Topology QR Exam
May 2006

Morning :

1. Let (X,dx) and (Y,dy) be metric spaces. A map 7 : X — Y is called a submeiry
it for every € X, and any r > 0,

w(D(z,r)) = D(n(z),7)

where D(x,r) denotes the closed r-ball about z.

(a) Show that 7 is surjective if X is nonempty.

(b) Show that = is continuous.

(c) Show that 7 is open. [A map f: A — B is open if and only if for every open subset
U C A, the image f(U) is open in B.]

(d) Suppose that y;,y2 € ¥ . Suppose that z; € X satisfies w(z1) = y;. Show that there
exists x9 € X such that m(x2) = y» and dx(z1,z2) = dy (1, ¥2).

2. The figure below is rotated about the z-axis to generate a topological space X that
is the union of two 2-spheres joined at their common equator. Since X is symmetric about
the origin we may form the quotient space ¥ = X/ ~ of X by the antipodal map, that is,
¢~ —p. Find the homology groups of X ;n‘.:d ¥a

\Lgh
3. Let U; € Uy C ... be a sequence of simply-connected open subsets of a topological
space X. Show that U = |J, U; is simply-connected.

4. Let f : S* — IR' be a smooth map which does not contain the origin. Show that
there is a line through the origin in IR* which is disjoint from f(S?).

5. Put R? = {(z,y) € R* : y > 0}. Show that the one-point-compactification of
IR?'_ is homeomorphic to a familiar space.







