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Abstract

In the paper “Seven trees in one”, J. Pure Appl. Algebra 103 (1995) 1-21, it was demonstrated
that in the polynomial rig N[z] and under the relation 2 = 22+ 1, every polynomial is equivalent
to a polynomial of degree < 4 due to the reduction 2° = z* + 1, which was derived from the
relation = 22 + 1. The question then arises, for what other relations ® is it true that every
polynomial in N[z] under the relation ® is equivalent to a polynomial of degree less than ¢ for
some fixed ¢ € N7 We offer a theorem which lists explicitly these relations .

We also begin an investigation of what rigs are epimorphic images of N, which leads into the
topic of Schanuel’s dimension rigs.

I. INTRODUCTION

A commutative semiring is a set of elements together with + and x in which all the ring axioms
(in addition to commutativity of multiplication) hold, except for the existence of additive inverses.
This is also sometimes called a rig, as it is a commutative ring without negatives. Let R be a
rig (or ring) and let p,q € R. Then we will denote by R/(p = ¢) the rig (or ring) of equivalence
classes in R under the relation p = q. We define ~ to be the smallest equivalence relation such that
r 4 jp ~r+ jq Vr,j € R. Throughout this paper, when working in R/(p = ¢), we will write g = h
when we really mean [g] = [h], where [g] denotes the equivalence class of g € R under ~.

*This REU project was conducted under the direction of Professor Andreas Blass.



In the paper [1], it was demonstrated that in the polynomial rig N[x] under the relation z = 2%+1,
every polynomial is equivalent to a polynomial of degree < 4 due to the reduction z° = x* + 1, which
was derived from the relation = z? + 1. The relation = 22 + 1 has the two primitive sixth roots
of unity as its solutions, and x? — z + 1 is ®g(x), the sixth cyclotomic polynomial. Observation of
this led to an investigation of rigs N[z]/(®,(x) = 0) for general n, and we categorize in section II.
the n’s leading to a rig in which every polynomial is equivalent to a polynomial of degree less than
some fixed ¢ € N. In addition we explicitly give a value for ¢ for a given n, and we show that the
particular ¢ we obtain is optimal; that is, there is no polynomial ¢(z) € Nz| of degree < ¢ such that
[z] = [g(z)] in N/(®y(z) = 0).

In section III.  we treat the case of general (not necessarily cyclotomic) relations. We offer a
theorem which lists explicitly which relations ® in N[z| yield such finite-dimensional rigs, although
we do not give optimal ¢’s in this case.

II. QUOTIENTS BY CYCLOTOMIC POLYNOMIALS

Theorem 1. Let n be the power of a prime. In N[z]/(®,(x) = 0), where ®,(z) is the n™ cyclotomic
polynomial, every element is the equivalence class of some polynomial in N[z] of degree < n —1, and
this n — 1 1s optimal.

Proof. 1t turns out that if n = p™ for some prime p, then the relation &, (x) =0 is

P T =) L P T ] — ), (1)
This means that N[z]/(®,(z) = 0) is a ring if n is a prime power, for [z" @~ 4 g7" (=2 4 ... 4
27" '] functions as —1. Now using (1), we see that

ot = P = P P T e T =) P

— P! (xp’”’l(p—l) B ) BT A 1) +1

so that any polynomial containing any terms of degree > n can easily be reduced to a polynomial of
degree < n — 1.

Let us temporarily suppose m = 1, so that n = p. In Clz], we have ®,(x) = (z — ry)(z —
r2)...(x —rp_1). Now consider the ring homomorphism

@:Clz] 5 CxCx---xC

~
p—1C’s

given by ¢(q) = (¢(r1),q(r2),...,q(rp—1)). We can see that the kernel of ¢ is the ideal generated by
®,(z). Thus, the First Isomorphism Theorem tells us that ¢ maps C[z]/(®,(x)) isomorphically to
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the image of . As ¢ is surjective, it maps C[z]/(®,(x)) isomorphically to CP~!. Clearly, C*~! has
dimension p — 1, so C[z]/(®,(z)) must similarly have dimension p — 1. Using the relation

e P (2)

we see that every element of C[z]/(®,(x)) is a linear combination of [1],[z], ..., [z??], so that these
elements constitute a basis for C[x]/(®,(x)). That is, they are linearly independent; there is no
reduction of 2772 to a polynomial of lower degree in C[z] under the relation ®,(z) = 0. Because
these elements are linearly independent, every element of C[z]/(®,(z)) can be expressed as a unique
linear combination of these elements. In particular, (2) gives us that x?~! is expressible only as a
polynomial with negative coefficients. As the relations we are permitted in N[z]/(®,(z) = 0) are
weaker than those permitted in Clz]/(®,(x)), we know that we can at most reduce elements of N|z]
to polynomials of degree < p —2 under the relation ®,(x) = 0. The above argument shows that 27!
is also necessary so that all polynomials may have nonnegative coefficients. Thus, for n prime, n — 1
is optimal.

The more general situation for n = p™ is quite similar. This time, in Cz], we have ®,(z) =

(x —r)(x —172)... (T —rpm-13p—1)). Now consider the ring homomorphism

p:Clz] =CxCx---xC

P p—1) Cs

given by ¢(q) = (q(r1),q(r2), ..., q(rpm-1(,—1y)). Again, we can see that the kernel of ¢ is the ideal gen-
erated by ®,(x). Thus, the First Isomorphism Theorem tells us that ¢ maps C[z]/(®,(z)) isomorphi-
cally to the image of . As ¢ is surjective, it maps C[z|/(®,(x)) isomorphically to Ccr" P Clearly,
CP" (=1 has dimension p™ (p — 1), so C[z]/(®,(z)) must similarly have dimension p™ !(p — 1).
Using the relation

g7 o T ) g e3) ™ (3)

we see that every element of Clz|/(®,(x)) is a linear combination  of
(1], [«], ..., [ @®=D=1] 5o that these elements constitute a basis for C[z]/(®,(z)). That is, they
are linearly independent; there is no reduction of 2P TP g g polynomial of lower degree in
Clx] under the relation ®,,(z) = 0. Because these elements are linearly independent, every element
of Clz]/(®,(z)) can be expressed as a unique linear combination of these elements. In particular,
(3) gives us that 2P" D) g expressible only as a polynomial with negative coefficients. In contrast
to the case where n = p, we cannot simply introduce :cpmfl(p_l), for (1) only relates elements whose
powers are congruent modulo p™~!; to ensure that 2P0 hag a positive coefficient, we must
introduce 7" ~! and others in between to ensure nonnegativity of other powers. As the relations we
are permitted in N[z| are weaker than those permitted in C[z], we know that we can at most reduce
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elements of N[z] to polynomials of degree < p™~!(p — 1) — 1 under the relation ®,(x) = 0. The
above argument shows that monomials up to 27" ! are also necessary so that all polynomials may
have nonnegative coefficients. Thus, for n a prime power, p™* — 1 =n — 1 is optimal. O]

Note that we can also derive 2! = z by introducing and removing g?" T o) Fk T -2k
coo 4 2P HE L 2k through the use of a catalyst, as in “Seven trees in one”, by simply using

T = ijM7l(p_1) + xPM71(p_2) + o4 J;Iﬂnil + x4+ 1.

Theorem 2. In N[z]/(® (x)), where ®,(z) is the n™ cyclotomic polynomial and ®' () is the equa-
tion ®,(x) = 0 rearranged so that only terms of nonnegative coefficients appear, every element is
the equivalence class of some polynomial in N[x] of degree < gn — 142 and 3 are exactly the prime
divisors of n, and this %n — 1 is optimal.

Proof. Tt turns out that if n = 2™23™3, for my, ms > 1, then ®,,(x) is 5 — x5 + 1 so that ®/ () is
x5 +1=gx5. (4)

Now using (4), we see that

so that any polynomial containing any terms of degree > %n can easily be reduced to a polynomial
of degree < %n —1.

We will now follow a similar idea to the one of the proof of Theorem 1. In C[z]|, we have
®,(z) = (x —m)(® —rz)...(x —ra). Consider the ring homomorphism

¢:Clz] — C5

given by ¢(q(z)) = (q(r1),q(r2),...,q(r=)). As above, the kernel is the ideal generated by (®,(z))
and we get an isomorphism ¢ : C[z]/(®,(z)) ~ C3. We find that [1],[z], [2%],...,[r5 ] are linearly
independent and that every element of C[z|/(®,(z)) can be expressed as a linear combination of
these elements. All polynomials of degree > % can be reduced to a linear combination of these
elements by using the relation

w|3
Il
o3

rs =x6 — 1 (5)

in Clz]. We can see that in C[z]/(®,(x)), 27 = —1, but we may ask if there is a polynomial
p(z) ~ —1 such that p(z) has natural number coefficients and such that T < degp(z) < 5. Let us
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suppose for a contradiction that there is such a p(z). Using (5), we can reduce p(z) to a polynomial
of degree < % — 1. The reduction (5) fixes all powers modulo %, so p(z) could not have any powers
of 2 not congruent to 0. Thus p(x) = axs + bxs + ¢ for some a,b,c € N, but this reduces to
p(z) = (a +b)xs +c—a. If p(x) = —1, then a + b = 0, which is impossible since a,b € N. There
can be no such p(z), and so x2 is the polynomial with nonnegative coefficients of minimal degree
identical to —1 in this ring. It is then reasonable to suppose that 2671 is the polynomial with
nonnegative coefficients of minimal degree equivalent to —x3 ! in this ring, and this is easy to verify
in the same way. This shows that in N[z]/(®/,(x)), we could at most reduce to polynomials of degree

< 3 — 1 but that we also need polynomials of degree up to %n — 1 in order to express everything as
an element of N[z]/(®,(z)). Thus, for n = 2™23™3 with ma, ms > 1, this 2n — 1 is optimal. O

Note that we can also derive 26" = 2% by introducing and removing z2 % + z* through the use
of a catalyst, as in “Seven trees in one”, by simply using the relations

6 =x2 426 41 and T3 =22 415 + 1.

Theorem 3. In N[x] under the relation ®' (), where ®,(x) is the n™ cyclotomic polynomial, @’ (x)
is the equation ®,(x) = 0 rearranged so that only terms of nonnegative coefficients appear and n
is meither a prime power nor a product of powers of 2 and 3, there are polynomials of every degree
which are not equivalent to any polynomial of lower degree.

We will first need a lemma.

Lemma 1. If n is not the power of a prime, then ®,(x) = 0 is not expressible in N[z] as ax® = q(z),
where a > 0 and q has nonnegative coefficients, unless n = 2™23™3 for mo, mg > 1.

Proof. First quickly note that all cyclotomic polynomials are monic, so that they all have at least
one positive coefficient. Also, note that all cyclotomic polynomials for n > 2 have palindromic
coefficients, i.e., if ®,(z) is ap + ez + - - - + a,2", then ag = a,, a3 = a,_1, etc. Thus all cyclotomic
polynomials, for n > 2, have at least 2 positive coefficients.

Note that we need only consider cases where n has prime factors only of multiplicity 1, for
D, (2) = @y (aP) if p | m (cf. [2]). Thus we let n = py1ps - - - p., where each of the p; are primes and
Pi < pir1.- We now call upon two further lemmas:

Lemma 2. Let n be as described above. If v is even, ®,(x) has a linear coefficient of —1, while if r
is odd, ®,(x) has a linear coefficient of 1.

Lemma 3. Let n be as described above. If r is even, ®,(x) = 1 — x + aP* + 2P k(x), for some
polynomial k(z), while if v is odd, ®,(z) =1+x+ 2>+ 23+ + 2P~ — P2 4 2P k(2), for some
polynomial k(z).



Proof of Lemma 2. We will prove this inductively. We already know this to be true for the initial
case of r = 1, where n is prime. Now assume that this r is even and that the lemma holds for » — 1.
Let n = pips - - - pr. Using the fact that

(6)
when p Jm (cf. [2]), we find that

D, (TP)
@ T(l,) — p2p3-Pr
pip2-p ¢p2p3--~pT (I)

or
Pprpspr (x)q)pzps"-m (x) = @pypg-pr (mpl )-

Let us write @, ,,..,, = (1+ ax+ x?k(x)) for some polynomial k(z). Then the inductive assumption
gives us
(1 +az +2%k(2))(1 + 2 +a?m(z)) = (1 + 2P + 2" g(2)),

for some polynomials m(z) and ¢(z). As p; > 1, we see right away that a = —1.
Now we assume that 7 is odd and that the lemma holds for » — 1. Again, using (6), we find that

Pp1pspr (x)q)pzp&“pr (z) = Dpops--pr (z).

This time, however, the induction assumption gives us
(14 az + 2%k(2))(1 — 2 + 2*m(x)) = 1 — 2P + 2P g(z),
for some polynomials m(z) and ¢(z). As p; > 1, we see right away that o = 1. ]

Proof of Lemma 3. As above, we will offer an inductive proof. We know that this holds for the case
r = 1, where n is prime. Now we will assume that r is even and that the lemma holds for r — 1. We
let @,(z) = (1 — z + aga? + azz® + -+ + 2P + 2Pk (z)) for some polynomial k(z). We know
that the coefficient of the linear term is —1 from Lemma 2. Using (6) once again, we find that

(1 -2+ ar? + -+ apa? + 2P P h(x)) (1 + x4+ 2% + -+ 2271 — 2P 2P (7))
=1+ a2 + 27T g(x)

for some polynomials m(z) and ¢(x). Multiplying the left hand side, we have

1+ aox® + (a3 + ag)z® + - + (qp, + - + az + ag)z? + Oz ) = 1 + 2P + O(z” 1),



where we use O(zP'*1) to denote terms of order higher than p;. We then deduce that ay = a3 =
-+ =ay, 1 =0 and that o, = 1. But then ®,(x) =1 — z + 2P + 2P k(z) as desired.

Now assume that 7 is odd and that the lemma holds for r — 1. Let ®,(z) = (1+ 2+ apz? + -+ +
QP2 + 2P2 T (x)). We know that the coefficient of the linear term is 1 from Lemma 2. Using (6),
we have

(142 + apz® + - + ap,a? + 22 k() (1 — 2 + 2P + 272 im(x))

=1— J}pl + xplm + 17p1p2+IQ(.’L')

for some polynomials m(z) and ¢(z). Multiplying the left hand side, we have

1+ (ag — 1)2? + (a3 — )z + -+ + (g, — qpy—1)2" + (i1 — )2 T+
+ (1 + ayp, — am_l)mm + O(ZL’p2+1) =1 — gPt 4 gPP2 4 O(xp1p2+1),

We deduce that ap =g = -+~ =ap,-1 =1, 0, = p, 11 = - = ap,—1 = 0, and «,, = —1. But then
O, (r)=1+z+ 22+ + 2P~ — 2P 4+ 2721 (k(z) as desired.
O

If r is even, Lemma 3 and the palindrome property of cyclotomic polynomials show us that ®,,(x)
has at least two negative coefficients unless ®,,(z) = 1 — x + 2%, which is the case for n = 6.
If r is odd and greater than or equal to 3, then, since ps > 3 and p3 > 5, we can see that

deg @, () = p(n) > p(pipaps) = (p1 — D(p2 — D)(ps — 1) = (p2 — 1)(p3 — 1) > 4(p2 — 1) > 2py.

This means that p, is less than the degree of the middle term of ®,,(x), which means that (at least)
one other term of the polynomial has the coefficient —1, and we are done.

]

We are now ready to prove Theorem 3.

Proof of Theorem 3. Lemma 1 really does all of the work in this proof. It tells us that if n is as
stated in the theorem, then ®,(x) = 0 is not expressible as ax® = ¢(z), where @ > 0 and ¢ has
nonnegative coefficients. But then given any monomial bz™, for b > 0, there is no reduction that can
be performed. The cyclotomic polynomial does not express any equation between bx™ and any other
element of N[z]/(®/ (z)), so the monomial is not expressible in any other way in this semiring. [



IIT. QUOTIENTS BY MORE GENERAL POLYNOMIALS

Theorem 4. In N[z| under either the relation x = Y. 2% or 0 = 1+ >_ 2%, where n > 2, ev-
k=0 k=2
ery element is equivalent to a polynomial with coefficients > 0 of degree < n + 1 by the reduction

" =1+z+2*+ ) ok
k=3

n

Proof. We will first look at N[z]/(z = >_ z¥). We see that
k=0
xn+2 _ x2n+1 4 I2n et xn—l—l
— x2n+1 4 2x2n 4 21.21171 S 2xn+2 4 anrl 4" (7)
_ :L,2n+1 + 2$2n + 3x2n—1 et 3xn+2 + 2l,n+1 + xn + xn—l.

We then continue in this fashion, at each step replacing the term of lowest degree with the appropriate

multiple of > z* until we arrive at
k=0

xn—f—? — x?n—i—l + 256'2” + 31,271—1 R (’I’L . 1)xn+3 + n‘,L.TH-Z‘

n

Now we start from the highest power terms, replacing multiples of Y z* with the appropriate
k=0

monomials until we arrive at

2" = 22" 2T 1 32 4 3 4 32" R 4327 4 32 22+ 2t a4 L

n
We finally replace two copies of 2% >~ 2% with two copies of 23 and end with
k=0

xn+2:xn_i_xnfl+xn72+."+x5+x4+2x3+x+1,

which is the desired reduction. In N[z]/(0 =1+ Y z¥) we can derive the relation z = > z* and so
k=2 k=0
the above reduction holds in this rig as well. O]

Theorem 5. In N[z| under the relation x = 1+x", where n > 2, every element is equivalent to a poly-
2n—1

nomial with coefficients > 0 of degree < 2n by the reduction x*"*t = 1+ x + 22+ > 22% + 2.
k=n-+2



Proof. In N[z]/(x =1+ 2™), we see that

x2n+1 — x3n + I2n — x3n + xSn—l + .%'2”_1

8
— x3n 4 1_37171 4 1_37172 4 $2n72. ( )

We then continue in this fashion, at each step replacing the term of lowest degree with the appropriate
multiple of 1 + 2" until we arrive at

3n—2
x2n+1 — m3n + I3n71 T E I‘k 4 IQn 4 xn.
k=2n+1

Now we start replacing multiples of 1 + 2™ with the appropriate monomials:

3n—2
:L,Qn—l—l — .17377'_1 + § C(]k + 2$2n+1 + "
k=2n+1
3n—2
— x?mfl + E l’k _'_x2n+1 _'_xanl _'_xnfl
k=2n+1
3n—2
— § CL’k _'_:L,2n+l _'_x2n +In_1.
k=2n+1
Continuing in this vein, we obtain
2n—1
:L_Zn—i—l — x?n-&—l +x2n+ E ZL‘k—f-ZL‘
k=n+2
We now replace x with x™ + 1,
2n—1
x?n—i—l — x2n+1 +x2n + 2 xkz +xn + 1’
k=n+2
and then continue as before:
2n—1
x2n+1 — C(]2n+1 +x2n +x2n—1 4 § .Tk +xn—1 + 1
k=n+2
2n—1
:x2n+1 +x2’n+ § 2Ik+ﬂ7n+1+l'+]_
k=n+2
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We finally replace 22! 4 2"+ with 2"*2 to get

2n—1

P =g Y 2t " L
k=n-+2

Note that the Y notation is necessary here so that we do not unintentionally make the assumption
that there are any elements of power m, where 2n < m < 3n — 1. O

Theorem 6. In N[z| under the relation az® = p(z), where p(z) is a polynomial in N[x] and a, k € N,
every element is equivalent to a polynomial with coefficients in N of degree < ¢ for some constant
c € N iff one of the following hold

(i) a =0 and the leading coefficient of p(x) is 1
(i) a =1 and degp(z) < k
(i1i) a >0 and n = degp(x) > k and p(x) = 2™

(iv) a =1 and n = degp(x) > k and p(x) has leading term coefficient 1 and has a term of
degree < k with nonzero coefficient.

Proof. Let us denote by (f) the statement that every element is equivalent to a polynomial with
coefficients in N of degree < ¢ for some constant ¢ € N.

(1) = (f) Let p(x) = 2™ 4 q(x), where deg q(z) < n. Then we can see that
2 = 2 + q(a)p(x)
= 2™ +q(2)(2" + q())
= 2" + q(2)2" + q(2)q(x) (9)
= 2"p(x) + q(z)*
= q(2)".

Using this reduction, we can then express every polynomial of degree > 2n as a polynomial of
degree < 2n — 1.

(ii) = (1) This is easy. Using the reduction ¥ = p(z), we can express any polynomial of degree
> k as a polynomial of degree < k — 1.

(17) = () Here too we are already given a reduction which allows us to express polynomials of
degree > n as polynomials of degree < n — 1.
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(iv) = (f) Let us write p(x) as 2" + 12" 1+ - + ag_g 1 287 + B2F~4 where a4, 3,d € N,
6>1,and 1 < d < k. We will now consider three cases:

Case 1: d = n — k. Then we write p(z) = 2" + g(z) + Sz" 2%, where deg ¢(z) < n and ¢(z)
has no terms of order < n — 2d + 1, and z¥ = 2", This gives us

x3n—d — .,E3n + q il?).TQn + ﬂ$3n_2d

(
— xi’m + Q(LU).TQn 4 ﬁxi}nfd T ﬁq(x)xand + ﬁ2x3n73d
— l,Sn + q((L‘)JZQn + ﬁx?m—d + ﬁq(I)CL’Qn_d + ﬁ2$3n_2d + ﬁ2q<l’)l’2n_2d + 53J]3n_4d
— (ﬁ + 1)$3n—d + ﬁQ(I)l’zn_d + (52 o ﬁ)x?m—Zd + ﬁQC]($)ZI§'2n_2d + ﬁ3$3n_4d
— (ﬁ 4 1)$3n7d + ﬁq(x)x%lfd + (ﬁZ o ﬁ)x3n72d 4 6261(1,)1,2717251 i /63x3n73d
4 B3Q($)I2n_3d 4 64133”_5(1
— l,?m—d + 62x3n—2d + ﬁQQ(J})IQn_Qd + (53 _ ﬁ2)$3n—3d

+ ﬁ?)q(x)xQn—?)d + 64x3n—5d
(10)

The final part of the calculation becomes quite messy but can be described rather easily.
The idea is to expand each term of 3%q(x)2?" 2%, Next, expand 3*2*"~>¢. This gives us a
BAa?=44 term, which we further expand to yield a $*23" 3¢ term. Now we have enough
terms to collapse "¢ + g(x)x®"~4 + B34 to 23"~24. Throughout this calculation,
it is essential that 3 > 1. The lowest degree term in this calculation is 323764, We
know that the minimal power that can result from a reduction is n — 2d > 0, but as
3n — 6d = 3(n — 2d) > (n — 2d), we encounter no difficulties here.

Case 2: d > n — k. Here, we will first look at the simpler case where d =0 (mod n — k).

Case 2a: d = 0 (mod n — k). We can now produce a reduction from z**5? in much the
same way as we reduced from 2°"~¢ in Case 1, the only difference being that, in Case 1
if we wanted to add to the coefficient of 2 we simply expanded 2™~ ¢, whereas in this
case if we want to add to the coefficient of 2™, we first expand ™%, which adds to the

coefficient of 2™~ * and we then expand ™ %*"~* and so on until we reach z™.

Case 2b: d # 0 (mod n — k). We can similarly here produce a reduction from z*+57.

However, we can see that expanding 2~ and next 2~ %+"~* and so on will not increase
the coefficient of 2™, since d Z 0 (mod n — k). Rather, we expand 2™ ¢ and next
2™k and so on until we have ™ ~4+4("=%) where d—u(n—k) < n—k. Now, instead
of expanding ™ 4T“("~%) which would yield terms of power greater than m, we expand
g u=N=k)=d which was the lowest term introduced by the expansion introducing

m—d+u(n=k) e repeat this process until we can finally increase the coefficient of z™

T
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without increasing the coefficients of any higher power terms. Notice that, at most, we
must carry out this process n — k times, as d(n — k) — (n — k — 1)d = d. Finally, when
increasing the coefficient of 2**¢ from x* (as we increase the coefficient of 2*"~4? from
235 in Case 1), we must be sure to not involve terms of power lower than k — d,
although here it is safe to add terms of power greater than k + d, as long as we do not
add terms of power greater than or equal to k + 5d.

Case 3: d < n—k. Using similar ideas as those outlined in Case 2, we can produce a reduction
from x5k,

(1) = (i) or (i7) or (i7i) or (iv) We assume that (f) is true. Let us denote by an expansion a
substitution of p(x)h(x) for az®h(z) for any h(xr) € N[z] and by a collapse a substitution of
az®h(x) for p(x)h(z) for any h(x) € N[z]. We will sometimes refer to either an expansion or a
collapse as a move.

Temporarily assume also that a = 0. Now assume for a contradiction that the leading coefficient
of p(x) is m > 1. We have assumed that there is a reduction from z¢™! to terms of lower degree.
We cannot simply proceed as in the proof of (1) = (i), for the coefficient of z¢™! is 1, which
is less than m. Furthermore, we see that we cannot simply add multiples of z¢™*~"p(z), where
n = degp(x), for the coefficient of ™ will still be = 1 (mod m). Therefore, any reduction
must involve some terms of degree higher than ¢+ 1. Our reduction involves a finite number of
moves, which means that there is a maximal degree involved in the reduction. Let us call this
f. As > c+ 1, the term of order u must be removed by one or more collapses at some point
in the reduction. We can suppose without loss of generality that our reduciton does not involve
any expendable moves—any series of moves followed at some later point by the reverse of that
series and whose terms are not involved in any other moves in the interim—for if the reduction
does contain a series of expendable moves, we may remove them and consider the remaining
reduction. Therefore, the expansions that introduced the term of degree y were necessary, so
some of the terms of Ap(x)z#~", where A\ € N is the appropriate coefficient, must be involved
in some move. In other words some of these terms must be involved in a collapse, which means
they are removed at some point of the reduction. However, the only way to remove the term of
order p is to perform a collapse requiring these removed terms. If the introduction of Ap(x)z#~"
is not to be expendable, the needed terms must be reintroduced through some lower degree
expansions. But now we see that we could just as easily have originally introduced those terms
via the lower degree expansions. Thus, if we have a reduction involving terms of order only
up to u > ¢+ 1, we can in this way produce a reduction involving terms of order only up to
some 4’ < p. Inductively, we can then produce a reduction involving no terms of order > ¢+ 1,
which is a contradiction, so there can be no reduction if a = 0 and the leading coefficient of
p(z) is greater than 1.
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Assume now that a > 1 and assume for a contradiction that p(x) # ™. Then, writing out the
equation as
b+ 2" = p(a),

a of these

we have more than one term on each side. There is no possibility of beginning a reduction
from any monomial of only one term z°*!. Thus if p(z) # 2™ we can have no reduction, which
contradicts (7).

Assume that a > 1 and that p(z) = 2™ and assume for a contradiction that degp(x) =n < k.
Let C' C N[z] consist of polynomials of the form

(1 i )\1)$C+1 + (/\la i )\2)$C+1+(k_n) I (Am—la . )\m)xc+l+(m—1)(k—n) + /\maxc—l—l—l—m(k—n),

where m, \; € N, \; < 1, and \; < a\,_; for i > 2. 2! is clearly in C, for setting \; = 0
forces \; = 0 Vi. It can be easily verified that C' is closed under an expansion or collapse. As
C does not contain any polynomials of degree < ¢ + 1, there can be no reduction from 2! to
a polynomial of lower degree, contradicting (7).

Assume that @ > 1 and assume for a contradiction that deg p(z) = k. Given any polynomial, an
expansion will only introduce (if anything) lower degree terms and so will not affect the degree of
the polynomial. On the other hand, a collapse will remove (if anything) terms of power less than
some term without totally removing that higher power term; a collapse will therefore not affect
the degree of the polynomial. Thus, no reduction step can affect the degree of a polynomial,
and no reduction from z°™! to a polynomial of lower degree is possible, contradicting (7).

Assume that a = 1, that p(z) # 2", and that deg p(z) > k and assume for a contradiction that
p(z) has no term of power < k. If p(z) has a term of power k, then neither an expansion nor
a collapse introduces terms of lower degree, which means that no reduction is possible. Let us
then assume for a contradiction that p(x) has no term of power < k + 1. The first move of the
reduction must be an expansion, giving us a polynomial of order ¢+ 1 — k£ + n. The next move
must also be an expansion, for there is only one possible collapse, which will simply return us
to 2°Tt. This second expansion will give us a polynomial of degree greater than ¢ +1 — k + n.
Our reduction must involve a finite number of a moves, so there is a y € N which is the degree
of the highest degree term in this reduction. This term must be introduced as the result of an
expansion, and we may assume as above that there are no expendable moves in this reduction.
Thus, some of the lower degree terms introduced by this expansion must be involved in some
move. In fact, they must be involved in collapses, which means that they are removed at some
point in the reduction. However the term introduced by this collapse cannot be involved in
an expansion, for that expansion would simply be the reverse of the collapse. Thus, this term
must be either involved in another collapse or must not be involved in any other move in the
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reduction. This applies to any term introduced by a collapse at any point in the reduction.
However, the term of order p must be removed by a collapse at some point in the reduction,
so the terms that were removed must be replaced at some point. They cannot be replaced by
any move resulting from any of the collapses involved in the original removal of these terms.
Thus they must be introduced by some expansions independent of the collapses involved in any
of those terms, which means that they must be introduced by some expansions independent of
expansions introducing terms of order p. But then those terms that were removed could have
been originally introduced by these expansions rather than any expansions introducing terms
of order u, which means that there is a possible reduction involving terms of order only up to
some ' < p. Inductively, we can then produce a reduction involving only terms of order up to
¢+ 1 — k4 n, which contradicts what we said above. It should be clear now that there cannot
be a reduction if a = 1, p(x) # 2", n = degp(xz) > k, and p(x) does not have any terms of
order < k.

Finally, assume that a = 1, that degp(z) > k, and that p(z) has at least one term of power
< k with nonzero coefficient and assume for a contradiction that the leading coefficient of p(x)
is m > 1. Every polynomial that is produced in any series of moves beginning with z¢™ will
be of the form x¢t! + (p(z) — ¥)h(x), where h(x) € Z[z]. In particular, this means that any
polynomial of degree > ¢+ 1 will have leading coefficient = 0 (mod m). Our reduction gives
us a sequence of moves from z¢*! to a polynomial of lower degree; we can similarly apply this
sequence of moves to 1T to get a polynomial of lower degree. But now if we perform
an expansion on r¢7! we will have p(x)x¢*!1~*; if we next perform a reduction on only one of
the x¢1 "=k terms, we will obtain a polynomial with leading coefficient = —1 (mod m), which
contradicts the observation that the leading coefficient will always be = 0 (mod m). Thus,
there can be no reduction if the leading term is greater than 1.

To sum up, if (1) holds and a = 0, then the leading coefficient must be 1, so (¢) holds. If (})
holds and a > 1, then p(z) = z"; if a > 1 and p(z) = 2™, then degp(z) > k. In other words,
if @ > 1 then (4i7) holds. If () holds and a = 1 then either degp(z) < k or degp(z) > k; if
a = 1 and degp(z) > k then either p(z) = z™ or p(z) # 2"; if a = 1 and degp(z) > k and
p(x) # x™ then p(z) has at least one term of power < k with nonzero coefficients. Finally, if
a =1, degp(x) > k, p(zr) # 2", and p(z) has at least one term of power < k with nonzero
coefficients, then p(z) has leading coefficient 1. This shows that if (1) holds and a = 1, then
either (i), (4i7), or (iv) holds, and we are done.

]
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IV. EPIMORPHISMS OF N

An epimorphism is a map f : R — S such that given maps ¢ : S — Qand ¢ : S — Q, if pof =of,
then ¢ = 1. It is a long-standing problem to describe the epimorphic images of a given algebra A,
and Isbell addresses this issue in [3]. In particular, he provides bounds for the size of the collection
of epimorphic images of certain kinds of algebras.

We can ask this question with respect to one of the simplest algebras: the natural numbers. We
know that there is exactly one rig-homomorphism from N to any given rig, so p o f =¥ o f. The
problem of finding the epimorphic images of N is then equivalent to finding the rigs R for which there
is at most one homomorphism to any other given rig S. We will denote the collection of such rigs
by €2. Note that we have already found that N € 2, but what other rigs can we show to be in 7

We can write Z = N[z|/(z +1 = 0). Then let ¢,v : Z — S for some rig S. We have

pr) +o(l) =pl@+1) =0=1y(x+1) =¢(x) +¢(1)

so that ¢(z) and ¥ (z) are both the additive inverse of 1 in the rig S. It follows that p(z) = ()
and so Z € ).
Now let ¢, : Q — S for some rig S. Here we have

()0 (3)=e(3)em (o (2) -0 (3)) =+ (3) b -vy=p(5)-0-0

since ¢ and ¥ must agree on N (and as we have just shown, on Z). Note that it is valid to write
@(L) — (L) since S contains an image of Q and thus must have an additive inverse. Then ¢ and
must agree at every % and therefore also at every ™. Thus Q € 2.

It is also easy to see that if R € ), then every subrig of R must also be in 2. This means that
all quotients of N and @, such as N/(5 = 7), must be in €.

In fact, Isbell’s Corollary 1.6 tells us that {2 cannot be a proper class, and his Corollary 1.5 gives
us that €2 is countable.

Claim. No rig of the form Nz]/(®), where ® is some relation in non-negative coefficients with
at least quadratic terms in z, is in €.

This is easy to see if the relation has more than one complex root, for we can construct two maps
from the rig to C, each sending x to a different complex solution.

If the relation has a single root, it must be real and in fact rational. Thus ® must be of the form

(ax +D)" + q(x) = q(x),

where a and b are integers, n > 2, and ¢(x) is a polynomial with non-negative coefficients.! But now

! Actually, this is only accurate if the rational solution is negative. If the solution is positive, some terms will have
to be moved to the other side in order to have only non-negative coefficients.
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consider ¢, v : N[z]/(®) — Cly]/(y* = 0) such that p(z) = —2 and ¢(z) = yT_b
We now have that the only rigs on one generator with one relation that could possibly be in €2
are those with linear relations. Here are the remaining candidates:

(1) Nx] (17) N[z]/(a = 0) (1ii) N[x]/(ax = 0) (iv) N[z]/(ax + b = 0)
(v) N[z]/(a =) (vi) N[z]/(ax = b) (vii) N[z]/(az + b= c) (viii) N[z|/(ax = bx)
(iz) N[z]/(ax +b=cz) (x) N[z]/(ax+ b= cx + d).

We can immediately see that (i) ¢ 2, whereas it is not difficult to show that (i7), (i77), and (v) are
in Qonly ifa=1and b =0.

(iv) is equivalent to Z[x]/(ax = b). If a = 1, it is easy to see that (iv) and (vi) are in Q. If b =1,
we have already shown that (iv) and (vi) are in Q. If both a and b are greater than 1, then we can
construct maps ¢ and ¥ mapping from (iv) and (vi) to Z[z]|[y]/(ax = =b), (ay = —b) (or = b). x and
y are distinct elements in this rig if a,b > 1, so (iv) and (vi) are in  if and only if at least one of a
and b is equal to 1.

To eliminate many of the others, we turn to Schanuel.

Dimension rigs
It turns out that Schanuel’s dimension rigs can help us in classifying the rigs in (2. Schanuel defines
the dimension rig of the rig R to be dimR = R/(1+ 1 =1). For example, dimN is the two-element
rig such that 1+ 0=1+4+1=1, 04+ 0 = 0, and multiplication is the usual multiplication. Similarly,
we find that dim N[z] is the rig consisting of polynomials having coefficients of 1 or 0.

We can calculate the dimension rig of the seven trees rig, dim N[z|/(z = 2® + 1), to be the rig
consisting of only the three elements 0, 1, and z, where x = 2> =z +x =2+ 1land 1 +1=1. To
see that © = 22 = 2 + 1, observe that

r4+l=2+141=241=x=2*4+1=2*+22+1=2 4=+ +ax=23+12 =22

In order to use the concept of a dimension rig to our advantage, we will first introduce a definition:

Definition. A polynomial a,z" + a,_12" ' + -+ + a1z + ag, where a; := 0 for ¢ > n, is said to
be in the same family as a polynomial b, 2™ + by,_12" !t + -+ 4+ bix + by, where b; := 0 for i > m,
if a; = 0 if and only if b; = 0. The idea is that p(x) and ¢(z) are in the same family if p(z) has a
non-zero constant term if and only if ¢(z), p(x) has a non-zero linear term if and only if ¢(x) does,
and so on.

This is clearly an equivalence relation. We will generalize this to polynomial rigs by defining
N[z]/(®1(x) = ¥i(x)) to be in the same family as N[z]/(Py(z) = Ua(x)) if $1(x) is in the family of
®y(x) and Wy (z) is in the family of Wy(x).
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Note that two rigs in the same family will necessarily have the same dimension rig. In relation
to the first portion of the paper, we can see that any rig on one generator that has a reduction must
have a finite dimension rig. Therefore any rig in the family of an infinite-dimensional rig cannot have
a reduction.

We saw that the dimension rig of the seven trees rig is the three element rig {0, 1, x} such that
r=a2>=z+x=x+1and 1+1 =1 Butx and 1 both satisfy the relation x = 2? + 1 in this
dimension rig. Therefore, we can define ¢, : N[z]/(x = 2? + 1) — dimNlz]/(z = 2? + 1) such
that p(z) = = and ¢ (x) = 1. It follows that the seven trees rig is not in 2. Furthermore, any rig
in the family of the seven trees rig will have the same dimension rig, so similar ¢’s and 1’s can be
constructed, so that for similar reasons we see that no rig of the form N[z|/(az = bx? + ¢), where a,
b, and ¢ are positive integers, can be in 2.

The dimension rig of N[z]/(x +1 = 1) is {0,1,z,22, ...}, where 2* 4+ 2! = p™kl 0 4 2k = 2F,
and where multiplication is the usual multiplication. We can construct maps ¢, from this rig to
its dimension rig, where p(x) =  and ¢(x) = 0. This rules out (vii).

We can see that N[z]/(x = x) = Nlz], so

dimN(z]/(z = 2) = {1, 2,2 + 1,2%,... }.

But then we have ¢, : N[z|/(z = ) — dimN[z]/(x = ) such that p(z) = x and ¥(z) = 1. This
rules out (viii).

By similar considerations we can see that Schanuel’s “rig of geometric quantities”, N[z]/(z = 2z + 1)
is not in €2 (it has an infinite dimension rig), nor is any rig in its family. This rules out (iz).

Now it is clear that N[z]/(z +1 = z + 1) = N|z], so this rig has infinite dimension. This rules
out ().

We have now characterized all rigs on one generator and one relation which are in 2, and they
are the trivial rig, N, N [%], 7, Z[i] We also know that Q € € and that all quotients of the afore-
mentioned rigs are also in (2.

Further questions open for exploration are:
(i) What happens when we adjoin more elements?
(ii) What happens when we quotient by more relations?

Though our exploration of the epimorphic images of N is far from complete, it is nonetheless a
first step which suggests the question to be not altogether out of reach. Furthermore, our treatment
exhibits an interesting application of dimension rigs.
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