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This paper is inspired by the work of Anthony Bloch, Naomi Leonard and Jerrold
Marsden [2000] in Controlled Lagrangians and the Stabilization of Mechanical Systems I:
The First Matching Theorem [2000], which develops a theoretical basis for a method of
stabilization that uses kinetic shaping (altering the kinetic energy to incorporate feedback
controls while preserving symmetry) to stabilize modulo a symmetric group.

Controlled Lagrangians and the Stabilization of Mechanical Systems I introduces two
mechanical systems as examples. In the first system, an upside-down pendulum is attached
by a hinge to a cart free to move back and forth on an axis. In the second, an inverted
pendulum is attached by a hinge to a cart able to move on a plane. In both cases the
authors used the method of controlled Lagrangians to stabilize the pendulums (at the
upright equilibrium) modulo the cart position. This paper will examine the inverted double
planar pendulum on a cart. (Two upside-down pendulums, supported by stiff rods and
connected by a hinge, are attached, also by a hinge, to a cart free to move on an axis).

Inverted Double Planar Pendulum on Cart.

This system is intuitively much different from the systems discussed in Controlled La-
grangians and the Stabilization of Mechanical Systems I. With the one-pendulum systems,
the direction in which one must push the carts to force the pendulums upright is clear (mod-
ulo rotation for the second system, where the cart moves on a plane). In the two-pendulum



system it is not always clear where the cart should be pushed. If one angle is positive and
the other negative (with respect to the vertical), then who is to say whether I should push
it to the right or to the left? If this is difficult to determine, then how can I begin to know
how to make the pendulums stand upright?

The purpose of this paper is to show that the method of controlled Lagrangians indeed
stabilizes the two-pendulum system (modulo the cart position).

1

Suppose m and s are the mass and position of the cart, respectively,
m1 and y; are the mass and position of the first pendulum on the plane,
msg and gy are the mass and position of the second pendulum,
[y and [y are the lengths of the rods supporting the pendulums, and
01 and 05 are the angles formed by the rods with the vertical. Then

Y1 = Y2 =

£1 cos B4 {1 cos B + €5 cos by

s+ ¢y sin 6y ]

s+ £1sin 6y + ¥ sin O ]

and
KE =1/2 (ms® + mig} + moy3)

_ 1/2 ms2 + mq (S + 9.161 CcOos 91)2 + mq (—9.161 sin 91)2

. . 2 . . 2
—+me (S + 0141 cos 01 + 0205 cos 02) + mo (*01(1 sin 61 — 0505 sin 02)

PE = — (gm1fy + gmaly) cos 01 — gmals.

The potential energy taken from the kinetic energy, called the Lagrangian (L), is:

L =1/2v5%41/2 (a1 + a3) 6% + 1/20202 + (51 + (3) 301 cos 01 + B350 cos Oy
+¢& (9192 cos 01 cos O + 6105 sin 0y sin 62) + (D1 + D3) cos 01 + D3 cos 0y

(1.1)

where
v =m+my +ma,a; = mil?, as = mal?, az = mol?,
Br = maly, B2 = mals, B3 = maly, & = malyils,
Dy = —gmily, Dy = —gmaly, Dy = —gmaly
I will use the Euler-Lagrange equations %% — % = 0 for generalized coordinates {q;}

with the Lagrangian [, and coordinates 61,62 and s and to describe the motion of the cart
and pendulums.
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The Euler-Lagrange equations for the system are:

dt 96, L .

3 (ﬂ1 + B3) (cos 1) + 01 (a1 + a3)
+05 (€ cos 01 cos 03)

+9§ (€ sin by cos B — £ cos By sin B)
+ (D1 + Dg)sinf; =0

dOL _ 9L _

(2.1)

d oL OL _

dt oo, 902
5 (B2 cos ) + 61 (€ cos by cos O3)
+9% (€ cos 61 sin B — £ sin 61 cos O3)
+6 ()

+D3sinfy, =0

2. Sl
@‘Qﬁ
~

N—

(51 + Bs) (91 cos by — 9% sin 61
—f-ﬂg (92 cos fy — «9% sin «92> =0
(2.3)

Using (2.3) with (2.1) and (2.2) to eliminate the s variable, I can rewrite these equations
with 67.05, 61, 02, 91, 0y in terms of each other. This is convenient because I am not concerned

with the motion of the cart.
él (oq + a3 — M cos? 91)
. 2
+6? (—% sin 61 cos 91>

B2(51458) cos 0, cos )

+é2 (f cos 01 cos Oy —
B2(B1+063)
¥

—|—0§ (§ sin 01 cos o — £ cos 01 sin By — cos 01 sin 92)

+ (Dl + DQ) Sinc91 =0

6, (5 cos 01 cos @y — (61+53) cos 01 cos 92)
—i—@% (f cos 61 sin B — Esin fy cos Oy — w sin 64 cos 02)
—|—é2 (az — ’%% cos? 02)
+62 (_@ cos 05 sin 6 )
2 5 2 2
+D3sinfy, =0



(2.5)

What are the dynamics like when a control force is applied to the cart? Suppose I
manipulate the momentum conjugate to s, say %%—SL = u = —% (klél + k292), where
k1 = k1 (01) and ko = ko (62) are feedback controls applied in the s-direction. According to
work by A. Bloch, N. Leonard, and J. Marsden [2000], the controlled system is rewriteable,

under certain conditions, as a closed-loop system:

. .\ 2 . .
Leo = 1/2y (S + k161 + k202) +1/2 (a1 + a3) 62 + 1/20063
+ (ﬁlél cos 1 + 529'2 cos Oy + ﬁgél cos 91) (S + klél + kgéz)

.. . N
+£6105 (cos 61 cos Oy + sin 0 sin b)) + oy/2 (k101 + kgé?g)
(D1 + D3) cos 01 + D3 cos 0y

(2.6)

where o is some dimensionless constant. If there exist formulas for the controls so that
the equations of motion corresponding to the controlled Lagrangian (2.6) match with the
equations corresponding to the free Lagrangian (1.1) with the control law outlined above,
then this revision of the Lagrangian makes sense.

3

The Euler-Lagrange equations for the controlled cart are:

%g—éﬁ — gTLl = §(vk1 + (61 + P3) cosb)
+6, (o1 + as + vkZ + ovk2 + 2 (81 + B3) k1 cos 01)

+9% (’ykllﬁ + U’Vklﬁ)

+05 (yk1ka + oykiks + (81 + B3) kg cos 01 + Baky cos By + € (cos 01 cos Oy + sin 0y sin 65))
+9§ (’ylﬁkfé + ovki kb + (81 + (3) kb cos 01 — Baky sin 6y 4 & (sin 6 cos By — cos 0y sin 02))

+ (D1 + D3)sinf; =0

(3.1)

%ETLQ — g—é = § (vka + (2 cos b2)

+61 (vk1ka + ovki1ke + Baki cos s + (51 + B3) ko cos 01 + £ (cos 0 cos Oz + sin 6 sin b))
+9% (’ykf’ﬂtg + U’yli’lkg — (61 + P3) k2 sinf; + /82killCOS 05 + £ (cos b1 sin f — sin By cos 02))
fy (oo + Vk2 + ovyk3 + 2Bk cos 0s)

+62 (’ykgkfé + U’ykglié)

+D3sinfy; =0



S5 =5(3) + 07 (K] — (8L + ) sin )
+63 (7/97/2 — P2 Sin92) + 01 (yk1 4 (B1 + B3) cos 01) + O (vkz + B2 cosb3) = 0

(3.3)

The underlined derivatives are taken with respect to 6;, and the controls are defined by:

k1= —717 ((B1 + B3)cosbr),
kQ = —(7*17 (ﬂg COS 92)

(3.4)

These expressions can be derived from the general matching procedure developed by A.
Bloch, N. Leonard, and J. Marsden [2000], or simply by determining under what conditions
the equations corresponding to the free Lagrangian with the control law match the equations
corresponding to the closed-loop system.

Combining (3.3) with (3.1) and (3.2) and using (3.4) to simplify notation, the controlled
equations reduce to:

01 (a1 + az + ovk? — o2yk?)

+62 (J’yklli'l + szykllig

+0y (ovk1ke — 02yk1ks + € (cos 0 cos O + sin 6 sin 0s))
—1—9% (J’ykllié + azwkllié + £ (sin 61 cos B2 — cos 0y sin 02))
+(Dy + Dy)sinf; =0

(3.5a)
o, (ovk1ke — 02yk1kg + € (cos 0 cos O + sin 6 sin 02))
+912 (avﬁkz + 027ﬁ]€2 + £ (cos y sin 6y — sin 61 cos 02))
0 (ag + oyk? — o2k3)
+62 (awkgk‘é + 02’)/1432}6‘7&)
+Dgsinfy =0
(3.5b)
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According to theory developed by A. Bloch, N. Leonard, and J. Marsden [2000], the system
is stable if the second variation of



(D1 —|—D2)COS(9+D3C0892+1/2|: él 92 :|>I<

(L _ l) (1 cos by + B3 cos 91)2 T ag + as (% - %) (81 cos b + (B3 cos b)) (B2 cos 02)

o +& (cos 01 cos Oy + sin 6 sin 0)
(% . %) o eonte) (U% N %) (B2 cos62)? + ag

+£ (cos 01 cos Oy + sin 6 sin 03)
(4.1)

is definite when evaluated at the equilibrium 91 = 92 = 61 = 6y = $ = 0, which occurs when
the matrix

Di+Dy 0 0 0
0 D3 0 0
B=1"0 0 (Z-1Gi+m?+a+as (5-1)(Bb+h)+¢
0 0 (H-1)(BBi+Beb)+¢ (& -1)83+as
(4.2)
061
(where [ 861 80y 801 66 } B ng is the expression which results from taking varia-
1
505

tions of (4.1) twice and then evaluating at the equilibrium) is negative definite, meaning

1 1.7 (a1 + a3)
2
o (61 + 53)

and
1 1 52 — Q9 (Oé1 + 043)

YooY g 26 (Bafht + B233) — a2 (B + B3)% — (a1 + a3) B2

or
m

K> —
mi + ms

and
. — (m+m1 +ma) .
mi + ms

(4.3)

I can also analyze the linear system to find the stabilizing values of x . Taking small
variations of (3.5a) and (3.5b) about the upright equilibrium, I find the system

1 51

a2 1| 992
. =A

(56_?1 061

(592 592



where

0 01O
00 01
A_chO
d e 00

and
o1 + a3 + ovk? (e) — o2ykE (e)
— (D1 + Dy

_ ok (e) ka(e) — a®vk

b= )
. (
)
(

i

e)ka(e) +¢

— (D1 + Dy ’
L () k() — 0Pk (k) + €
Dy )
art 093 (0) — ok (0
— = ,

(4.4)

and k; (e) are the values of the controls at the equilibrium position. For spectral stability
the eigenvalues of A~! must be on or to the left of the imaginary axis. In this case the
system is spectrally stable if over time the pendulums angles remain within a neighborhood
of zero. The pendulum angles will not necessarily approach zero, and in general the system
is not asymptotically stable without dissipation (friction).

Using (4.4), spectral stability occurs when both b < 0 and det ([ Z ¢ ) > 0, or when
(4.3) is true.
5
The control law, or momentum conjugate to s, is defined by u = —% (k:lél + k‘gég). The

acceleration terms can be eliminated from the uncontrolled equations (2.4, 2.5):
b= f (91792,91,92) =

0% (—M sin 64 cos 91)
92 (5 cos B sin s — & sin by cos Oy — (51+ﬁ3) sin 61 cos 02) )

+92 (—7 cos 05 sin (92) + Dg3sin 65

— (§ cos 01 cos Oy — w cos 01 cos 02) (

2
(ag — 572 cos? 92>

+9g (f sin @1 cos s — € cos By sin Oy — w cos 61 sin 92>
+ (Dl + Dg) sin 6

2 & cos By cosOar— B2(P1+53) cos 1 cosbs | [ £ cos By cosOar— B2(B1+63) cos 01 cos 02
(a1 + a3 — (BrtBs)” g2 91) 1-— i i
Y

)2 2
(a1+a377(51+7’83) cos? 91) (04271372 cos? 02)



(5.1a)

=g (91,92,91,92) =

9% (—M sin 61 cos 91)

+ (D1 + D2)sin 6y

—1—93 ({ sin 01 cos s — € cos By sin Oy — w

cos 01 sin 92)

B1+53)
— (£ cos By cos by — B2(B1t8s) (g 01 cos 92)
( K (041+063_M cos? 91)

+9% (E cos 61 sinfs — £sin By cos Oy — w sin 61 cos 92)
. 2
+62 (—%2 cos 6 sin 02)
+D3 sin 92
52 ({ cos 01 cos 92—7’82(5}Y+53) cos 01 cos 92) ({ cos 01 cos 02—7’32(B}Y+B3) cos 61 cos 92)
(ag — 22 cos2 02) 1— . —
K (Oq +az— % cos? 91) (OQ— 72 cos? 92)
(5.1b)
The control law can now be expressed in terms of the angles and their velocities.
o ((B1+B3) sin 1) 462 (B2 sin 02)
+55) cosd o ) .
—%Wf (91792,91,923 — 7(’3230; 2) g (01,02,91,02)
(5.2)

Matlab simulations (included below) show that this indeed stabilizes the system.

The stability condition x > W — 1 partially explains the conundrum presented
in the introduction (in which direction do I push the cart?). As it turns out, both positive
and negative feedback will stabilize, though it is still not intuitively clear- at least to me-
why they do.

Both of the one-pendulum systems I discussed in the introduction were stabilized by
positive feedback only.

If I were to examine a more complicated system- for example, n inverted pendulums
on a cart- I would find the similarities between the 1-pendulum equations (outlined in
Controlled Lagrangians and the Stabilization of Mechanical Systems) and the 2-pendulum
equations quite promising. However, I don’t think a direct calculation of the n-pendulum
equations would be very economic. Since calculating the two-pendulum equations seemed
exponentially harder than calculating the one-pendulum equations, I would expect the
three-pendulum equations to be even harder, and so on.

On the other hand, the symmetric nature of the equations suggests that there may be a
nice inductive formula for the n-pendulum equations. I will leave this problem to another
paper.

In the following simulations, I used the initial condition [x1, x2, x3, x4, x5|= [-.2 .2
.01 -.01 0] where x1= 6; , x2= 0y , x3= 0, , x4= 05, xb= 4. In fact, any initial condition
close to the equilibrium position will work (I used this because it made nice graphs). In the

following graphs, 6, = datal, 6y = data2, 1 = data3, 0 = datad, $ = datab.
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controlled system, m=2, m1=m2=1, sigma= 1/3.1

angles and velocities (rad, rad/sec) and rate of change of s

angles and velocities (rad, rad/sec) and rate of change of s
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6 Appendix
The Matlab code used for the simulations is given here.

function xdot=fivevar(t,x)

m0=2ml=1;m2=1;11=1;12=2;9g =9.8;

y =m0+ ml+m2;al =ml 11242 =m2*12% a3 = m2*11%;b1 = m1 x1;
b2=m212;03 =m2xl;r =m2x*11%12;dl = —g+ml x11;d2 = —g+m2x[1;
d3 = —g*xm2x12; o =1/100;

dot = [(3); x(4); (= (((=((b14b3) x cos(2(1)) + (b1 +b3) xcos(x(1)) /(—oxy))) * (=

( x(3)?
(r*cos(z(1))* sin(z(2)) — r*sin(x(1)) * cos(x(2))) — d3* sin(z(2))) — x(4)? *(fr*sm( (1))
cos(x(2)) —r+*cos(x (1)))*8m( x(2))) — (d1+d2)*sin(x(1)))/((al +a3) r?xcos(x (1))2

) * (1= (
cos((2))%)/(al +a3)))) — (b2 * cos(x(2)) + (b2  cos((2)) /(=0 y))) * (= ((—(=x(3)?* (
cos(xz(1)) * sin(x(2)) — 7 * sin(x(1)) * cos(x(2))) — d3 * sin(x(2))) — 2(4)? * (r * sin(z(1)

* K X X X

)
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cos(x(2)) —r*cos(z(1))*sin(x(2))) — (d14+d2) xsin(z(1)))/((al +a3)* (1 — (r? xcos(z(1))? *
cos(2(2))?)/(al + a3)))) * (r * cos(x(1)) * cos(x2(2))) — z(3)% * (r * cos(x(1)) * sin(z(2)) —
rx sin(z(1)) x cos(z(2))) — d3 * sin(z(2)))/(a2)) — ((b1—|—b ) * sin(x(1 )) ((b1 + b3) *
sin((1))/ (0xy)))xx(3)? = (b2xsin(x(2)) — (b2xsin(z(2))/(0+y))) xx(4)*) /y) /(1= (1/((al+
a3) xy)) * (—(bl 4+ b3) xcos(z(1)) — (b1 +b3) x cos(x(1))/(o*xy)) * (— (b1l + b3) * cos(x(1)) + 7 *
cos(z(1)) x cos(x(2))? * b2/a2) — (1/(a2*y)) (b2 % cos(x(2))/(oxy)) * (b2 * cos(x(2)) + (b1 +
b3) * cos(x(1)) + 7 * cos(x(1)) * cos(x(2))? ¥ b2/a2))) * (b1 + b3) * cos(x(1)) — (r * cos(z(1)) *
cos(w(2))/a2) * (= (((=((b1 + b3) * cos(2(1)) + ((b1 4 b3) * cos(x(1)) /(=0 y))) * (((—=(3)
(r*cos(z(1))* sin(z(2)) —r*sin(x(1)) * cos(x(2))) — d3* sin(x(2))) — x(4)? * (r * sin(z(1)
COSExE r*cos(x (1))*sin(az(2)))—(d1+d2)*sin(a:(l)))/((al—i—a?))*(1—%7“2*005@(1)
os(z(

2))2)/(al +a3)))) — (b2 * cos(x(2)) + (b2 x cos(z(2))/(—oxy))) * ((—(
1

os(x(2
2
1
(

(
x sin(x(2)) — r* sin(xz(1)) * cos(x(2))) — d3 * sin(x(2))) — x(4)* * (r * sin(z(1

) -

§ (—2(3)?
; r*cos(x (1))*5@'71(36(2)))—§d1+d2)*sm(x(1)))/ (al4a3)* (1 — (r?*cos(x(1)
)

)

QO
8

2)/(al +a3)))) * (r * cos(x(1)) * cos(x(2))) — 2(3)? * (r * cos(x(1)) * sin(x(2)) —r
xcos(x(2)))—d3x*sin(x(2)))/(a2))—((b1+0b3)*sin(x(1)) — ((b1+b3) *sin(z(1))/(o*
? 2(2))/(oxy)))*2(4)%)/y) /(1= (1/((al+a3)xy))+(—(b1+
x(1))—(b1403)*cos(x(1))/(oxy))*(—(b1+b3)xcos(x(1))+r*cos(x(1))*cos(x
(1/(a2 xy)) * (b2 * cos(x(2)) /(0 *y)) * (b2 * cos(x(2)) + (b1 4+ b3) * cos(x(1)) + r =
);kc s(2(2))%xb2/a2)))xb2xcos(x(2)) —(3)?* (rxcos(x (1)) xsin(x(2)) —rxsin(x

cos(x(
sin(x
))) @

b3)xc
b2/a2

cos(x

) -
(1
cos(x(2
d

)
)
)
)
)
)
3
0s(

—(b2xsin(z(2))— (b2*sin§

)
))) — d3 * sin(x(2))) — z(4)? * (r x sin(z (1))*003( (2 ))—r*cos(m(l))*sm(w(Q
(d1+d2)xs (1= (r*xcos(x(1))? xcos(x(2))?) /(a1 +a3))); (—(((—(
b3) x cos(x(1)) + ((b1 +b3) x cos(z(1)) /(—o*y))) = (((—z(3)* = (r )
sin(z(1)) * cos(x(2))) — d3 * sin(x(2))) — x(4)? * (r * sin(x(1))
sin(z(2))) — (d1+d2)*sin(x(1)))/((al+a3) * (1 — (r?xcos(x(1))?xcos(x(2))?)/(al+a3)))) —
z(2)) + (= (—2(3)? * (1 * cos(x(1)) * sin(z(2)) —r
(r * sin( x(l))*cos( (2 )))—r*cos( z(1))

in(x(1)))/((al+a3)
)+

s (r*cos(x(1)) * sin(x(2

)?
(z x(1)) * cos(x(2)) — r * cos(
1 z(1

w 8
—
~—
~—

) )
) (
(b2>kcos)( (2 (b2 x cos(x(2))/(—o*y))) * (()2
) (1—(r?xcos(x(1))?*cos(2(2))?)/(al +a3)))) *

)
)
—((-

sin(z(1)) * cos(x(2))) — d3 * sin(x(2))) — *
sin(x(2)))— (d1+d2)*sm(x(l)))/((al—f—a?)) (
(r*cos(z(1)) *cos(2(2))) — x(3)? * (r x cos(x(1)) x sin(x(2)) —r* sin(x(1)) * cos(x(2))) — d3
sin(z(2)))/ )/ (0xy)))*a(3)*—(b2xsin(x(2))—
(b2 sin(x(2))/(0xy)))*x(4)%) /y) /(1= (1/((al+a3) xy)) *(— (bl+b3)*008($(1))—(bl+b3)*
cos(z(1))/(oxy))*(—(b1+b3)*cos(x(1))+r*cos(x(1))*cos(z(2))?*b2/a2) — (1/(@2*y))*(b2*
cos(x(2))/(0xy)) * (b2xcos(x(2)) + (b1 +b3) * cos(x(1)) +7*cos(x(1)) *cos(x(2))? xb2/a2))) *
b2 x cos(x(2)) — ((—(((—=((b1 +b3) * cos(x(1)) + ((b1 + b3) x cos(x(1))/(—o*y))) * (((—x(3)* *
(r*cos(x(1)) * sin(z(2)) — r*sin(x(1)) * cos(x(2))) — d3 * sin(x(2))) — x(4)? * (r * sin(z(1)
cos(x(2 *cos(x ()1))*sin(x(Q)))—(d1+d2)*sm(x(l)))/((al—i—a?)) (1—(r?xcos(z(1)
)

(a2))—((b1403)*sin(x(1))—((b1+b3)*sin(z(1

(2(2))—r )
0s(2(2))?)/(al + a3)))) — (b2 * cos(x(2)) + (b2 * cos(x(2)) /(o x y))) * ((—((— (= (3)? *
cos(z(1)) * sin(x(2)) — 7 * sin(x(1)) x cos(x(2))) — d3 * sin(x(2))) — x(4)? * (r * sin(z(1
cosEazEQ r*cos(x(1)) xsin(z(2))) — (d1+d2) *sin(x(1)))/((al +a3)* (1 — (r? * cos(z(1)
2
(a1
)

Q

2,
)
2
)
2

)
(
)
)

L R

)
)
)) * si

) — (1) (1
cos(2(2))?)/(al +a3)))) = (r* cos(x(1)) x cos(x(2))) — x(3)% * (r x cos(x(1)) * sin(x(2)) —r
in(z(1))*cos(x(2))) —d3*sin(z(2)))/(a2)) — ((b14b3)xsin(z(1)) — (b1 +b3)*sin(z(1))/(o
Y))) *2(3)* — (b2 * sin(x(2)) — (b2 * sin(x(2))/(0*y))) * ©(4)*) /y) /(1 = (1/((al 4 a3) x y))
(— (bl—i—bS)*cos(m( ) — (b1+03) xcos(z(1))/(0*xy)) * (—(b1+b3) xcos(x(1)) +rxcos(x(1))
cos(x(2))2%b2/a2) —(1/(a2xy))* (b2xcos(x(2))/(oxy)) * (b2xcos(x(2))+ (b1 +b3)*cos(z(1))
r* cos(x(1)) * cos(x(2))? * b2/a2))) * (b1 + b3) * cos(xz(1)) — (r * cos(x(1)) * cos(x(2))/a2)

S

* X K

* +
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(—(((—((b1 4 b3) * cos(x(1)) + ((b1 + b3) x cos(x(1))/(—o*y))) * (((—2(3)% * (r * cos(x(1)) *
sin(z(2)) —r*sin(z(1)) * cos(2(2))) — d3 x sin(x(2))) — x(4)% * (r * sin(z(1)) * cos(x(2)) —r*
cos(z(1))xsin(z(2)))—(d14+d2)*sin(x(1)))/((al+a3)*(1—(r?scos(x(1))?xcos(x(2))?)/(al +
a3)))) — (b2xcos(x(2)) +(b2xcos(x(2)) / (—oxy))) * ((—((—(—2(3)** (r+cos(x(1)) xsin(z(2)) —
T*szn(x(l))*cos(x(Q))) d3* sin(x(2))) — z(4)? * (r+ sin(z(1)) * cos(z(2)) — r* cos(z(1)) *
sin(z(2))) — (d1+d2) xsin(z(1)))/((al+a3)* (1 — (r?*cos(x(1))? xcos(x(2))?)/(al +a3)))) *
(r*cos(xz(1)) *cos(2(2))) — x(3)? * (r * cos(x(1)) * sin(x(2)) —r* sin(z(1)) * cos(z(2))) — d3
sin(x(2)))/(a2)) = ((b1+4b3)*sin(x (1)) —((b1+03)xsin(x(1))/ (0xy))) xx(3)? — (b2xsin(z(2)) —
(b2*sin(x(2))/(oxy))) x2(4)?)/y) /(1 —(1/((al+a3) xy))* (— (b1 +b3)*cos(z(1)) — (b1 +b3) x
cos(x(1))/(oxy))*(—(b14b3)xcos(x(1))+rxcos(x(1))*cos(x(2))?*b2/a2) — (1/(a2*y))* (b2*
cos(x(2))/(0xy)) * (b2 cos(x(2)) + (b1 +b3) * cos(z(1)) +7*cos(z(1)) *cos(x(2))? xb2/a2))) *
b2% cos(x(2)) —2(3)? * (r+cos(x(1)) x sin(x(2)) —r*sin(z(1)) * cos(x(2))) — d3 * sin(x(2))) —
2(4)? % (rxsin(z(1))*cos(x(2)) —r*cos(x(1)) xsin(x(2))) — (d1+d2) * sin(x(1)))/((al +a3) *
(1—(r?xcos(x(1))?*cos(2(2))?)/(al+a3))))*(rxcos(z(1))*cos(z(2))) —z(3)%* (rxcos(z(1))
sin(x(2)) —r*sin(x(1)) x cos(x(2))) — d3 x sin(x(2)))/(a2); ((—((b1 +b3) x cos(x(1)) + ((b1 +
b3) * cos(x(1))/(—o*y))) * ((—z(3)?* (r x cos(x(1)) * sin(z(2)) — r* sin(z(1)) * cos(z(2))) —
d3 * sin(x(2))) — x(4)%  (r * sin(z(1)) * cos(x(2)) — r x cos(x(1)) * sin(x(2))) — (d1 + d2) *
sin(z(1)))/((al+a3) * (1 — (r? xcos(z(1))? x cos(x(2))?)/(al +a3)))) — (b2* cos(x(2)) + (b2 *
cos(x(2))/(—
d3 * sin(z(2
sin(z(1)))/(
cos(z(2)))—
((b1 4 b3)

A/\

0%y))) * ((—((—=(=2(3)? % (rx cos(x(1)) x sin(x(2)) —r* sin(z(1)) * cos(z(2))) —
) — x(4)2 * (r* sin(x(1)) * cos( (2)) — 7= cos( (1)) * sin(x(2))) — (d1 4+ d2)
(al +a3) * (1 — (12 * cos(x(1))? % cos(2(2))?)/(al + a3)))) * (r * cos(x(1)) *

2(3)?* (r+cos(x(1))*sin(x(2)) —r*sin(x(1))*cos(x(2))) —d3*sin(x(2)))/(a2)) —
 sin(z(1)) — ((b1 + b3) * sin(z(1)) /(0 * y))) * 2(3)% — (b2 * sin(x(2)) — (b2 *

sin(z(2))/(0xy))) *z(4)*)/y)/(1 = (1/((al +a3) x y)) * (— (bl+b3)*008(9€( )) — (b1 +3) =
cos(xz(1))/(oxy))*(—(b14b3)xcos(x(1))+rxcos(x(1))*cos(x(2))?*b2/a2) — (1/(a2*y))* (b2*
cos(z(2))/(0%y)) * (b2 % cos(2(2)) + (b1 +b3) x cos(x(1)) + 1 * cos(x(1)) * cos(x(2))? *b2/a2))]

I used this command to run the program:

t0 = Otmax = 3020 = [—.2.2.01 — .010]

[t,z] = oded5(’ fivevar’, [t0Otmazx], 20)

plot(t,x),xlabel(’t’),ylabel("angles and velocities (rad, rad/sec) and rate of change of
s”),title(’controlled system’)
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