) Let K be a normal subgroup. Suppose that K contains an element of
the form (z,y), where z # 1. Then, by conjugating with elements of the first factor,
we see that K contains every element of the form (z',y), where z' is conjugate in G
to z. Taking ratios, we see that K contains every commutator z='2’ in G;. Such
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commutators generate G; (nonabelian simple, so has only trivial abelian quotients)
and so K contains G;. If K contains an element of the form (z,y), where y # 1,
then K contains Gy by a symmetric argument. It follows that if K is not the identity,
it contains G; for some ¢. If K > G;, K maps to a nonidentity normal subgroup of
(G1 x G9)/G;, which is simple, whence K = G; x Gs. The conclusion follows.

(b) Suppose that G; maps into some Gy. By finiteness, the image of G; is Gy and
we may take 1 = 1,5 = k.

Suppose that G; maps into no Gx. Then, there is a pair of distinct indices p,q
so that ¢(G1) projects nontrivially to G, and G,. By finiteness and simplicity, each
projection is onto.

We quote a fact, that two elements of a direct product H; X --- x H,, commute if
and only if their respective projections to each H; commute.

Using the fact, we see that ¢(G3) maps into the centralizer in G; x Go X G3 of
Gp x G, which is just the third factor G,. We take i = 2,7 =r.



(1)

Afternoon

Suppose that K : Q is a Galois extension. Prove that for any subfield L of K
there exist subfields Li, Ls,..., L, C K such that L = L; N ---N L, and the
degree of the field extension K : L; is a prime power for all i.

Solution.  Since the extension is Galois, there is a subgroup F' of G =
Gal(K : Q) corresponding to L. The degree of K : L is |F|. Let Py,..., P, be
Sylow groups of F', one for each prime divisor of |F'|. Take L; to be the fixed
field of P;. The fundamental theorem says that K : L; is the prime power |P;|.
Also Ly N---N L, is the subfield fixed by the group generated by the P;, which
is F.

Let H be a group of order 57 - 79, for integers p > 0,q > 0.

(a) Show that an action of H on a set with 23 elements has a fixed point.

(b) Suppose that H, as above, is a subgroup of index 24 in the larger group
G. Prove that the normalizer

No(H)={g€G|gHg ' = H}
is strictly larger than H.

Solution.

(a) Suppose that H acts on a set S with 23 elements. The length of an H-
orbit always divides the order of H. Hence, the length of an H-orbit is either
1 (a fixed point) or a multiple of 5 or 7. If S does not have any fixed points,
then 23 = 5a + 7b for some nonnegative integers a, b. It is easy to verify that
this equation does not have any solution, so H must have a fixed point.

(b) Consider the action of H on G/H. The coset eH is clearly a fixed point.
So H also acts on S := G/H \ {eH}. Since S has 23 elements, there must be
a fixed point in S by part (a). So there exists gH € G such that gH # eH
(i.e., g ¢ H) and HgH = gH which implies that g 'Hg = H. It follows that
g€ Ng(H)\ H. d

Given a pair of linear transformations 7; : V; — W;, i = 1,2, of vector spaces,
there is a unique linear transformation V; ® V5 — W; ® Wy which takes 21 ® x-
to Thx1 ® Toxo, for all x; € Vi, i =1, 2.

Now suppose that the 3-dimensional complex vector space V' has an endo-
morphism 7T with matrix

010
A=10 0 1
000

Determine the Jordan canonical form of the transformation T ® T.



Solution. Let eq, e, e3 be the standard basis of column vectors. Define e;;
to be e; ® e;. The action of S :=T ®T on the e;; is easy to calculate. In fact,
Se;j = ej_1,j—1, where the right side is 0 if either subscript is negative. The sub-
spaces span{eii, e, ess}, span{eis, ez}, spanies, ez}, span{eis}, span{es:}
give an S-invariant direct sum decomposition of V' ® V' and exhibit the Jordan
decomposition with blocks of size 3,2,2,1,1, all for eigenvalue 0.

(4) (a) Suppose that R is a ring and I, J C R are ideals. Prove that

(INJ)YI +J)CIJ.

(b) Suppose that R is a principal ideal domain (PID) and I, J C R are ideals.

Prove that
INJ)(I+J)=1J.

(¢) Suppose that R is a unique factorization domain (UFD) and let a,b € R.
Prove that (a) N (b) is a principal ideal.

(d) Suppose that the UFD R is Noetherian (i.e., every ideal of R is finitely
generated) and that (INJ)(I+J) = IJ for all ideals I, J C R. Prove that
R is a PID.

Solution.

(a) Clearly (INnJ)I CJ
(INNHI+{InJ)JCIJ.

(b) Let I = (a), J = (b) and I + J = (c¢). Let d = ab/c. then clearly
d=ua(b/c) € I and d = b(a/c) € J because b/c,a/c € R. Hence d € INJ. It
follows that (INJ)(I+ J) D (d)(c) = (ab) = I1J.

(c) We can write a = d'c, b = b'c for some ¢ € R where ¢’ and b’ do not
have a common irreducible factor. Let d = ab/c = a'b'c. Clearly d € (a) N (b).
Looking at the factorization of e shows that e is divisible by a'b'c, hence e € (d).

(d) Let a,b € R both nonzero.Let I = (a),J = (b). Then (a) N (b) = (d)
is principal. Let ¢ = ab/d. From (d)(I + J) = (ab) follows I + J = (c). This
shows that (a,b) is principal. By induction and the Noetherian property, any
ideal is generated by 1 element. O

JI=1I1Jand (INJ)J CIJ, hence (INJ)I+J)=

Determine the Sylvester signature of the real matrix

1 2 3
2 45
3 5 6

Solution. Since the matrix is symmetric and real, all eigenvalues are real.
The determinant is —1, so the number of negative eigenvalues is odd. If that
number were 3, the form would be negative definite. This would imply that all
diagonal terms are negative, which is false. Therefore, the signature is 2, 1, 0.



