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Abstract

In this paper we study tropicalirvesand the intersections created by the graph of two tropical
polynomials irm  via the valuation of the tropical polynomials. \&eek to find a way to ease the

process of finding shadow points by providing a detailed look at linear/conic intersections and
conic/conic intersections. This includes looking at a technique that would ease finding shadow points
and looking at examples.



1 Introduction

Tropical polynomial functions are functions with operations defined by tropical arithmetic. These
polynomials can be created from traditional algebraic polynomials that have Puiseux series coefficients
These algebraic polynomialarcbe converted to tropical polynomials via the ORD map which maps a
general algebraic polynomial with Puiseux series terms like:

f= CtEX "D X B™ + d(tEx " %?X E"b X
to
trop(f) = ord(c()¥ x5 XS x5 ""§ ord(d(t)% X3 'X$ x5 "§ X

viathe valuation of each of the coefficients of f. This tropicalizettion can be graphed m?and this
graph has bounded and unboundedges, all edgdsaverationalslope and this graph satisfies a zero
tension condition around each node. Since @RD map is highly nenjective it is possible for an
intersection in Rto come from distinct points in’KThese intersections are callstadow points

Tropical algebraic curves satisfy the BeZbutorem. Since the ORD map is highly-imfctive there

exist the possibility that some intersections stack, in other words have a tropical multiplicity and thus
shadow points form elsewhere in order for Bezout to holdhis paper seeks to illustrateatinods that
could lead to these conditions for two tropical linear functions intersecting, a tropical linear function
intersecting a tropical conic function, and two tropical conic functions intersecting. These methods
include both Maple programs combin@dth examples to illustrate how the process of looking for these
shadow points begins and could be continued.

This paper is divided into five sections. The second section is background information in which we
introduce tropical arithmetic and its linkith Puiseux series as well as with tropical hypersurfaces.
Additionally we discuss intersections and shadow points. The third section is a look at tropical
intersections between two tropical linear functions. The fourth section looks at the tropteaéttion

of a linear and conic tropical function and how to search for shadow points includingdaptim case
analysis. The fifth section looks at the tropical intersection of two conic functions. This final section
details both the general stratedgr finding shadow points but also a specific example.

2 Background

Tropical Arithmetic

This background is based on Bernd Sturmfels.TBg algebraic structure in tropical geometry
consists of the real numbers with the addition of infinity and cossidttwo operations called tropical
sum and tropical productThe operations of addition and multiplication are redefined thus:



X$§ y:=maxxy)and x$ y:=x+y

Thetropical sum is defined as thmaximumof x and y and the tropical product is defd as the sum of
x and y. An example of how this works is:

1S 4=4and 1s 4 =25

Many of thepropertiesfrom arithmetic remain valid in tropical arithmetic. For example, both the
Commutativelaw and Distributive law apply in tropical arithmetic.

x$§ y=y$§ xand x$ y = y$ X
X$ (y$ z)=x$ y$§ x$ z

An identity element exists for tropical addition anchigativeinfinity. An identity element also exists
for tropical multiplication and is zero.

Xx§ -b=x and xs 0 = x
Therefore tropicahrithmetic can be summed up as the tropisamiring(s © {K Y&,s$ ).

Puiseux Theorem

The field ofPuiseux series is defined as K{t}} where the elements of K athe power series
(1) c(t) = gt* + ot®+ gt®+ gt*b X

where G are nonzero complex numbers and are increasing rational fractions with a common
denominator.

Theorem 1: The Puiseux Theorem

The reason this is compelling is that it provides the link between tropical geometry and classic geometry.
First we introduce a few definitions. Thederof the Puiseux series (1) is the additive inverse of the
exponent of thdowestdegree term, a It should be noted that this map is highly rimjective. This

map

K\{0} © ¢, c(t)m -a = order(c(t))
is called thevaluationof c(t) which means that it satisfies

ord(c + d) maxord(c),ord(d)) and ord(c * d) = ord(c) + ord(d)



Let # Kbe any polynomial with n variables with coefficients in K. tidy@calizationof f is defined to be
the tropical polynomial gotten by replacing each coefficient by its order and replacing classic arithmetic
with tropical arithmetic. For example:

f= (E+t+7)xk + (B+3+°)g + (C+O)kgy trop()=0$ x$ 58 y§ -1s @ $ U
Or more generally:
f = c(tBx "D X B™ + d(tEx "5 * X E"b X
trop(f) = ord(c(t)¥ x¢ "' X$ x5 ""§ ord(d(®)% x5 XS xf'"§ X

This show$ow to get a tropicapolynomialfrom a classic algebra polygon with Puiseux series
coefficients.

Tropical Hypersurfaces and Graphs

By interpreting addition and multiplication tropically the polynomial is a function fadfibsi. This

function is a piecewise linear function that is oiped as a max of the linear functions corresponding to
monomials. A tropical polynomial function is given as the maximum of a finite number of linear

functions p:a"Ma. Thehypersurfacg 0 LJ0 A & RIieFskgyhénRhete dhisniakirfim occurs

twice. A tropical curve T(p) is a finite grapmirwhich has both unbounded and bounded edges, all

edges are rational, and this graph satisfies a zero tension condition around each node. The zero tension
condition means that the sum of the neeroprimitive lattice vector on each ray emanating from (x,y)

has a sum of zero. For example a line in a plane:

p(xy)=a& x$§ bs y$§ c where a,b,¢' s
The curve T(p) consists of all points (x,y) where the function
p:a20 a  @h Wnax(@®x, b+y, c)

achieves a maximum twice. It consisfghree rays emanating from the point-& c¢b) in the southern,
western andnortheastern direction.The line exhibits the zero tension condition because each vector on
each ray emanating from the centrabipt has a sum of zero.
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project the upper avelope of the hull inte 2. The tropical curve T(p) is the dual graph of this

subdivision.For a detailed look at how this process occursA@ambinatorial introduction to tropical

geometryby Bernd Sturmfels.

Consider the general quadratic polygasian example.



pxy)=a X 3§ bs y¥V$§ c$ x§ ds y$§ e$s x$s y$ f
Then the subdivision triangle, assuming that a, b, ¢, & &, fire general solutions of

2c a+f,2d b+f 2e a+b,

(figure 1from Bernd Sturmfels
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It should be noted that tropical curves intersect anteipolate like algebraic curvdsy R K I
Theorem holds. Thereforgvo curves of degree d and e intersegedimes. For a complete proof of
this seeFirstSteps in Tropical Geometry RichterGebert, Sturmfels and Theobdt].

Another way to think of aropical curve is the tropicalization of a curve fitK 4§ KS & LI | ySé 6AGK
coordinated in the field of lHseux series via the ORD map. Since the ORD maprisjective it is

possible foranintersection in Rto come from distinct points inKThese intersections are called

shadow points Shadow points are points that exighen intersections from ¥mnap to the same point

in R and therefore in order for S 1 2 dzii Q ato hbl&, &ddlifBaYintersections called shadow points

form. An exploration othe conditions for finding these points will be what is discussed in the

remainder of this paperA quick note about notation used in this paper, the temuttiplicity of a

tropical intersectionrather than being defined in the sense of the Bezout Theorem is here defined as

the number of Puiseux prenages in K Three cases will be looked at in terms of their shadow points;
liner/linear intersections; linedconic intersections; andonic/conic intersections.

3 Linear/Linear Intersection

These intersections are the simplest of intersections so it is best to start with this type. The intersection
of two linear functions in tropical geometry must occur aheit one point or the intersection may be

over aline segmentalled adegenerategraph Here are two functions which do not intersect in a ron
degenerate fashion. On the left is the tropical representation and the function on the right is the same
function represented in conventional algebraic terms.

fx)= (s x§ (DS ys t  or  f(x) =max2+x, 2+y, 1)
(Image 2)
gx) =®s x§ y& t* or g(x) Zmax2+x,y, 2)

(Image 3)



Here the two functions interseétt (1-1). The degenerate gragan also occur with two linear
functions. The two functions

fx)=®s x§ (DS ys t or f(x) =max2+x, 2+y, 1)
(Image 2)

g =(Bs x8 ()5 y8 2 or  g(x) =max2+x, 2+y, 2)
(Image 4)

intersect along the x=yegment beginning at (1,1). degenerategraphdoes not imply the existence of
a shadow point since it is a series of infinite points that would be counted as intersecfibesefore a
degenerate graplis treated as its own case.

The guestion to be answered is do shadow pointstérian intersection of twaropical lines?The

answer is clearly no since in order for two linear functions to have a shadow point they must intersect at
least twice. Since all linear function have the same structure, meaning the south, west andasbrthe
orientation, they cannot intersect at more than one pbéexcept in the degenerate cas& herefore no
shadow points exist in the system of two linear functions intersecting.

The reason for presenting the two linear function case is to show in grésatgth how linear functions
behave in tropical geometry arftbw certain changes to the Puiseux send8 affectthe graph of the
function. It should be noted that is fairly easy to thus construct a linear function in a specific location.
Since all fiear functions have the same basic structure, altering the Puiseux series in the equation
simply moves theertexof the line. TheVertexor verticesof acurveis the point(s) where three edges

of acurvemeet.

It should be noted that the degeneratgaphoccurs when at least one vertex of either function is
located on an edge of the other function.

4  Linear/Conic Intersections

Thesecondtype of intersections to look at are the intersection between a linear function and a conic
function. For the prpose of clarity the structures of the functions are:

f(x)=as xS bs ys c
gxy)=a& X3 bs Y8 c$ x$ ds y§ e$ xs y§ f

In traditional algebra a conic and line intergsbjectively in exactlywo points. In tropical geometry
the Bezout Theorem still hold4]. The purpose of this section of this paper is to determine if shadow



points exist for all functions, some functions or no functions and what, if any, conditions are required for
a shadow point to exist in a linear/corggstem. In order to aid in finding shadow points it is useful to

look at the Newton polytopes of the function. The Newton polytope of a function isubdivided

triangle that is dual to the graph of the function. With linear functions it is clearttieaNewton

polytope will always be the triangle with points at (), (1,0) and (0,1). Since the only subdivision of

this triangle is the triangle itself the structure of all linear functions is the same, an edge in the southern,
western and northeagrn direction.
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Recall from before that the graph of a function depends on the convex hull of the evaluations of the
various Puiseux series. An easy tweapicture this is as below

b{¥2)
divie e (XY)
f{K) cX) a (X2

As you can see the X axis here represents the x variable, the Y axis represents the y variable, and the Z
axis represents the valuation of the Puiseux series associated with that point in the XY plane. Thus the
point (1,1) inthe XY plane corresponds to the xy term in the function and has height equal to the
valuation of the Puiseux series in the xy term. Similarly the point (2,0) in the XY plane corresponds to
the % term in the function and has height equal to the valuatifrthe Puiseux series in thé term.

Since the Newton polytope is the convex hull of this figure3there are many different possible

structures for the graph of a conic function. These different possibilities and the condliigied as
inequalities of the heights)eeded to produce them are listed in the chart below.

w»



b(¥2)

diYle

e (XY)

fiK)

c'[K]

Empty Triangle

Conditions:
2H.<H+H
2H;<H +H
2H.< H,+ H,

Unbounded Edges:
1 South
1 West
1 Northeast

bi¥2)

diY)

e [xXY)

fiK)

c(¥) a [x:‘j

X-XY connection

Conditions:
2H.> H+H
2H, < H, + H
2H.> H+ H,
Line EF = Line ©
Unbounded Edges:

2 South
1 West
1 Northeast




b{¥2)

4 e (XY)

K c(X) a(xy)

Y-XY connection

Conditions:
2H < H+ H
2Hy>H +H
2H.> H+ H,
Line EF = Line
Unbounded Edges:
1 South
2 West
1 Northeast

d(¥]

b{¥2)

e(xY)

(K

c ¥ ailxy

X-XY, YXY Connection

Conditions:
2H.> H+ H
2Hy> H +H
2H.>H+ H,
GD-EF form a plane
Unbounded Edges:
2 South
2 West
2 Northeast

b (¥

d(¥]

e [(XY)

f(K)

c'{:-{] a (%)

X-Y? Connection

Conditions:
2H.>H+H
2Hi<H+H
2H.<H+H,

Unbounded Edges:

2 South
1 West
1 Northeast




d (]

b{¥2)

e (XY)

f(K)

c(X) axd

X2-Y Connection

Conditions:
2H < H+ H
2Hy>H+H
2H<H+H

Unbounded Edges:
1 South
2 West
1 Northeast

b{¥2)

diY)

e (X¥)

fiK)

(X alx?

X-XY, KXY Connection

Conditions:
2H.> H+ H
2Hy<H+H
2H > H+ H
Line EF > Line &£
Unbounded Edges:
1 South
1 West
1 Northeast

b(¥2)

d (Y9

e(xY)

f(K)

c(X) a (X%

Y-XY, KXY Connection

Conditions:
2H.> H+ H
2Hy<H+H
2H > H+ H
Line EF > Line A
Unbounded Edges:

1 South
1 West
1 Northeast




b(¥2)

dv)$ e (xv)

£ c(X) a2

X-Y2, XXY Connection

Conditions:
2H < H+ H
2H<H+H
2H<H+ H,
Line EF < Line £
Unbounded Edges:
2 South
1 West
2 Northeast

b{¥2)

414 e [X¥)

fiK c(X) axy)

X2-Y, ¥XY Connection

Conditions:
2H <H+H
2H<H+H
2H<H+H,
Line EF < Line
Unbounded Edges:
1 South
2 West
2 Northeast

b (¥

dev) e (XY)

f(K) c(X) a (X%

X-XY, ¥XY, XY Connection

Conditions:
2H.> H+ H
2Hy> H+H
2H>H+ H
Line GD > Line £
Unbounded Edges:

2 South
2 West
2 Northeast




b{¥2)

dev) e (XY)

fiK) c[¥) a(xd)

X-XY, YXY, KXY Connection

Conditions:
2H.> H+ H
2H>H+H
2H> H + H,
Line GD < Line £
Unbounded Edges:
2 South
2 West
2 Northeast

b{¥3)

drv)e e [XY]

fiK)

c'i:-:] a(xd

K-XY Connection

Conditions:
2H.<H+H
2H;<H+ H
2H.> H + H,

Unbounded Edges:
1 South
1 West
2 Northeast

diY)s

b{¥2)

e [XY]

fiK)

c(X) alXy

X-Y Connection

Conditions:
2H>H+H
2H;> H + H
2H <H+H
Line AD = Line EE
Unbounded Edges:

2 South
2 West
1 Northeast




b(¥2)
Conditions:
2H>H+H
2H;>H+H
. e (XY) 2H.<H+H
Line AD > Line EC
Unbounded Edges:

2 South

2 West

1 Northeast

f{K) c'[l'{] a (X3

X-Y, X-Y Connection

b(¥3)
Conditions:
2H>H+H
2H;>H +H
o e (XY) 2H.<H+H
Line AD < Line EE
Unbounded Edges:

2 South

2 West

1 Northeast

K c(X) axd)

X-Y, XY* Connection

Technigue

Given the constraints on the different types of polytopes the next idea was to find combinations of
polytopes that yield a shadow point. The technique here was to define two Puiseux series points that
mapped to the same point when the ORD map is applieitiandconstructa linear function and a conic
functionthroughthese two points. The two resulting graphsaf shadow point existshould only
intersect at one point with multiplicity two. However, the ORD map is not injebtivét is a function

and thereforetwo distinct points in Kcan map to the same point irf.RIn order to find the linear

function and the conic function it is first required to choose the two Puiseux points that under the ORD
map are placed on the same point. Once the paints are chosen the linear and the conic functions
need to be found. The linear function is very straightforward to find as itraditional algebra given

two points. Since the goal of finding a shadow points depends on the specific graphs afdréntdre



specific polytopes of the function, it is important to notice that the coefficients on the variables in the
conic function determine the polytope type that is achieved. Thus given two Puiseux points, the system
contains four free variables. Fiis the four variables were a, b, ¢, and d from this equation.

gxy)=a X § bs y¥$ c$ x§ ds ys es x§ ys f

Therefore e and f could both be expressed in terms of the four free variables. Since each of the letters
a-f correspond to he heights of each of the points in the Newton polytope the heights of e and f could
be written as the minus minimum ¢fie valuation o#4 expressions each containing one of the free
variables.

Since the polytope depends on the relationship between ontgrdables a, b, c,, @& and f are

dependent on those 4 variables, 4 cases are tested eachatksving a different variablexpression to

be the minimum of the e and f expressions. For example, the first case would state that the a
expression in the helg of e equation and height of f equation was the minimum. From this the
relationship between a, e and f is fixed and the relationship between a and the other three variables is
an inequality since a must be the minimum. For figuring out the possibj¢éopels the minimum free
variable expression was set equal to 0 and the heights of e and f are immediately known. Since the
polytope is the convex hull and the other three heights are inequalities it is very easy to see what
polytopes are possible by sinypdtarting them at their highest possible value (remember height is
inversely related to the valuation) and lowering them into all possible convex hull formations. Once all
the possible polytopeare found for a given cagbe general expressions for a, & and ccan be

definedin order to find that particular polytope. This expression is general and not unique since the
valuation map only cares about the highest power of the expression and all lower powers can be
general. This process is then repeatedb, ¢ and d all being the minimum expression for e and f. Once
completed, the result is a series of equations each of which represents a general polytope type that can
be generated. Given these polytope tyfasl the linear function, the two are mapgd on the same

graph and the hunt for shadow points begins. Each of the polytope types must either intersect the
linear function at one and only one point, in which case no shadow point exists, or at more than one
point, in which case a shadow does exiSiven the series of restrictions from the previous steps, many
equations can be tried that give the same polytopes. A key concern is that some conionfultitdipare

generated aralegenerategraph The goagltherefore,is to find a nordegenerate, conic
graph that intersects the linear function in at least tpoints, one of which being
the intersection with multiplicity two and at least one shadow point, or prove that
this cannot happen.

Example

To begin the examplewb sets of Puiseux points are chosen and a line and a conic are constructed
through those two points. For this example the initial points are:

(t, -1-t) , (t+£, -1-t-t)m (-1,0)



(Linear case is already set, only care about conic) From the initiauRpismts ageneralconic can be
constructed and is one so using the following Maple commands:

> C:=a*x"2+b*y"2+c*x+d*y+e*x*y+f;
C::ax2+by2+cx+dy+exy+f
> C[1]:= subs(x=t,y= -1-1,C);
Ci=al+b(-1—0+ct+d(-1—0)+et(-1—1)+/
> F:=solve(C[1],);
F=-af —b—2bt—bf —ct+d+dt+et+et
> C[2]:=a*x"2+b*y"2+Cc*x+d*y+e*x*y+F;

CZ::axz—i—by2—l—cx—f-dy+exy—at2—b—2bt—bt2
—ct+d+ditetter
> C[ 3]:=subs(x=t+t"2,y= -1-t-172,C[2));

Cy=a0+ﬁa2+b(—l—t—gf+w%t+#)+d(—l—t
—A)+e(t+A)(-1—t—2)—al—b—2bt—b7
—ct+d+dit+et+er

> E:=solve(C[3],e);
2at+al4+2b+2bt+br+c—d
B 1+2:+7
> Final:=a*x"2+b*y"2+c*x+d*y+E*x*y+F;
Final =a x> + by2 +cx+dy
(at+al +2b+2bt+b+c—d)xy

E:

+ 5 —af—b
1+2t+¢
—2bt—bP—ct+d+dt+et+el
> e:=E;
,_2aitaf+2b+2bitbltc—d
1+2t47
> Final;
ax2+by2+cx+dy
2 2
n (2at+at +2b+2bt+ bt +c d)xy 4P —b

14+2t+47
—2bt—bP —ct+d+dt
(2at+al+2b+2bt+blP+c—d)t
1+21+47
(at+al +2b4+2bt+b+c—d) 7
1+2t47

+

+




This portion of Maple command takes the general conic equation and substitutes in the two Puiseux
points. This equation can beewritten:

ax2+by2+cx—i-dy

n (2at—|—at2—|—2b—I—2bt-|—bt2—|—c—d)xy
1+21+ 7
+———L—3{—b+d+aﬁ—2bt—2bﬂ+2dt+d?+2dﬁ
1 +21+1

—cl—cl—bP +al)

From this equation, the ORD map can be applied to the e and f terms. When the ORD map is applied the
valuation of thee and f terms are determined by the minimumtbé& athrough d terms. Therefore the
height of e and f are determined by the following equations:
He=-min(a+ 1, b, c, d)
H=-min(a+2,b,c+ 2, d)

Since the height of e and f is dependent on a minimum function, the next step is to fix a, b, ¢, and d as
the minimums in a series of different cases and explore what polytopes are possible.

The case where a is the minimum (for the sack of example we will set it to zero:
H,=0 | H=-1 | H=-2
Ho<H-2 | He<H-1 | Hy<H-2

Given these conditions it is easy to determine which polytopes are possible in this case. Those
polytopes are:

b(¥2) b(Y2)

dme e (XY) divi$ e[y

K (X a(xh f{K) c(X) axy



b{¥2)
b{Y2)

e (XY)
d(Y) dme e(xy)

£(K) (¥ a(xd flK) 0 2(x2)

Now we simply repeat this procedure for the other cases starting with b minimum.
H,=0 | H=0 | H=0

H<H+2 | H<H+2 | Hi<H

b{¥?) b{¥2)
b(¥2)

XY
dp ¢ 0 dme £ b e0xy)

fK) c(X) a(x2) fK) cI[X] alx? fiK) c(X) a(x?)

Now we apply the same to ¢ minimum case.
H.=0 | H=0 | H=-2
Ha<H | Hh<H-2 | Hy<H-2

2
b2 b(¥2)
b{¥?)

d(v)e e xy) " e (XY) divig €0

f(K) () a(x2) £(K) () e f(K) e a )



Now we apply the same to d minimum case.
Hi=0 | H=0 | H=0
Hi<H+2| H<H | H<H+2

b{Y2)
b(¥?)
) & (xY) d(Y)4 exy)
FIK) %) ) £ 1) alxy)
b(Y2) b(¥?)
d i) e diy) & (xv)

F{K) (¥ a(xy f(K) c(¥) axy

From each of the different polytopes the next step is to find a-degenerate tropical conic graph. In
order to do that recall that the vertex of a tropical graph is determined bythihee vertices of the
polytope section aroundhe vertex being equal and minimal.

For the ¢ mimum case we give the initial conditions for a through d such:
a=t,b=%c=1,d=%
eval(a) =1 | eval(b) =3 | eval(c) =0 | eval(d) =3 | eval(e) = 0 | eval(f) = 2

From thisinformation it is easy to determine both the graph and the vertices of the graph. The Newton
polytope is



b {¥2)

divig & o)

£1) () a(x2)

and the vertices can be calculated as such:
eval(e) + x +y =eval(b) + 2y = evaJ(fx +y =3 + 2y =2
(-5/2, 1/2)
evalle) +x+y=evaJ(+ x =eval(f) | x+y=x2=
(-2, 0)
eval(e) + x +y =eval(c) + x =eval(a) + 2x | X + yl=tx2x
(-1,0)

The last equation gives a vertex that lands exactly on the point givérehwitial conditions thus this is

a degenerate exampleSince the vertex is dictated by the final equation and that when c is the

minimum those three values exist in a fixed ratio, y=0 for all possible ¢ minimum cases. Therefore every
tropical graph with the ¢ minimum case is degenerate. Thus no shadovws gaist in for the ¢

minimum case.

For the d minimum case
a=f,b=tc=td=1
eval(a) =2 | eval(b) =-1 | eval(c) = 1 eval(d) =0 | eval(e) =0 | eval(f) =0

With Newton polytope:



b(Y?)

divie e (XY)

fiK) c '[x] a(x?)

eval(a) + 2x =eval(c) + x=eval(e) + X+ H2x=1+ X=X +Yy
3. 1)
eval(c) + x=eval(d) +y=eval(f) | 1+x=y=0
(-1, 0)
eval(Q + x=eval(d +y = eval(g+ x+y | 1 +x=y=x+y

()

The second equation leads to a degenerate graph since by fixing that vertéx @t there is a line
segment which lies on the linear graph. Given that ¢, d and f always exist in the same ratio then any
polytope which contains the-D connection will bgield a degenerate graph. This does not disqualify
all D minimum polytopes and it is necessary to looaraadditional D connection case to determine
what condition may enforce that D minimum is always a degenerate case

a=t,b=¢tc=1,d=1

eval(a) =1 | eval(b) =2 | eval(c) =0 | eval(d) =0 | eval(e) =0 | eval(f) =0



b (Y2

div)4 e [XY)

(K c(¥) a Xy

eval(a) + 2x = eval(f) = eval(d) +y +Ax 0=y
(-1/2, 0)
eval(d +2x = eval(p+x+y=ewal(d+y | 1+2x=x+y =y

0,7
evald) + y=eval(e) + x +yeval(b) 2y | y=x+y =-2+2y

(0.2

Notice that this case does not have a vertex of the tropical graph on the initial point. However, this
example is still degenerate since there is a line segment frdfB, (0) that overlays the linear graph.
Therefore this leads to a degenerate graph. Additionally it should be noted that since this is D minimum
graph there will always be an equation containing the valuation of f and the valuationw&chotice,
therefore, that all D minimum graphs contaa vertex with a y=0 component and thus each D minimum
graph is a degenerate graph due to the line segment overlapping with the linear graph. Therefore the D
minimum case cannot have any shadow points.

Now we can look at the B minimum case.
a=f,b=1,c=t d=t
eval(a) =3 | eval(b) =0 | eval(c) <1 | eval(d) =1 | eval(e) =0 | eval(f) =0

With Newton polytope:



b(¥2)

divi¢ # 0

(k) c '[)(] aix?)

eval(a) + 2x = eval(c) + x =eval(e) + X +B+|2x =1 + X =X +Yy
(2,-1)
eval(c) + x =eval(e@x +ty =eval(f) |-1+x=x+y=0
1,-1)
eval(h=eval() +2y = eval(e) + x ty pP=2y=x +y
0.0

For this specific example we find again that the vertex, while being the initial point, still causes a
degenerate case for the same reason as before, thevgri@x. Since f and b have the same heitie,
height ofd must beless than the line between thenTherefore the last equality must occur and if it
does then there is always a y=0 vertex. Therefore the b minimum case is always degenerate.

Finally wedok at the a minimum case.
a=1,b=%tc=¢td=¢
eval(a) =0 | eval(b) 6 | eval(c) =2 | eval(d) =3 | eval(e) =1 | eval(f) =2

With Newton polytope:



b{¥2)

d (V)1 e(XY)

£1) %) a3

evalle) +x+y=evalld)+y=evallb) + 2 4 x +y =3 +y =6 + 2y
(-2,3)
eval(e) + x +yeval(d) +y =eval(f) 1 +x+y=-3+y =2
(-2,

eval(f) = eval) + 2x=eval(e) + x +y |2 =2x=-1 +x +y

(-1,0
As in the other cases we find that a vertex lands on our initial point making this a degenerdte grap

Since all of the minimum cases are degenerate it is not possible for a shadow point to exist for this
specific exampleFurther study could attempt to generalize the initial conditions in such a way that the
intersection point is preserved but the it conditions are made as general as possible.

5 Conic/Conic Intersection

Similar to the linear/conic intersections to gasko find a nordegenerateconicgraphthat intersects

the other conic function in one more point then initially expected. FangXe, if the two conics should
intersect in one point with multiplicity four than the goal is to find that the two functions intersect in

two points, one with multiplicity four and the other point being a shadow poiSince the two conics
intersect infour points, or less with multiplicity greater than one, four initial points are chosen rather
than two. Additionally choosing where these points map to under the ORD map is different. In the two
conic intersection you can choose all four points to maghe same point, three points to one point

and then one point mapping elsewhere, two points mapping to one point and two points mapping to a
different point, or two points to one point and the other two points to two different points.



In order to find aconic through the four chosen points the following method is used. First the four
points are chosenTwo lines are then taken through the four points and they are multiplied together to
form a conic. For example let,(x) be the ' point, then theequations for two conics would look like:

C =[2G Y) (X 2X)/(X 22X1) +Y1ZU  (Yaf Y3) (X T X3)/(X 47 X3) +Y3ZY]
G =[(YaQ Y0 (X 2x1)/(X 3ZX1) +Y1ZU  (Yaf Y2) B(X T X2)/(X 27 X2) +Y22Y]

From these two conics thgeneral conic through these four points can be found by taking all possible
linear combinations of these two conics. This equation looks like:

Ceenl  #G +[ G

Using the general equation and the method from the linear/conic intersection it is possible to work out
the heights for the Newton polytope. A noticeable difference between the two is the former
represented e and f in terms of a, b, ¢, and d the conidicbeights are all represented in terms of

alpha and beta. In order to do this somewhat long and tedious calculation | wrote a Maple program the
does the calculations for me and outputs the four lines through the four points used to create the
conics, thegeneral conic, and the height of each in terms of alpha and beta as well as gives the portion
of the equation that applies to that term. This is a relatively simple calculation despite the fact that
some terms are quite lengthy. This is because thehtgigre dependent on the valuation of therm

and not on the entire term and thuwaking the heights of thpolytope a min system with the first

minimum being in terms of alpha and the second minimum being in terms of beta.

Here | will break down the pgram and explain what is going on.



This section of the proceduhows the inputs as being the x and y coordinates (each being a Puiseux
series) for the four points andefines the various variables being used as well as shows how the
functions through he four points and the general conic are found as stated above. This also prepares
the section on Equations and Heights.

This section of the code removes all the components of the equation that aré.nétdoes this by

taking two derivatives of thequation with respect to x and multiplies by one half. This remaining
equation is then fed into the X2run procedure which | will talk about now and then return to the Conic
procedure.

The purpose of the X2run procedure was to have a program which foendalbbation of an expression
that is a minimum of an alpha term and a beta term. This program could then be called by the Conic
procedure to do this calculation for all the variable combinations in the general conic function.



